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Preface 


In this book, the authors have endeavored to present the underlying 
theory of microwave systems, starting with concepts which are basic to 
all electromagnetic phenomena. The material included in the text logi- 
cally falls into three general categories: (1) fundamental electionic con- 
cepts and their application in the analysis of microwave tubes, (2) trans- 
mission lines and transmission-line networks, and (3) electromagnetic field 
equations and their use in the analysis of wave propagation, reflection phe- 
nomena, wave guides, and radiating systems. Throughout the book the 
engineering point of view has been stressed and, wherever possible, the 
analytical results have been expressed in a form convenient for engineer- 
ing use. 

In recent years, there has been a growing trend toward the development 
of new and unorthodox types of vacuum tubes, many of which have been 
designed for operation at microwave frequencies. This trend has empha- 
sized the need for enlarging upon and clarifying our fundamental elec- 
tronic concepts, particularly those dealing with space-charge behavior in 
time-varying fields. The groundwork in this subject has been admirably 
treated by Benham, Llewellyn, North, Jen, Gabor, and others. However, 
the mathematical complexities involved in a rigorous treatment of the 
subject are such as to discourage all those who are not endowed with an 
abundance of mathematical fortitude. In this text, the authors have at- 
tempted to present some of the fundamental electronic concepts in simpli- 
fied form. Wherever necessary, rigor has been sacrificed in the interests 
of clarity and conciseness. There follow several chapters dealing with the 
theory and description of microwave tubes, including the triode, klystron, 
reflex klystron, resnatron, and magnetron. 

The theory of transmission lines and the use of impedance diagrams in 
the solution of transmission-line problems are given in Chaps. 8 and 9. 
Emphasis has been placed upon the use of P. H. Smith’s polar impedance 
diagram, since this has proved most useful in engineering practice. A slight 
modification of this impedance diagram has been made in order to facilitate 
the solution of transmission-line problems in which the lines have losses. 
The following chapter on transmission-line networks is reasonably com- 
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plete and includes certain aspects of microwave networks which heretofore 
have not been published in textbook form. 

A broad survey of typical microwave systems is given in Chaps. 1 1 and 
12. No attempt has been made to treat these systems exhaustively. The 
greatest emphasis has been placed upon the microwave portions of the 
systems, since there are a number of excellent radio textbooks which ade- 
quately cover the aspects dealing with radio-circuit theory. 

MaxwelFs equations are introduced in Chap. 13 and are followed by a 
chapter on wave propagation and reflection. The solution of the wave 
equation in various coordinate systems is treated in Chap. 15. Subsequent 
chapters deal with, the analysis of wave guides, resonators, horns, and 
antenna systems. 

Rationalized mks units have been used throughout the text. 

This book is an outgrowth of courses taught to senior and first-year 
graduate students in electrical engineering at Northwestern University for 
the past six years. Several factors influenced the arrangement of the mate- 
rial. The chapters dealing with fundamental electronic concepts and micro- 
wave tubes have been placed at the beginning of the book in order to 
facilitate an early start in the laboratory work. It has also been found 
that this arrangement provides a convenient review of field concepts 
before taking up Maxweirs equations. 

In teaching senior courses, selected portions of the text may be used. 
One arrangement might include Chaps. 1 to 3, 6 to 10, 13, 15, 16, 18, and 
19. These chapters have been written in somewhat simplified form for 
this purpose. For those who prefer to concentrate their efforts on field 
theory, Chaps. 1 and 2, together with the last half of the book starting 
with Chap. 13, are recommended. In general, a knowledge of radio-circuit 
theory and mathematics through calculus will be required for an under- 
standing of the analytical portions of the text. 

The authors have drawn freely from the published works of many sci- 
entists and engineers who have contributed to the present-day knowledge 
of this subject. They wish to express their grateful appreciation for the 
assistance received from these sources. Special appreciation is extended 
to Dean 0. W. Eshbach and to Dr. J. F. Calvert for their helpful encour- 
agement and to Northwestern University for its liberal policy which made 
this work possible. Generous assistance was also received from the Radi- 
ation Laboratory of the Massachusetts Institute of Technology, Sperry 
Gyroscope Co., Bell Telephone Laboratories, General Electric Co., and 
others. Mr. P. H. Smith kindly permitted the use of his polar impedance 
diagram. The authors are indebted to Nirmal Mondol for his assistance 
in preparing the illustrations. Finally, but by no means least, they wish 
to express their grateful appreciation to Hope Beam and Virginia Bronwell 
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for their constant encouragement in the preparation of the manuscript and 
for their generous assistance in reading the proof. 

Arthur B. Bronwell 
Robert E. Beam 

Evanston, 111., 

August, 1947. 
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CHAPTER 1 


INTRODUCTION 

The history of the exploration and utilization of new and untried areas 
of science follows a strangely uniform evolutionary pattern. The funda- 
mental physical laws are first discovered by theoretical and experimental 
scientists who piece together the fragmentary evidence into a coherent and 
integrated theory which opens the door to further development. This is 
often followed by years of slow and painstaking progress devoted to the 
discovery and refinement of new experimental techniques and analytical 
methods. Once the commercial possibilities of the new science become 
generally recognized, there follows a period of intensive engineering re- 
search and development, during which the mysteries of the science are 
transformed into everyday engineering principles. Such has been the pat- 
tern of research and development of microwaves. 

1.01. Historical Developments. — In 1864, Maxwell laid the foundation 
of our modern concepts of electromagnetic theory, a theory which he used 
to explain the phenomenon of light-wave propagation. Scarcelj^' 25 years 
later, Hertz, experimenting with a spark transmitter, generated and re- 
ceived electromagnetic waves having wavelengths of the order of 60 centi- 
meters. These experiments were performed in order to confirm the exist- 
ence of the electromagnetic waves predicted by Maxwell. Within a dec- 
ade, wavelengths as short as 0.4 centimeter had been realized by other 
experimenters using similar methods. 

The vastly superior characteristics of the conventional vacuum tube, at 
longer wavelengths, ushered in an era of rapid scientific, engineering, and 
commercial development of radio. However, serious difficulties were soon 
encountered in attempting to extend the range of operation of the vacuum 
tube to the shorter wavelengths. As the wavelength approached the order 
of magnitude of the physical dimensions of the tube, such mystifying 
properties as electron transit time, interelectrode capacitance and conduc- 
tance, and lead inductance appeared to impose definite lower limits to the 
wavelengths which could be generated in the conventional types of tubes. 
It became apparent that a new approach was necessary. The pioneering 
work of Barkhausen on the positive-grid oscillator, Hull and others on the 
magnetron, and later the Varian brothers on the klystron, broke away from 
traditional ideas to develop fundamentally new types of vacuum tubes for 
the generation of microwaves. 
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While some experimenters were moving in the direction of ever shorter 
wavelengths in the microwave spectrum, others were finding methods of 
generating longer infrared wavelengths. Eventually the union occurred 
and, at present, wavelengths in the infrared spectrum have been generated 
in electron tubes. 

In the development of microwave networks, it became necessary to 
abandon the conventional lumped inductances and capacitances and turn 
to distributed parameter systems such as transmission lines, wave guides, 
and hollow metallic resonators. The theory of electromagnetic wave propa- 
gation through hollow conducting tubes (wave guides) was first presented 
by Rayleigh in 1897 but lay relatively dormant for over 30 years, pending 
the development of microwave generators. The relatively recent theo- 
retical and experimental work of Southworth, Barrow, and others demon- 
strated not only the physical realizability of wave propagation through 
wave guides, but also that, under certain conditions, such systems may be 
actually superior to the two-conductor transmission line for the transmission 
of microwave energy. 

1.02. Generation of Light Waves and Radio Waves. — Electromagnetic 
waves are generated by electric charges moving through retarding electro- 
magnetic fields. The charge is decelerated by the field, thereby giving up 
part of its energy to the field. Under the proper circumstances, the 
energy released by the charge can appear as an electromagnetic wave in 
space. 

Let us briefly compare the generation of light waves and radio waves. 
According to the Bohr theory, the atom consists of a positively charged 
nucleus and negatively charged electrons which rotate about the nucleus 
in elliptical orbits, each orbit corresponding to a definite energy level. 
Owing to atomic collisions or other causes, an electron may momentarily 
be displaced to an unstable higher energy level. In returning to a lower 
energy level, the electron is retarded by the electric field of the atom, 
thereby releasing a discrete amount of energy which appears in the form 
of electromagnetic radiation. The amount of energy released determines 
the wavelength of the radiation. Each electron transition is the source 
of an electromagnetic wavelet; hence the generation of light waves is a 
random phenomenon. 

In contrast with the random oscillations of light waves, radio-frequency 
oscillations can be generated by an orderly, controlled stream of electrons 
moving in the electric field of a vacuum tube. The electrons are acceler- 
ated by a d-c electric field and take energy from the potential source which 
produces this field. They pass through an alternating field in such a phase 
as to be retarded by this field and, hence, give up a portion of their energy 
to the alternating field. The source of the alternating field usually con- 
sists of some form of oscillatory circuit which receives the cumulative 
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energy given up by a large number of electrons and sets up the necessary 
alternating field in the vacuum tube. 

The electromagnetic energy may then pass through an elaborate system 
of electric circuits before it is ultimately radiated into space or dissipated. 
Many of these circuits do not have their counterpart in the light spectrum. 
For example, in the generation of light waves, there is no known means 
of causing a large number of electrons in different atoms to oscillate in 
exact synchronism in a manner similar to that obtained in certain types 
of vacuum tubes or in oscillating electric circuits. On the other hand, 
both radio waves and light waves possess similar properties of reflection, 
refraction, diffraction, polarization, and interference. Thus it is possible 
to construct the microwave counterparts of optical filters, lenses, reflectors, 
diffraction gratings, spectrographs, and interferometers. 

As the microwave developments enter the region bordering on the infra- 
red spectrum, we should expect the techniques of generation, control, and 
utilization of microwaves to take on the common aspects of both fields. 
Experience gained in either field will inevitably aid in a better under- 
standing of the other. 

1.03. Engineering Considerations. — In this text we are primarily con- 
cerned with the theoretical and practical aspects of vacuum tubes, systems, 
and radiation phenomena in the frequency range from 300 to 300,000 
megacycles, corresponding to a wavelength range of 1 meter to 1 milli- 
meter. Since it is helpful to have an over-all term to describe this portion 
of the radiation spectrum, these frequencies will arbitrarily be referred to as 
microwave frequencies. 

From an engineering point of view, the commercial development of 
microwave systems opens up enormous new areas for radio broadcasting, 
television, radar, radio relaying, navigational systems, and special serv- 
ices. A unique feature of microwave systems is the ease of obtaining highly 
directional radiation. Because of the short wavelengths, antennas are 
physically small so that parabolic reflectors or multielement directional 
arrays can be used conveniently. For this reason, the microwave por- 
tion of the frequency spectrum is especially well suited to radar, navi- 
gational systems, point-to-point communication, and radio relaying 
systems. 

Microwaves are seldom, if ever, reflected from the ionosphere layers. 
Consequently the maximum useful range 6f transmission is limited to 
horizon distances. For land-based systems, this distance is of the order 
of 25 to 200 miles, depending upon the height of the transmitting and receiv- 
ing antennas. Longer ranges can be obtained with air-borne systems. 
Experiments have shown that, when certain exceptional atmospheric con- 
ditions prevail, microwave reflections can occur from the troposphere, 
which is the portion of the earth's atmosphere below the ionosphere. 
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These reflections make it possible, occasionally, to transmit and receive 
signals beyond horizon distances. 

Basically, the communication systems for microwave frequencies con- 
tain the same functional components as those operating at ordinary radio 
frequencies. Thus, the transmitting system may consist of a modulated 
oscillator and some form of radiating system. Superheterodyne receivers 
are often used in microwave communication systems. A typical receiving 
system would contain the receiving antenna, a local oscillator and converter, 
several stages of intermediate-frequency amplification, a detector, and one 
or more stages of audio or video amplification. 

Although the basic systems are the same as those used at radio fre- 
quencies, the vacuum tubes and circuit elements of microwave systems 
are quite different. At microwave frequencies, we are likely to find klys- 
trons, magnetrons, resnatrons, or other types of tubes designed specifically 
for operation at these frequencies. The networks are comprised of trans- 
mission-line elements, wave guides, cavity resonators, and other compo- 
nents which are quite foreign to conventional radio-frequency systems. 

1.04. Theoretical Aspects. — In our analysis of microwave tubes and 
circuits, we shall find it necessary to abandon some of the physical and 
analytical concepts which have served quite satisfactorily as approxima- 
tions at lower frequencies but which in some cases are not sufficiently 
fundamental to account correctly for the microwave phenomena. For 
example, in the analysis of vacuum-tube circuits it has become customary 
to represent the tube by an equivalent circuit, thereby reducing an elec- 
tronic problem to the status of an electric-circuit problem. While this 
expedient greatly simplifies the analysis, it also serves to conceal the funda- 
mental physical phenomena taking place inside the tube. 

A more fundamental approach is to start with the equations of motion 
of electrons in electric and magnetic fields and use them to determine the 
behavior of the electrons in the tube as well as their external electrical 
effects. Although this is a fundamental method of analysis which is valid 
for all types of tubes, regardless of the operating frequency, it often in- 
volves serious mathematical complications which restrict its use. In this 
text, the fundamental method of analysis is presented as a means of ob- 
taining a better understanding of the true physical processes at work. The 
analysis is applied to systems of relatively simple geometry, although the 
physical concepts are valid for all possible systems. 

We shall find a close resemblance between electromagnetic-wave propa- 
gation along transmission lines, in wave guides, and in free space. In 
studying wave propagation along transmission lines and in wave guides, it 
becomes increasingly important to adopt a field viewpoint based upon 
Maxweirs equations rather than the conventional circuit viewpoint. The 
dielectric surrounding the transmission line or inside the wave guide is 



Sec. 1 . 04 ] 


THEORETICAL ASPECTS 


5 


considered to be the locale of energy storage and energy flow. The con- 
ductors merely serve to guide the energy flow in the dielectric while, at 
the same time, exacting their toll in the form of PR loss due to currents 
in the conductors. 

Transmission lines may be analyzed either by using the circuit method 
based upon Kirchhoff’s laws for voltages and currents or by solving Max- 
weirs field equations subject to the given boundary conditions. The former 
method of analysis involves a one-dimensional problem and hence is con- 
siderably easier than the three-dimensional solution of the field equations. 
However, the Kirchhoff-law solution fails to show the existence of impor- 
tant ‘‘higher modes” which are likely to occur at microwave frequencies. 
These higher modes have an entirely different field distribution in space 
from that existing at lower frequencies. The circuit method of analysis 
will be considered first in this text, since it offers the simplest solution for 
most engineering problems, including those at microwave frequencies. The 
higher order modes will be discussed in the chapter on wave guides. 



CHAPTER 2 


CHARGES IN ELECTRIC FIELDS 

Basically, all vacuum tubes employ the effects of electrons moving under 
the influence of electric and magnetic fields. The principles of electron 
dynamics therefore represent the foundation upon which we can safely 
build our physical and analytical concepts. We shall find that there is an 

intimate relationship between the dy- 
namical behavior of the electrons and 
the electrical quantities. 

In this chapter we shall consider 
the laws governing the electric field 
distribution in space as well as the 
equations of motion of charged parti- 
cles in static and time-varying elec- 
tric fields. Later chapters deal with 
the relationships between the dynami- 
cal behavior of the electrons and the 
electrical quantities. 

2.01. Vector Manipulation.^'^^ — 
Fig. I.-— Representation of vector quanti- gj^ce electromagnetic theory deals 
ties in rectangular coordinates. t i 

with fields m three-dimensional space, 
vector analysis is a logical system of mathematical expression. Let us, 
therefore, briefly consider some properties of vector and scalar quantities. 

A vector is a quantity which has both direction and magnitude. A scalar 
quantity has only magnitude. Thus force, distance, electric intensity, and 
flux density are vector quantities. On the other hand, power, energy, 
potential, and total flux are scalar quantities. 

Any vector may be represented as the sum of three mutually orthogonal 
component vectors. In rectangular coordinates, a vector A, shown in 
Fig. 1, is represented as 

A = Axl + AyS + Azk ( 1 ) 

where A*, Ay, and A^ are the scalar magnitudes of the components of A 
along the x, y, and z axes, respectively, and |, J, and k are unit vectors in 
these respective directions. A unit vector serves to assign a direction to 

^ Phillips, H. B., ‘^Vector Analysis,” John Wiley & Sons, Inc., New York, 1933. 

* CorriN, J. G., ^‘Vector Analysis,” John Wiley & Sons, Inc., New York, 1938. 
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the quantity by which it is multiplied. The scalar magnitude of vector 
A is 

A = + Ay + Ag (2) 

Consider the two vectors X and B, where 

A = AjjI *4“ Ay] -f- A 2^ 

B = Bxt + By] + Bgk (3) 

These vectors may be added or subtracted by adding or subtracting their 
components as follows: 

A + /i — {Ax + Bx)l + (Ay + By)] + (A 2 + Bz)k 
A- B^ {Ax- Bx)l + (Ay - By)] + (A 2 - B,)k (4) 

There are two types of vector multiplication. These are known as the 
dot 'product (or scalar product) and the cross product (or vector product). 
The dot product of two vectors A • B is defined by 

A 'B = A.B cos Bab (5) 

where A and B are the scalar magnitudes of vectors A and S, and Bab is 
the angle between them. The dot product of two vectors is a scalar 
quantity. 

Since the unit vectors and k all have unit length, Eq. (5) shows 
that the dot product of two unit vectors in the same direction is unity, 
while the dot product of two unit vectors which are perpendicular is zero. 

The dot product of vectors A and B in Eq. (3) may be obtained by taking 
the dot product of each component of A with every component of B. This 
yields the scalar quantity 

A’B = AxBx + AyBy + AgBz ( 6 ) 

The cross product of two vectors designated A X S is defined by the 
relation 

A X B — AB sin BabIi (7) 

where A and B are again the scalar magnitudes and Bab is the smaller of 
the two angles between the vectors. The cross product yields a vector 
which is perpendicular to both A and B, this being the direction of the 
unit vector n in Eq. (7). 

The direction of the vector representing the cross product may be deter- 
mined by the right-hand rule. If we point the fingers of the right hand 
in the direction of vector A, and close the fingers in the direction from 
vector A to vector B through the angle Babj the extended thumb points in 
the direction of the vector representing A X B. This direction is the same 
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as the direction of advance of a right-handed screw when turned in the direc- 
tion from A to B, It is apparent from this rule that A X B = —B X A, 
i.e.j the commutative law of multiplication does not apply to the cross 
product. 

If Eq. (7) is applied to the unit vectors, we find that the cross product 
of two unit vectors pointed in the same direction is zero. The cross prod- 
uct of two unit vectors which are mutually perpendicular gives the third 
unit vector, its sign being determined by the right-hand rule. The sign of 

the cross product of two unit vectors 
can be obtained by writing the unit 
vectors in the triangular form 

I 

h 1 

y Taking the vectors in the order in 
which they appear in the cross product, 
a positive sign is used for clockwise 
rotation in the above diagram and 
a negative sign for counterclockwise 
Fig. 2. — Cross-product multiplication. rotation. ^Thus, 1 X / — A, wheicas 

/ X I = —h 

The term-by-term cross product of the two vectors A and B yields 
A X B = {AyBz — AzBy)l + {AzBx — AxB^)] + {A^By — AyBx)k (8) 


AxB 



This result is also given by the expansion of the determinant 


AXB = 


I 2 h 

Ax Ay Az 
Bx By Bz 


( 9 ) 


Vector quantities may be expressed in cylindrical and spherical coordi- 
nates as well as in rectangular coordiimtes. In cylindrical coordinates, the 
coordinates of a point are p, <l>j and z, as shown in Fig. 3, and the vector A 
is represented by 

I = App + A^$ + Azk (10) 

where p, and k are unit vectors in the directions of increase of p, </>, and 
2 , respectively. The differential volume dr in cylindrical coordinates is 
dr = p dp d4> dz. 

In spherical coordinates a vector is represented by r, and 4> compo- 
nents as shown in Fig. 4, thus 

K == ArZ “b Ay§ -b Aff,^ 


( 11 ) 



Sec. 2.02] 


COULOMB^S LAW, ELECTRIC INTENSITY 


9 


where f, 6, and § are unit vectors. The differential volume is dr = 
sin 6 dr dd d<l>. Equations for the conversion from cylindrical and spher- 
ical coordinates to rectangular coordinates are given in Appendix III. 

2.02. Coulomb’s Law, Electric Intensity, and Potential in Electrostatic 
Fields. — Coulomb’s law states that the force of attraction between two 
point charges is directly proportional to the product of the charges and 



inversely proportional to the square of the distance between them. Thus, 
two charges qi and q 2 which are separated by a distance r experience a force 



( 1 ) 


where e is the permittivity of the medium, A; is a proportionality constant, 
and r is a unit vector in the direction of the force. 

In this text we shall use a rationalized mks (meter-kilogram-second) 
system of units.^ In rationalized units the term is included in the per- 
mittivity € and permeability so that it does not appear in the principal 
electromagnetic field equations with which we will be dealing. However, 
in this system of units the Air factor reappears in Coulomb’s law and in 
equations in which electric intensity and potential are expressed in terms 
of the charges producing the field. Thus, in rationalized units Coulopib’s 

^ A discussion of systems of units is given in Appendix I. 
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law becomes 


J ffl 92 _ 


( 2 ) 


In mks units, force is in newtons, charge in coulombs, and distance in 
meters. 

The permittivity € may be expressed as the product of the permittivity 
of free space €o and a relative permittivity €r, thus 


€ = Cr€0 


(3) 


In rationalized mks units wc have €o = l/(47r X 9 X 10®) = 8.854 X 
farads per meter. The relative peimittivity is the familiar dielectric coii- 



5. — Potential difference is the line integral 
of electric intensity. 


staiit, values of which are found 
in handbook tables. 

Electric intensity is defined as 
the force on a unit positive charge 
placed in the field (assuming that 
the unit charge does not disturb 
the underlying field). Therefore 
the electric intensity at a point 
distant r from a point charge q 
may be found by setting q 2 equal 
to unity in Eq. (2), yielding 



(4) 


The mks unit of electric intensity 
is the volt per meter. In general, the field at a particular point may be 
due to a large number of charges distributed throughout space. 

In an electrostatic field, the potential at a point in space is defined as 
the work done in moving unit charge against the forces of the field from 
a point of zero potential (sometimes assumed to be at infinity) to the point 
in question. In practical problems, we are usually more concerned with 
potential differences. Thus, in Fig. 5 the potential difference Vi, — Va 
between two points a and b is the work done in carrying unit charge from 
point a to point b. Work may be expressed as the integral of the component 


of force in the direction of travel times distance of travel, or w 



The force required to overcome the field is / = —E, hence the potential 
difference becomes 


Fa 



•dl 


(5) 
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An integral such as that of Eq. (5) is known as a line integral. The 
potential difference between two points, therefore, is the negative line inte- 
gral of electric intensity along a path connecting the two points. Potential 
is sometimes written as an indefinite integral, thus, 

y = - J E-dl (6) 

The mks unit of electric potential is the volt. 

The potential F at a point distant r from a point charge q may be ob- 
tained by iaserting Eq. (4) into (6). The integration constant is evaluated 
by assuming that the potential is zero at r = « , giving 





(7) 


The potential at a point due to a number of discrete charges is the alge- 
braic siun of the potentials resulting from the individual charges, or for n 
charges, we have 



( 8 ) 


2.03. Potential Gradient. — Equation (2.02-5) expresses a relationship 
between potential and electric intensity in integral form. We shall now 
obtain a differential equation relating these quantities. The potential dif- 
ference dV between two points an infinitesimal distance dl apart may be 
expressed as dV - —E-dl, or, in scalar form, dV = —Eidl, where Ei 
is the component of electric intensity in the direction dl. Dividing by dl 
we obtain Ei = — dV/dl, that is, the component of electric inten.sity in the 
direction dl is the negative space derivative of potential in this direction. 
In a similar manner, we may obtain components of electric intensity in the 
X, y, and z directions. Writing these as partial derivatives, we have 




dV 

dx 


E„ 


dV 

dy 


E, = 


dV 

dz 


Assigning the corresponding unit vectors and adding, we obtain the 
electric intensity in vector form 


E 


/dV 

(-— H- 

\dx dy 


dV dV .\ 
dy dz ) 


( 1 ) 


The term in the brackets is known as the -potential gradient, abbreviated 
grad V. 
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In vector analysis it is convenient to express mathematical relationships 
in terms of a del operator ^ symbolized by V. In rectangular coordinates, 
this operator is defined by 


V = 


d 

dx 


d 

1 + -J + 

dy 



( 2 ) 


If we perform the operation indicated by VF or “deZ V” we obtain 
VF = {dV/dx)l + (dV/dy)] + (dV/dz)k, which is the same as the brack- 
eted term in Eq. (1). Thus, VF is the same as grad F; hence we may 
express electric intensity in either one of the abbreviated forms 

E = - gradF = -VF (3) 

While Eq. (1) is expressed in rectangular coordinates, Eq. (3) is more 
general in that it may represent the electric intensity in any coordinate 
system. Appendix III gives the gradient in cylindrical and spherical 
coordinates. 

A word of caution is necessary here. In a subsequent chapter,^ we shall 
find that the potential F is a function of the charge distribution through- 
out space. Electric intensity, however, may be produced either by a dis- 
tribution of charges in space or by a time-varying magnetic field. Equa- 
tions (1), (3), and (2.02-5) do not take into consideration that portion of 
the electric intensity produced by the time- varying magnetic field; hence 
these equations are valid, strictly speaking, only in electrostatic fields. 
However, in most vacuum-tube applications, the currents involved are 
quite small; therefore the magnetic fields which they produce are relatively 
weak. Consequently, the electric intensity produced by the time varia- 
tion of the magnetic field is negligible in comparison with the electric 
intensity resulting from the applied potentials. For this reason, Eqs. (1), 
(3), and (2.02-5) may be used in most vacuum-tube analyses even though 
the fields are not electrostatic. 

2.04. Gauss’s Law and Electric Flux. — Electric charges constitute a 
source of electric intensity or electric flux. Electric flux is customarily 
represented by lines starting on positive charges and terminating on nega- 
tive charges. Gausses law states that the net outward flux through any 
closed surface is proportional to the charge enclosed. 

If a small surface element is placed perpendicular to the flux lines, the 
number of lines of flux per unit area is known as the flux density. Since 
the amount of flux through the surface element is dependent upon its 
orientation, flux density is a vector quantity which we shall designate by 
the symbol 3 . In vector analysis, a differential element of area is often 
represented by a vector ds which is normal to the area element as shown 
in Fig. 6. Designating electric flux by the symbol the flux through 


1 See Eqs. (15.02-3 and 11), Chap. 16. 



Sec. 2.05] 


DIVERGENCE AND POISSON^S EQUATION 


13 


the differential area dl is = D-d^. The net outward flux through the 
closed surface is obtained by integrating over the closed surface. In 
rationalized units, the net outward flux is equal to the charge enclosed; 
hence Gauss's law becomes 




denotes integration over a closed surface. 


( 1 ) 


Fkj, (5. — An illustration of Gauss’s law. 

In an isotropic dielectric, electric flux density is related to electric in- 
tensity by 

5 = ( 2 ) 

The mks unit of electric flux density is the coulomb per square meter. 

2.06. Divergence and Poisson’s Equation. — Gauss's law expresses a 
fundamental electromagnetic field relationship in integral form. We shall 
now^derive an expression for this law in differential equation form by apply- 
ing the integral form to a differential element of volume. 

Consider the differential volume dr in Fig. 7, having sides dzy dy^ and 
dz. The divergence of D (abbreviated div D) will be defined as the net 
outward flux d^ through the closed surface, divided by the volume dr or, 
briefly, the net outward flux per unit volume. Mathematically, the diver- 
gence of B becomes 

— d\f/ 

divD = — (1) 

dr 

Consider first the flux through surfaces a and h which are parallel to the 
xz plane in Fig. 7. Let 5 = Dxl + Dyf + Dzk be the flux density at the 
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center of the differential volume. Denoting outward flux density as posi- 
tive, the outward components of flux density at the surfaces a and 6, to 
a linear order of approximation, are 

atMrf.ce<. 

dy \ 2 / 


dDy (dy\ 

Dy -\ 1 — I at surface b 

dy \2/ 



Fig. 7. — Illustration for divergence. 


It is assumed that these represent the average flux densities over their 
respective surfaces. By multiplying the flux densities by the differential 
surface area dx dz and adding to obtain the net outward flux through a 
and 6, we have 

dDy 

d^a + #6 = dx dy dz (2) 

dy 

Similar expressions may be obtained for the flux through the remaining 
four faces. When these are added together, the net outward flux through 
the closed surface is 

/dD^ dDy dDX 

df = [- H )dxdydz (3) 

\ dx dy dz / 

To obtain the divergence of 5, substitute Eq. (3) into (1). Since the 
differential volume is dr = da: dy dz, the divergence becomes 


div B = 


dDx dDy dDt 

+ — + — 

dx dy dz 


( 4 ) 
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It is interesting to observe that the dot product of the del operator V, 
given by Eq, (2.03-2), and the vector D also yields Eq. (4), that is 


VD = divD = 


dZ>a: dDy dD, 

+ “ + — 

dx dy dz 


( 5 ) 


Equation (5) is a mathematical expression for the divergence of Z). Now 
let us relate this to the enclosed charge, using Gausses law. 

Let Qt be the charge density. The charge enclosed in the differential 
volume dr is qr dr = qr dx dy dz. According to Gausses law, the net out- 
ward flux d\l/j given by Eq. (3), must be equal to the charge enclosed in the 
differential element. Equating these and dividing by dr, we obtain 


or 


dD^ dDy dD^ 

1 1 = qr 

dx dy dz 

VD = qr ( 6 ) 


Let us briefly consider the physical interpretation of Gauss’s law and 
divergence. Gauss’s law states that the net outward flux is equal to the 
charge enclosed for any closed surface. If the charge enclosed is zero, the 
amount of flux entering the closed surface equals the flux leaving it and 
the net outward flux is zero. The divergence equation is essentially 
Gauss’s law reduced to a per-unit-volume basis, since it states that the 
net outward flux per unit volume is equal to the charge density. How- 
ever, it should be noted that the divergence was derived for a differential 
volume and is therefore a point function. 

We now derive another useful relationship known as Poisson’s equation. 
First, however, let us express Eq, (6) in terms of electric intensity by 
substituting JS = D/e, thus obtaining 


V-E = — (7) 

C 

Now substitute E = —W from Eq. (2.03-3), to obtain 


V^V = 



( 8 ) 


where = V-V is the Laplacian operator. In rectangular coordinates 
Eq. (8) becomes 


, d^V d^V 

V^F = 1 1 

dx^ dy^ 


e 


( 9 ) 


Appendix III gives expressions for V • and V*F in cylindrical and spherical 
coordinates. 
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Either the divergence equation or Poisson^s equation may be used to 
determine the field distribution throughout space. The practical applica- 
tion of the divergence equation is limited to cases where the flux density 
is a function of only one coordinate. Other cases can be handled more 
readily by Poisson’s equation. It should be noted that Gauss’s law and 
the divergence equation are valid for either static or dynamic fields, 
whereas Poisson’s equation is strictly valid only for electrostatic fields. 

In order to illustrate the use of the foregoing relationships, consider the 
following example: 

Example: A space charge of density qr ~ cp^ is contained in a cylindrical shell having 
an inside radius a and an outside radius b. Assume that the potential at radius a is 
zero. Determine the electric intensity and potential distributions inside of the cylindri- 
cal shell. 

Two methods will be used, based upon Gausses law and Poisson’s equation. When 
p < o, the electric intensity and potential are both zero. Consider the region in which 
a p < 6. 

A. Gausses Law Method . — A cylinder of radius p, where a < p < 6, and unit height 
would contain an amount of charge given by 


Q. ~ dp = r 27rcp^ dp 

Ja Ja 


47rC 

" 5 ~ 


(p?5 _ oH) 


Because of symmetry, the flux density is uniform over the cylindrical surface and normal 
to this surface. Gauss’s law may therefore be written in scalar form as follows: 

^D'ds ~ 2>TrpDp = q 

Inserting the expression for q and using Dp = eEp, we obtain the electric intensity 


The potential is found by applying Eq. (2.02-6) to obtain 


The constant Ci is evaluated by setting F = 0 when p = a. The potential then becomes 


V 


be 



In - 
a 


] 


B. Poi88on*s Equation . — From Appendix III, we obtain an expression for Poisson’s 
equation in cylindrical coordinates which, combined with Eq. (2.05-8), gives 
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Since dV/d<i> — dV /dz — 0, this reduces to 


iO-- 


Multiplying by p dp and integrating, we obtain 


This expression may be integrated a second time to obtain the potential. However, if 
we recall that Ep = — dV jdpj and that Ep is zero when p = a, we may evaluate the 
integration constant and obtain 

= ^ - a^-') 

5ep 

This is in agreement with the electric intensity obtained by the Gausses law method. 
The potential may be evaluated by the method given in Part A. 

The above methods can be used to evaluate the electric intensity and potential outside 
of the cylinder b. However, in using Poisson’s equation, it should be noted that the 
space-charge density Qt is zero in regions where p > b. These solutions yield one integra- 
tion constant in the electric intensity equation and two in the potential equation. The 
constants may be evaluated in t(Tms of the previously determined values of electric 
intensity and potential at radius b. 

2.06. Motion of Charges in Electric Fields. — Having considered the 
laws determining the electric-field distribution in space, we now turn to a 
consideration of the motion of charges in electric fields. 

The force on a charge q in an electric field is given by 

J=qE ( 1 ) 

If the charge is free to move in space, the acceleration of the charge is 
given by Newton ^s second law of motion. 


QE-m- ( 2 ) 

where m is the mass in kilograms and dHidf is the acceleration in meters 
per second per second. 

Equation (2) states that the acceleration is proportional to electric 
intensity. This equation may be resolved into components in any coor- 
dinate system. In rectangular coordinates this becomes 

d^x qEx 


m 
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The electric intensity may be determined as a function of space and 
time coordinates using the previously derived relationships. Since these 
are first-order differential equations in velocity and second-order equations 
in displacement, the velocity equation contains one integration constant 

and the displacement equation has two 

integration constants. These constants 

^ can be evaluated if the position and ve- 

~b^ locity of the charge are known at any 

^ ^ ^ instant of time. 

The equations for the velocity and 

^ Y energy of an electron may also be ex- 

K pressed in terms of potential. In Fig. 

^ p 8, the work done by the field in moving 

^ K a charge q from point a to point h is 

^ — — equal to the line integral of force times 

^ distance. The force is qEj hence the 


work becomes w 


qE-dL Invoking 


conservation of energy, we 
find that the work done by the field in 
Fio. 8.— Motion of a^^arge in an cie(3- moving the charge from a to 6 is equal 
* to the increase in kinetic energy of the 

charge. The" kinetic energy of a particle is where v is its velocity, 

hence ^ 

q{ E-(ll=yim{vl-vl) (4) 

•'O 

For electrostatic fields we may substitute Eq. (2.02-5) for the integi’al 
on the left-hand side of h]q. (4). Eqtiation (4) then becomes 

- Va) = y2'^ivl - vl) (5) 

Solving for v\j, we obtain 


Vh = \^a (^b — Va) 

^ m 

If the potential and velocity are both zero at a, this reduces to 


The negative sign under the radical of Eq. (7) signifies that a positive 
charge gains in velocity as it moves toward a negative potential. 

Equations (5) to (7) are, strictly speaking, valid only for electrostatic 
fields. They may^ however, be used for dynamic fields provided that there 
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is no appreciable time variation of the field during the flight of the elec- 
tron. 

In vacuum-tube analysis we are primarily concerned with electron mo- 
tion, in which case we have 

q = — e = —1.602 X 10““^® coulombs 
m = 9.107 X 10~*^^ kilogram 
c 

— = 1.759 X 10^^ coulombs per kilogram 
m 


Fig. 9. — Temperature-limited diode 
with d-c and a-c applied potentials. 


If an electron moves at a high velocity, its apparent mass is greater than 
its stationary mass. The api)arent mass is kno\vn as the relativistic mass 
and is related to the stationary mass mo 
as follows: 

mo 

m = — /-ON 

Vl - {v/vcf E 

In this equation v is the velocity of the 

electron in meters per second and Vc = ^”^6 

3 X 10^ meters per second is the velocity 

of light. 1 

For a 1 per cent increase in mass the U d — v^jVisincat 

velocity must equal 14 per cent of the 1 

velocity of light. To attain this velocity * ^ INN* l+ 

an electron must start from rest and be 

accelerated through a potential difference ^ —Temperatur^iiinited diode 

- _ ^ - o.. , with d-c and a-c applied potentials. 

ot 5,100 volts. Since most vacuum tubes 

operate with potential differences which are less than 5,100 volts, the 
relativistic correction can usually be ignored. 

If the relativistic correction must be taken into account, the more funda- 
mental force equation which states that force is equal to the time rate of 
change of momentum, or 

dCmv) 

must be used in place of J = ma. 

2.07. Electron Motion in Time-varying Fields. — In tubes operating at 
microwave frequencies, the time of transit of an electron between two 
electrodes in the tube may be relatively large in comparison with the period 
of electrical oscillation. It is interesting to study the motion of electrons 
through the fields when large transit times are involved. 

As an example, let us investigate the motion of electrons in the time- 
varying field of a parallel-plane diode in which the current is temperature 
limited. In the diode of Fig. 9, the instantaneous potential difference be- 
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tween cathode and plate is assumed to have a direct component Vq and 
an alternating component Vi sin ut, thus 


F = Fo + Fi sin 


( 1 ) 


Since the space-charge density is negligible, the electric intensity in the 
diode space is given by 

jEj; = — - (Fo + Fi sin cot) (2) 

a 


Substituting the electron charge q — —e and Eq. (2) in the first of 
(2.06-3), we have 

= (Fo + Fi sin Oil) (3) 

at rtid 


Two successive integrations of Eq. (3) yield the electron velocity and dis- 
placement as a function of time. Assuming that the electron leaves the 
cathode (.r = 0) at time ^^^d with velocity ro, we obtain 


e 

md _ 


dx e 
dt rnd 

^0 — — 


Fi 1 

Vo{t — to) (cos cot — cos CO^o) 

CO 


+ Vq 


(4) 


Fi 


(sill cot 


Vi 


sin coto) H (t ~ to) cos coto 

CO 


+ i^o(^ k) (6) 

The time t — to the electron transit time, or the time required for the 
electron to travel from the cathode to a point distant x from the cathode. 
This electron transit time will be designated by T. The total transit time 
T\ represents the time required for the electron to travel the entire dis- 
tance from cathode to anode. We now let the phase angle of 

alternating potential at the instant of electron departure from the cathode. 
We therefore have 

T ^t- to (6) 

<#> = coto (7) 


Now write Eq. (5) in terms of T and ky using Eq. (6). Then substitute 
Eq. (7) and divide both sides of the equation by a factor fc, which is defined 
below, to obtain 


X 

k 


(coT)2 Fi (cuT) 

1 — gin coT) cos <> + (1 — cos coT) sin <<>] + vq (8) 

2 Fo cok 


= A + 


II 

Fo 


B + C 


(9) 
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eVo „ Fo 

where k = -- — = 1.76 X 10^^ -r- 
w^md ord 

A 

A = 

2 


(mks units) 


B = (o)T — sin o)T) cos <^ + (1 — cos o>T) sin <t> 


C 


Vq 




( 10 ) 


The electron transit time in a pure d-c field with zero initial velocity is 
obtained by setting Vi = 0 and t^o = 0 in Eq. (8) and solving for time. 
Designating the total d-c transit time as Toy we have 

/2m ^ d 

To = d -J— = 3.37 X 10-« (11) 

^eVo Wo 

The quantity wT is the transit angle y representing the number of radians 
through which the alternating potential varies during the transit time T, 
The quantity A in Eq. (9) represents the value which the displacement 
parameter x/k would have if there were no alternating potential difference 
and the initial electron velocity were zero. Thus, we may consider A as 
being the d-c component of the displacement parameter x/k. Graphs of 
A as a function of transit angle wT, as expressed in Eq. (10), are given in 
Fig. 10a for small transit angles and in Fig. 10b for large angles. 

The term {Vi/Vo)B in Eq. (9) is the component of x/k resulting from 
the alternating field. Values of B are plotted in Figs. 11a and 11b as func- 
tions of transit angle for various values of departing phase angle 0. The 
curves in Fig. 11 show that the a-c component of the field alternately ac- 
celerates and retards the electron in its flight. For relatively large transit 
angles, the a-c component of displacement is a maximum for <l> = 0 degrees, 
i.e.y when the electron leaves the cathode just as the alternating potential is 
changing from deceleration to acceleration. 

The quantity C in Eq. (9) represents the component of x/k due to the 
initial velocity of the electron. The value of C is zero if the initial velocity 
is zero. 

The electron displacement for a given transit angle may be readily ob- 
tained by the use of Figs. 10 and 11, and Eq. (9). If the transit angle o)T 
and departing phase angle are given, the values of A and B may be 
obtained directly from the curves. The value of C may be computed from 
Eq. (10). Substitution of these values in Eq. (9) yields the value of x/k 
and this may be used to determine the value of electron displacemenl x 
during the time T. 



(toT)’ 
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The reverse process, i.c., finding the transit angle corresponding to a 
given electron displacement, requires a trial-and-error procedure. The 
value of x/k is first computed and the d-c transit angle corresponding to 
this value of x/k is obtained from Fig. 10. This transit angle is used as a 
first approximation, and the corresponding values of B and C are deter- 
mined from Fig. 11 and Eq. (10). The value of x/k computed from Eq. 
(9) using the first approximations for A, 5, and C will, in general, not 
agree with the correct value computed previously. It will therefore be 
necessary to assume new values of coT in the vicinity of the first approxi- 
mation until one is found which yields A, B, and C values satisfying Eq. (9). 

Example. To illustrate the solution of a typical problem, let us determine the transit 
angle and total transit time required for an electron to travel from cathode to anode in 
a temperature-limited parallel-plane diode having the following values: 


d — 0.5 cm 
Fo = 1,000 volts 
Fi = 800 volte 
First obtain the values 


= 0 ° 

== 0 

/ = 2 X 10® cycles per sec 



and 


1.76 X lO^^Fo 

(t)^d 


= 2.224 X 10-^ 


The electron travels a distance x = d ~ 5 X 10“^ m. Thus, we have x/k ^ 22.45. 

If we consider only the d-c potential. Fig. 10b shows that the transit angle correspond- 
ing to A = 22.45 is coT = 380 degrees. This is the first approximation to the value of 
o)T. Figure 11b shows that the value of B corresponding to this approximate transit 
angle is JB == 6.3, and thus (Vi/Vo)B = 5.04. It is apparent, therefore, that the value 
of x/k using these values of A and B is too high by approximately the amount of (Vi/Vo)B. 

As a second approximation, therefore, try A = 22.45 — 5.04 = 17.41. Figure 10b 
yields the second approximation coT = 345° and Fig. 11b gives the corresponding value 
B — 6.3, or iVi/Vo)B = 5.04. Substituting these in Eq. (9) we obtain x/k == 22.45 
which is the correct value. Thus, the transit angle is coT = 345° or 6.02 radians and 
the total transit time is T = 6.02/o; = 4.78 X 10“^® sec. 

If the field has no d-c component, we have Vq = 0. In order to evaluate 
Eq. (8), it is first necessary to multiply both sides by Fq, yielding 

X = Vik'B + VqT ( 12 ) 

^ 6 1.76X10^^ 

where fc' = -- — - = — (mks units) 

0) md CO a 

If the electron enters the a-c field with a high initial velocity, the transit 
time in traveling a distance x may be approximated by T — x/v^. The 
corresponding value of coT is then computed and the value of B is obtained 
from Fig. 11. The amount of error involved in the original assumption 
can be obtained by inserting these values into Eq. (12). Other values of 
T are then assumed until one is found which does satisfy Eq. (12). 
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PROBLEMS 

1 . Two vectors X and Ti are given by 

^ 2l “b 8j/ -f- 6^ 

5 == 21 + 1/ - 2^ 

(а) Compute the vectors represented hy X B and X — E 

(б) Compute the dot and cross products X • E and X y, B 

(c) The angles between a vector and the x, t/, and z axis, respectively, may be 
obtained from the direction cosines. The direction cosines of the vector X are 
I = COS0X = XxIA, m — cos By — Ay/A^ n — cosOg = As! A. Compute the 
direction cosines for the vectors X and B given above. 

(d) Show that the cosine of the angle between two vectors is given by cos 
= IaIb 4- rriAtnB 4- nAns- Find the angle Bad for the vectors given above. 

2. The vectors Z, B and C are given by 

A = 3I 1/ + 2k 

S = 17 4- 2/ - 1/7 

C = 27 - 2J - 2/7 

Find the values of 

(а) X-(E X ??) and 

(б) A X (5 X P). 

3. Derive equations in rationalized mks units for the electric intensity and potential 
distribution as functions of distance from 

(а) A point charge 

(&) A uniformly charged infinitely long line having a charge of qi coulombs per meter 
of length 

(c) An infinite plane having a charge density of qr coulombs per square meter. 

Note: The variation of field intensity and potential with respect to distance for 
point, hue, and plane sources is the same for electric fields, magnetic fields, gravita- 
tional fields, light fields, and many other types of fields. 

4 . An electrostatic field has an intensity distribution in the xy plane given by 

R — iPi/x)l + (C 2 / 2 /)/. Evaluate the line integral ^E dl over any path from 

(x — 1, 2 / = 2) to (a; = 3, 1 / = 3). Hint: The integration is simplified by taking a 
path parallel to the x axis from (1, 2) to (3, 2), then parallel to the y axis from 
(3, 2) to (3, 3). 

5. (a) Derive an expression for the dilTeronce of potential between the conductors of a 

coaxial transmission line. Assume that the inner conductor has a charge of qi 
coulombs per meter of length and the outer conductor has a charge of —qi 
coulombs per meter of length. 

(б) The capacitance per unit length is the charge per unit length divided by the 
difference of potential between conductors. Obtain an expression for the ca- 
pacitance per unit. 

6 . A point charge q is placed at the point {x = —2, y = +2, z = 0). 

(а) Write an expression for the electric intensity at any point in space. 

(б) Evaluate the difference of potential between the points (0, 0, 0) and (2. 4, 0) by 
integrating along the curve y = x^. 



CHARGES IN ELECTRIC FIELDS 


[Chap. 2 


26 


7. A point charge is located at the origin of a rectangular coordinate system. Con- 
sider a circular plane of unit radius which is oriented in a position normal to the 
X axis, with center at (a; - 1, ^ = 0, 2 = 0). 

(a) Write the equation for the potential on the surface of the circular plane. 

(5) Using the gradient relationships, determine the tangential and normal compo- 
nents of electric intensity at the surface. 

(c) Find the surface integral (o-ds over the given area. 


8. Derive the equations for grad V in cylindrical and spherical coordinates. 

9 . Derive the equation for V*D in cylindrical coordinates (see Appendix III). 

10. An insulating cylinder of radius a contains a uniform charge of density Qj. 

(а) Using Gauss’s law, derive expressions for the electric intensity and potential at 
points (1) inside th6 cylinder and (2) outside the cylinder. 

(&) Derive these relationships using either Poisson’s equation or the relationship 
V*I> = in cylindrical coordinates. 

11. In a spherical coordinate system the space-charge density is Qr " 

(o) Using Gauss’s law, derive expressions for the electric intensity and potential as 
functions of r. 

(б) Repeat part (a) starting with either Poisson’s equation or the relationship 
V • J5 = expressed in spherical coordinates. 

(c) Evaluate ^D-dS over the surface of a sphere of radius a with center at the origin. 

(d) Compute fv *73 dr. Show that (£ Z>*ds == f V*Z5 dr. This is a theorem of vec- 


tor analysis known as the divergence theorem. 

12. A cylindrical diode has a potential difference of Fb volts between cathode and anode. 
The radii of the cathode and anode are a and 6, respectively. Assuming negligible 
space-charge density, derive equations for the acceleration, velocity, and displace- 
ment of an electron which is traveling radially outward from the cathode. 

Note: In this problem, an integral of the form f dx/{\n is encountered. To 


evaluate this integral, substitute x = e^ and integrate by series methods. 

13. A parallel-plane diode with space-charge-limited emission has a space-charge density 
given by Qj = ~(7/(a;)^. 

(а) Derive expressions for the electric intensity and potential distribution in the 
diode. 

(б) Derive equations for the acceleration, velocity, and displacement of an electron. 
Compare the total electron transit time in the space-charge-limited diode with 
Eq. (2.07-11) for the diode with temperature-limited emission. 

14 . In a klystron oscillator, an electron starts from rest and is accelerated through a d-c 
potential difference of 400 volts. It then passes through the region between two 
parallel-plane grids in a direction normal to the grids. The grids arc 0.2 cm apart 
and have an a-c potential difference of 350 volts (peak value). The frequency is 
3,000 megacycles per sec. It is assumed that there is no d-c field between the grids. 
Determine the transit time and transit angle for an electron which enters the grid 
region as the electric field is passing through zero, changing from acceleration to 
deceleration. 
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CURRENT, POWER, AND ENERGY RELATIONSHIPS 

Vacuum-tube oscillators and amplifiers are essentially devices for con- 
verting d-c energy into a-c energy. Such devices contain two functionally 
different but interdependent parts: (1) the vacuum tube with its stream 
of electrons moving under the influence of electric and magnetic fields and 
(2) the external circuit containing, among other things, the sources of 
potential and the load impedance. 

A complete analysis of such a vacuum-tube system would require an 
analysis of the vacuum tube from the point of view of electron dynamics 
and an analysis of the external circuit from a circuit viewpoint. These 
two solutions are interdependent since the electronic effects influence the 
potentials in the external circuit and the potentials, in turn, determine the 
fields in which the electrons move. Since a rigorous treatment of such a 
system involves considerable mathematical difficulty, it is customary to 
use either of two simplified methods of approach. In the conventional 
method, the tube is represented by an equivalent generator and equivalent 
internal impedances. This equivalent circuit is then joined to the external 
circuit and the analysis proceeds as an electric-circuit problem. Although 
this method greatly simplifies the analysis of vacuum-tube circuits, it loses 
sight of the fundamental electronic phenomena taking place inside of the 
vacuum tube. 

The second method deals largely with the electronic phenomena within 
the tube. In this method, certain arbitrary direct and alternating poten- 
tials are assumed to exist at the tube terminals without inquiring as to 
what external conditions are required to produce the assumed potentials. 
The behavior of the electrons and their electrical effects are then expressed 
in terms of the assumed potentials. An equivalent circuit for the vacuum 
tube may also be obtained by this method of analysis. In general, how- 
ever, this equivalent circuit will differ from the equivalent circuit of the 
preceding method and will represent more accurately the conditions exist- 
ing at frequencies where electron transit-time effects are significant. 

In this chapter, we shall consider the concepts of current, power, and 
energy from a fundamental electronic point of view, using the electronic 
method of approach. 

3.01. Convection and Conduction Current. — The motion of electric 
charges constitutes an electric current. Charges moving in space consti- 
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tute a convection currenty whereas the motion of charges in a conductor 
constitutes a condnction current In either case, the convection or conduc- 
tion current density Jc is equal to the product of charge density times 
velocity, or 

Jc = QrV (1) 

where Qr is the charge density and v is its velocity. 

In a conducting medium the moving charges experience a frictional 
resistance. In most conductors,^ the average velocity of the charges is pro- 
portional to the electric intensity E and Eq. (1) may therefore be written 

Jc = <fE (2) 


where <7 is a property of the medium known as the conductivity. In mks 
units, Jc is in amperes per square meter and a is in mhos per meter. Values 

of <T for various conducting me- 




Jc ‘ 


E \ 


Fig. 1. — Conduction current in a conductor. 


diums are given in Appendix II. 

Equation (2) is Ohm^s law ex- 
pressed in terms of current den- 
sity and electric intensity. To 
relate this equation to the more 
familiar form of Ohm\s law, con- 
sider a direct current flowing in the homogeneous cylindrical conductor of 
Fig. 1. Assume that the current density is uniform over the cross section 
of the conductor. The total conduction current ic is then the product of 
current density times area, or ic = /cA. The electric intensity is uniform 
throughout the conductor, hence the potential drop over a length of 
conductor I h Vr Et Substituting Jc and E from these two relation- 
ships into Eq. (2), written in scalar form, we obtain Ohm^s law 


ic 


(tA Vr 

Vr = — 

I R 


(3) 


where R = l/<rA is the electrical resistance of the given length of conductor. 

3.02. Continuity of Cxirrent — Displacement Current. — Kirchhoff formu- 
lated an important law of continuity of conduction current in closed cir- 
cuits. This law states that in an electric circuit the current flowing to 
a point is equal to the current flowing away from the point. 

Maxwell introduced the concept of displacement current and thereby 
generalized the law of continuity of current. Consider, for example, an 
a-c circuit containing a condenser. If the condenser is charging or dis- 
charging, a conduction current flows in the metallic circuit. Since the 

^JooB, George, ^Theoretical Physics,’^ p. 425, G. E. Stechert & Company, New 
York, 1934. 
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charges do not flow through the dielectric of the condenser, the conduction 
current is discontinuous at the condenser plates. Hence, if we take the 
restricted viewpoint that current consists only of the flow of charges, it 
follows that current is not always continuous. Maxwell showed that if 
the time variation of the electric field is treated as a displacement current, 
then current is always continuous; i.e., current always flows in closed paths. 
In the example cited above, the displacement current between the con- 
denser plates resulting from the time 
variation of the electric field is exactly 
equal to the conduction current in the 
external circuit. It was this reasoning 
that made it possible for Maxwell to 
predict the propagation of electromag- 
netic waves through space. 

In order to obtain an expression for 
the displacement current, consider the 
condenser circuit of Fig. 2 during the 
time that the condenser is discharging.^ 

The positive plate of the condenser is 
assumed to be totally enclosed by an 
imaginary hemispherical shell. A posi- 
tive sign will be used to denote current 
flowing out of the hemispherical surface. The principle of conservation 
of electricity states that the conduction current flowing out through the 
hemispherical surface must equal the time rate of decrease of charge on 
the condenser plate. Thus, if q is the charge on the positive plate, the 
conduction current flowing in the external circuit is 



Fig. 2. — Continuity of current in a dis 
charging condenser circuit. 


— 


dq 

~dt 


( 1 ) 


Gauss’s law relates the electric flux through the hemispherical surface 
to the charge enedosed. 



( 2 . 04 - 1 ) 


By inserting q from this expression into Eq. (1) and interchanging the order 
of differentiation and integration, we obtain 


rdB 

ic + (p — • ds = 0 
Js dt 


( 2 ) 


^ Frank, N. H., ^‘Introduction to Electricity and Optics,” Chap. S, McGraw-Hill 
Book Company, Inc., New York, 1940 . 
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We may now express the conduction current as the surface integral of the 
conduction-current density, thus, ic —^Jc*ds. Inserting this into Eq. 
(2) and combining the terms under one integral, we obtain 




*7 c ~l ) • ds = 0 

dt/ 


(3) 


Equation (3) is a statement of the law of continuity of current. The 
terms ^Jc-ds and ^ (dD/dt) • ds represent, respectively, the conduction and 


displacement currents through the hemispherical surface. Equation (3) 
states that the net current out through the hemispherical surface is equal 
to zero or that the current entering this surface is equal to the current 
leaving it. Designating the displacement current density by Jd, we have 


^ ^dD _ dE 
dt ~ ^ dt 


(4) 


In Fig. 2, the conduction current is in the conductor while the displace- 
ment current is a result of the time variation of the electric field between 
the condenser plates. In the more general case, displacement current and 
conduction (or convection) current may occur coincidentally. The current 
density is then 

- - dE 

J = J c ^ — (5) 

dt 


In Sec. 2.05, the divergence of a vector was defined as the net outward 
flux per unit volume. According to the law of continuity of current, the 
net outward current through a closed surface is always zero; hence we have 

V-J = 0 (6) 

By inserting Eq. (5) into (6), mth Ja = dD/dt, we_obtain, after inter- 
changing the order of differentiation, V-J^ + d(y-D)/dt = 0. Further 
substitution of V-D = from Eq. (2.05-6) gives 


Vj, = 


OQt 

dt 


(7) 


Equation (7) is the equation of continuity. It is similar to Eq. (1) except 
that (7) is stated in differential equation form while Eq. (1) is in integral 
form. 

3.03, Current Resulting from the Motion of Charges. — Consider the 
current resulting from the motion of a single charge between the parallel 
planes of the diode of Fig. 3. In Fig. 3a, the electron is passing through 
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plane A ; hence the current through this plane is a convection current at 
the instant shown. In order to satisfy the principle of continuity of cur- 
rent, there must be equal currents flowing simultaneously through all 
planes parallel to plane A in the interelectrode space and in the external 
circuit. The electron has an electric field associated 
with it. Therefore, if the electron is in motion, there 
will be a time-varying electric field at plane B (and at 
all other planes parallel to plane A in the diode space). 

This varying electric field constitutes a displacement 
current. The displacement current through all planes 
parallel to plane A, in Fig. 3a, is exactly equal to the 
convection current through plane A. 

Now consider the current flowing in the external 
circuit. The motion of the electron in the diode space 
tends to induce a potential difference between the 
planes of the diode. Hence charges flow in the ex- 
ternal circuit in such a manner as to tend to maintain 
the diode planes at the same potential. This flow of 
charges in the external circuit constitutes an induced 
condiiction current, or briefly an induced current 

Our complete picture of the current resulting from 
the motion of the single electron in Fig. 3a therefore 
includes a convection current through plane A, a dis- 
placement current through all planes parallel to plane 
A in the diode space, and an induced current in the 
external circuit, all flowing simultaneously and satisfy- 
ing the law of continuity of current. 

The two planes of the diode form a condenser. If 
an alternating potential difference is applied between 
the planes, there will be an additional displacement 
current in the diode space owing to the capacitance 
between the planes, and an equal current flowing in 
the external circuit. This current will be referred to as 
the capacitive current The capacitive current is independent of the flow 
of charges in the diode space. 

Before leaving the subject of current, let us make one further interesting 
observation. We have thus far considered conduction and convection cur- 
rents as being quite different from displacement current. The first two 
were attributed to the motion of discrete charged particles, whereas dis- 
placement current was assumed to result from a time variation of the 
electric field. However, if we focus our attention entirely upon tlie field 
of the charge and set aside our concept of the charge as being a small 
particle, then we have a unified point of view in which all current becomes 



(C) 


Fuj. 3. — Current 
resulting from the 
motion of a single 
electron. 
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displacement current and we no longer need the separate concepts of con- 
vection and conduction current. From this viewpoint, the charges consti- 
tute the source of the electric field and the current is due entirely to the 
time variation of the electric field rather than to the motion of the charged 
particles per se. There is considerable justification for this point of view. 

3.04. Power and Energy Relationships for a Single Electron.*-®— Let us 
briefly review the mechanics of a particle in motion. If a particle expe- 
riences a vector force /, the work done on the particle in traveling a differ- 
ential distance dl is 

dw—f-dl (1) 

or the total work done in traveling from a to 6 is 


w = 



( 2 ) 


If the particle experiences no other force, the work done on the particle 
is equal to the gain in its kinetic energy. To show this, we write Newton’s 
second law of motion 


/ = 



( 3 ) 


where ^Ijd^ is the acceleration of the particle. Now multiply the left- 
hand side of Eq. (3) by dl and the right-hand side by {dl/dt) dt and integrate, 
yielding 


This may be written ^ 



dn dl 
dt^ dt 



( 4 ) 


Assume that the particle moves from a to 6 and that the velocities at these 
two points are Va and vt. The limits on the left-hand side of Eq. (4) arc 

1 Jen, C. K., On the Induced Current and Energy Balance in Electronics, Proc. I.R.E. 
vol. 29, pp. 345-349; June, 1941. 

2 Jen, C. K., On the Energy Equation in Electronics at Ultra-High Frequencies, 
Proc, LR.E.y vol. 29, pp. 464-466; August, 1941. 

3 Gabor, D., Energy Conversion in Electronic Devices, J.I.E.E.y vol. 91, pp. 128-146- 
September, 1944. 

^ To prove this, write ^didl/dt)"^ from the right-hand side of Eq. (4) in the form 
1 fdl\^ 1 d /dl dl\ 

2^ \ Jt) 2 dt\Jt ' Differentiating the right-hand side of this expression as a 

product, we obtain - d ^ ^ ^ substitution made in obtaining 

Eq. (4). 
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a and 6, while those on the right-hand side are Va and Vh- 
becomes 


jT - 1 ?^ 


Hence, Eq. (4) 


(5) 


This result shows that the work done on the particle is equal to its gain 
in kinetic energy. 

Now consider the power relationships. Power is the time rate of change 
of energy. Returning to Eq. (1), if the work dw is done in time dt^ the 
power received by the particle is 


dw _ dl 



( 6 ) 


i.c., the power is equal to force times velocity. 



Fig. 4. — Electron motion in a diode of arbitrary geometry. 


The total work done on the particle may also be expressed as the time 
integral of power. Combining this with Eq. (2), we have 

I J-dl = I pdt (7) 

t/a t/li 

where the particle is assumed to leave point a at time ti and arrive at b 
at time < 2 * 

Let us now apply these relationships to the case of an electron moving 
in the electric field of a diode of arbitrary geometry. Assume that the 
potential difference between the electrodes is V, where E is a function of 
time. The resulting electric intensity J? is a function of space coordinates 
and time. 
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An electron in the diode space experiences a force / = —eE, Substitu- 
tion of this force into Eq. (6) gives the power transfer from the field to the 
electron, p = ^eE-dl/dt, We have found that the moving electron in- 
duces a current ic in the external circuit. The source of potential therefore 
supplies an amount of power equal to p = icV to the field, ^ this being 
exactly equal to the power transferred from the field to the electron. 
Equating the two power expressions and writing the velocity as v, we obtain 

p = -ev-E = icV (8) 

The induced current obtained from this expression is 


ev'E 



The increase in kinetic energy of the charge as it moves from a to h 
is obtained by inserting / = —cE into Eq. (5), giving 

V> = y2mivl - = _c f’E-dl (10) 

Ja 

The line integral in Eq. (10) is similar to the expression for the potential 
difference between a and h as given by Eq. (2.02-5) and we might be 
tempted to make this substitution. However, we must bear in mind that 
the potential and the electric intensity may both vary appreciably with 
respect to time while the electron is in flight along the path from a to 6. 
Hence, the line integral in Eq. (10) is not the potential difference at any 
instant of time and we are not justified in considering it as a potential 
difference unless the field is substantially constant during the time of 
transit of the electron. 

The fundamental concepts of power and energy transfer between the 
potential source and a moving electron are embodied in Eqs. (8) and (10). 
In this process, the electron is accelerated by the electric field; hence there 
is a transfer of energy from the field to the electron. The motion of the 
electron in the interelectrode space induces a current in the external circuit. 
The induced current flowing in the external circuit transfers an equal 
amount of energy from the source of potential to the field to make up for 
the energy transfer from the field to the electron. Thus, in effect, energy 
is transferred from the source of potential to the moving electron. A posi- 
tive sign denotes energy transfer from the sourcje of potential to the elec- 

^ This is the power supplied to the field due to the motion of the electron in the field. 
If the potential is varying with respect time, tluj potential source may supply addi- 
tional capacitive power to the system. However, we are primarily interested in the 
power and energy transfer between the potential source and the electron and hence will 
not consider the capacitive powei. 
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tron, whereas a negative sign denotes energy transfer from the electron to 
the source of potential. 

One important concept must not be overlooked. The energy transfer 
occurs while the electron is in flight The moment that the electron collides 
with an electrode, its remaining energy, as given by Eq. (10), is dissipated. 

For the special case of a parallel-plane 
diode, we have £/ = —F/d and Eqs. (8) 
and (9) become 


evV 

P = —r = icV 


ev 





d 


( 11 ) 
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The velocity of the electron may be evalu- 
ated by methods described in the preceding 
chapter. It is significant to note that the 
current is dependent not only upon the 
charge and its velocity but also upon the 
distance between the diode planes. 

3.05. Single Electron in Superimposed 
D-C and A-C Fields. — In most vacuum-tube 
applications, the electrode potentials have 
d-c and a-c components; hence the electrons 
move through combined d-c and a-c electric fields. Under proper condi- 
tions, the electrons may take energy from the source of d-c potential and 
transfer a portion of this to the source of a-c potential. 

Consider the diode of Fig. 5, which is assumed to have negligible space 
charge. The instantaneous potential difference between plate and cath- 
ode is 

V = Vo + Vi sin o^t (1) 


Ftq. 5. — Diode with d-c and a-c 
applied potentials. 


where Vq is the d-c potential and Vi sin wt is the a-c potential. The elec- 
tric intensity in the interelectrode space contains superimposed d-c and a-c 
components which are represented by Eq and Ei sin coty respectively, where 
Eo and Ei are functions of space coordinates only. The resultant electric 
intensity is 

E == Eq “f" El sin o)t (2) 


By inserting the potential from Eq. (1) and the electric intensity from 
(2) into (3.04-8), we obtain an expression for the instantaneous power 
transfer, 


p = ^eV'iJEo + El sin (at) = ic{Vo + Vi sin (at) 


( 3 ) 
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Since the d-c and a-c fields both exert a force upon the electron, there 
will be power transfer from both potential sources to the electron. Let 
Pdc and pac represent the instantaneous power transfer to the electron 
from the sources of d-c and a-c potential, respectively. We may separate 
the d-c and a-c power terms in Eq. (3) and write 

Vdc = -ev-Eo = ifFo (4) 

Pac = —ev-Ei sinw^ = icV^ sin co^ (5) 

P = Pdc + Pac ( 6 ) 


The induced current may be obtained either from Eq. (4) or (5), yielding 

ev-Eo ev-Ei 


= - 


( 7 ) 


It should be noted that the electron velocity v is dependent upon both the 
d-c and a-c fields. 

In Eqs. (4) and (5) the terms containing the velocity and electric in- 
tensity express the phenomena occurring within the tube, whereas the 
terms containing voltage and current express the relationships in the 
external circuit. 

In most vacuum-tube applications, a majority of the electrons move in 
such a manner as to be accelerated by the d-c field but retarded by the 
a-c field. Hence, these electrons take energy from the source of d-c poten- 
tial and transfer a portion of this energy to the source of a-c potential. 
The a-c potential usually results from an alternating current (induced 
current plus capacitive current) flowing through the load impedance in the 
external circuit, which produces an a-c potential drop across this imped- 
ance. Hence, we shall refer to the load impedance as the source of a-c 
potential. The electrons, therefore, serve as an intermediary, taking 
energy from the source of d-c potential and transferring a portion of this, 
in the form of a-c energy, to the load impedance. 

It is of course necessary to control the flow of electrons so that a majority 
of them flow through the alternating field during its retarding phase. The 
grid in the ordinary triode tube serves this purpose. The d-c and a-c com- 
ponents of an electric field may be either superimposed as in the triode 
and magnetron tubes, or they may exist in separate parts of the tube, as 
in the klystron. 

The gain in kinetic energy of a single electron may be obtained by insert- 
ing = Sq + sin ut in Eq. (3.04-10), thus 

— vl) = —ef Eo-dl — e f (Ei sin 

•'a 


( 8 ) 
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If points a and h are at the cathode and plate, respectively, then the first 
integral in Eq. (8) is the d-c potential difference and this equation becomes 

yimivl — Va) = eFo — e I (Ei sin (9) 

The two terms on the right-hand side of Eq. (9) represent the contribu- 
tions to the gain in kinetic energy of the electron due to the d-c and a-c 
fields. A positive sign in either term (after it has been evaluated) signifies 
energy transfer from the (corresponding potential source to the electron, 
whereas a negative sign denotes energy transfer in the reverse direction. 

The conversion efficiency Ve for the complete travel of a single electron 
is the ratio of a-c energy output to d-c energy input, or 

1 « 

Ve = — I (^1 sin cot) -dl (10) 

Vo 


The sign of the a-c energy has been reversed in Eq. (10) in order that power 
output and power input both have positive signs, yielding a positive effi- 
ciency. 

If the electron transit angle is small, the field is practically stationary 
during the flight of any one electron. For the purpose of evaluating the 
integral term of Eq. (9), we may treat sin oit as a constant and replace 

the integral term by —ej (Ei sin o)l)-dl eVi sin coty giving 

yiniivi — vl) = eiYo + Vi <ot) (11) 


with a corresponding efficiency 

Ve 


V 1 sin cot 


( 12 ) 


Maximum power output and maximum efficiency occur when sin co^ = — 1, 
f.e., when the a-c potential has its maximum retarding value. 

In order to obtain 100 per cent conversion efficiency, the retarding a-c 
field must have sufficient magnitude to just bring the electron to rest at 
the end of its journey (point h). All of the energy taken from the d-c 
source is then transferred to the a-c potential source (the load impedance), 
and the terminal energy of the electron, as given by Eq. (9), is zero. How- 
ever, this may present an anomalous situation since, if the superimposed 
d-c and a-c fields exert equal and opposite forces on an electron (which is 
assumed to have zero initial velocity), then the electron will never start 
in motion. Consequently there is no power output, although the theo- 
retical efficiency would be 100 per cent. In general, increasing the retard- 
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ing a-c field has the effect of reducing the electron velocity and increasing 
the electron transit time. 

The electron transit time (through the a-c field) can be greatly reduced 
if the d-c and a-c fields are in separate parts of the tube (as in the klys- 
tron). Electrons are then accelerated by the d-c field before entering the 
a-c field. The electrons enter the retarding a-c field with a high velocity. 
This results in a relatively large power output per electron and small transit 
time. 

When a charge moves through an electrostatic field, the sum of the kinetic 
and potential energies of the charge remains constant. However, this princi- 
ple is not always true in time-varying fields. If the field varies with respect 
to time during the electron's flight, then the sum of the kinetic and potential 
energies of an electron at any point in its flight is equal to the sum of the 
kinetic and potential energies at the beginning of the flight plus an addi- 
tional term representing the change in energy of the charge due to the time 
variation of the field, 

3.06. Power Transfer Resulting from Space-charge Flow. — The con- 
cepts of induced current and power transfer may now be extended so as 
to include the effects of a large number of charges in motion. Consider a 
diode of arbitrary geometry having an electric intensity E and a space- 
charge density qr. Both E and Qr are functions of space coordinates and 
time. It is assumed that the space-charge density is small enough that 
the field which it produces is negligible in comparison with the field result- 
ing from the potentials on the tube electrodes.^ 

The force experienced by a charge qr dr occupying a differential volume 
dr is 

dj = Eqr dr (1) 

Inserting this force into Eq. (3.04-6), we obtain the power transfer from 
the field to the differential space-charge element as dp = qrE-{dl/dt) dr. 
Integration over the entire volume r of the diode yields the instantaneous 
power transfer from the field to the space charge, 


V = 



dr 



( 2 ) 


where Jc = qjV is the convection current density. The quantity Ic 'E in 
the last term of Eq. (2) represents the power transfer per unit volume. 
If the space charge consists of electrons, qr is negative. 

The moving space charge induces a current ic in the external circuit. 
If the potential difference between electrodes is V, the power transfer from 
the source of potential to the field is p = icV. Equating this to the power 


^ The effect of the field set up by the space charge is to cause mutual power transfer 
between the charges themselves. 
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received by the space charge, we obtain 


- c'E dr = ic 

= ^ hc Bdr 
y Jr 


ic^-pc-Edr ( 4 ) 

For the parallel-plane diode, we have E = Vjd and dr = A dx. 
Equations (3) and (4), in scalar form, then become 

VA r'^ 

V = — - I Je dx = icV (5) 

d Jo 


A 

dJo'' 


Now assume that the potential difference is V = Vo-h Vi sin and 
let the electric intensity be represented by E ^ Eo + Ey sin where Eq 
and Ex are again functions of space coordinates. Inserting these into 
Eq. (3) and separating the d-c and a-c power terms, as in Eqs. (3.05-4 and 
5), we obtain 


dc ^ ^ c ' E{) Jt 

ac = J* 7c - El sin cot dr = icVi sin cot 


V = Vdc + Vac ( 9 ) 

The time-average d-c and a-c power may be obtained by integrating 
Eqs. (7) and (8) over a complete cycle and dividing by 27r. Applying this 
procedure to the last terms in Eqs. (7) and (8), we obtain 


Pjc = — I 'icVo d{cot) 

27r Jq 

1 

Pac = — I icVi sin cot d(cot) 
27r Jo 


The efficiency’' is then 


r TT 

icVi sin cot dicot) 

r icVo d(wi 
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In general, the current ic contains a d~c component, a fundamental a-c 
component, and higher harmonic a-c components. Only the d-c compo- 
nent of current contributes to the time-average d-c power, and only the 
fundamental a-c component contributes to the a-c power output (since the 
a-c voltage was assumed to have no higher harmonics). If we represent 
the induced current by 

ic = /() “f" sin {(fit ~h «i) I '2 sin (2co^ -f- -j- . . . (13) 

then Eqs. (10), (11), and (12) become 

P dc ~ 

Pac = cos ai 

The conversion efficiency for the tube alone is 

1 V 1 cos ai 
rj = 

loVo 

It should be noted that Vq and Vi are the potentials at the tube elec- 
trades. The d-c supply voltage Vh is equal to the potential Vo at the tube 
terminals plus the d-c voltage drop in the load resistance, i.e,, Vb = 
Vq + IqRl. Hence the total power supplied by the d-c source is Pde == 
Vblo. The corresponding conversion efficiency (including the loss in Rl) 
is 7? = cos ai/Vblo. 

3.07. Example of Power and Energy Transfer. — As an illustration of 
the foregoing concepts, consider the power and energy transfer in the class 
C oscillator of Fig, 6. 

The potential difference between the cathode and plate contains a d-c 
component and an a-c component. The a-c potential is developed across 
the load impedance and is due to the a-c component of current flowing 
through this impedance. The grid potential serves as an electron gate, 
allowing electrons to flow into the grid-plate region during the retarding 
phase of the alternating field only. Thus, in Fig. 6b, the plate current 
(induced current in the external circuit) flows only when the alternating 
potential is negative. 

The principal energy transfer occurs in the grid-plate region of the tube, 
since this is the region of high electric intensity and high electron velocity. 
As the electrons travel from grid to plate, they are accelerated by the d-c 
field and retarded by the a-c field; hence they take energy from the source 
of d-c potential and transfer a portion of it, in the form of a-c energy, to 
the load impedance. The difference between the energy gained by an elec- 
tron from the d-c source and that transferred to the load impedance is its 
residual kinetic energy. This is dissipated when the electron strikes the 
plate. For maximum efficiency, the conduction angle of the current should 


(14) 

(16) 
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be as small as possible and the retarding a-c field should be as large as 
possible, provided that it is not large enough to introduce appreciable 
transit-time delay. This assures maximum retardation of the electrons 
by the a-c field. 


ib 



(a) 



Fig. 6. — Class C oscillator and characteristic curves. 


It is entirely possible for electrons to transfer their energy to an external 
circuit without themselves ever entering this circuit. Thus, referring to 
Fig. 7, assume the purely hypothetical case of a space charge oscillating 
back and forth between two parallel planes at a frequency equal tp the 
antiresonant frequency of the tuned circuit. The motion of the electrons 
induces an alternating current in the L-C circuit which, in turn, produces 
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an a-c potential difference between the diode planes. If the electrons 
oscillate in such a phase that they are always retarded by the a-c field, 
they will transfer part of their energy to the L-C circuit during each cycle 
of oscillation even though the electrons may never enter this circuit. It 

K P 

I I 


Vi cos cot 

rwi 


HH 

Fio. 7. — Energy transfer resulting from the motion of an oscillating space charge. 


would of course be necessary to find a means of supplying energy to the 
space charge if it is to continue to oscillate. The mechanism of oscillation 
described here is similar to that of the positive-grid oscillator. 

PROBLEMS 

1. Using the equation of continuity, show that the convection-current density is inde- 
pendent of distance in a parallel-plane diode having a d-c applied potential. Show 
that the space-charge density varies inversely with electron velocity. 

2. A parallel-plane diode is operated with temperature-limited emission. The diode 
planes each have an area of 5 sq cm and are 0.5 cm apart. A d-c potential difference 
of 500 volts produces a current of 200 ma. 

(а) Obtain an expression for the electron velocity as a function of distance assuming 
zero emission velocity. 

(б) Compute the total charge enclosed between the diode planes, the convection- 
current density, and the charge density (see Prob. 1). 

(c) Compute the data and plot curves of v, J a and power transfer per unit volume 

{JcE) as functions of distance. 




CHAPTER 4 


THE PHYSICAL BASIS OF EQUIVALENT CIRCUITS 

The analysis of vacuum-tube circuits is greatly simplified if an equiva- 
lent circuit can be found to represent the tube. This equivalent circuit 
must yield the same relationship between the applied voltages and currents 
at its terminals as the tube which it represents. 

There are two important methods of deriving such equivalent circuits. 
The simpler and more common method might be called the Taylor^s series 
or empirical method. It gives the conventional equivalent circuit which 
is ordinarily used in the analysis of vacuum-tube circuits. In this method, 
statically determined tube characteristics are represented in the region 
about a reference or operating point by a Taylor^s series. Then the varia- 
tion in plate current from the operating point value is assumed to be repre- 
sentable by the linear term of the series. In this way the plate-current 
variation is related to the variations in electrode voltages from their oper- 
ating point values. Constant-voltage or constant-current equivalent gen- 
erators can be used to represent the plate-current variations. Interelec- 
trode capacitances are treated as parts of the cinaiits outside the tube. In 
this method little attention is given to the electronic phenomena occurring 
within the tube. Such equivalent circuits are satisfactory for solving prob- 
lems for which the assumption of linearity between electrode voltage and 
current variations is satisfactory and for which the frequencies of the 
applied voltages are such that the transit time of the electrons is negligible 
in comparison with the period of the voltage wave. 

In the second method, however, the expressions for voltage and current 
are derived from basic dynamical relationsliips which represent the be- 
havior of the electrons within the tube. These relationships are then used 
to obtain the equivalent circuits of diodes. The equivalent circuits for 
triodes and other multielectrode tubes are synthesized from the equivalent 
circuits for diodes. Since electron transit-time effects are taken into con- 
sideration, these equivalent circuits may be used at microwave frequencies. 
In general, the circuit elements in these equivalent circuits are functions 
of electron transit time. This method of deriving equivalent circuits will 
be called the electronic method. 

In this chapter we will derive the conventional equivalent circuit of the 
triode tube by the Taylor^s series method. Then, using the electronic 
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method, the equivalent circuit for the temperature-limited diode will be 
derived and the derivation of the equivalent circuit for the space-charge- 
limited diode will be outlined. The method of synthesizing the equivalent 
circuits for triode and tetrode tubes from diodes will be indicated. 

4.01. Conventional Equivalent Circuit of the Triode Tube.— A triode 
vacuum tube is one with three electrodes. However, tetrodes, pentodes, 
and other multielectrode tubes may function essentially as triodes if only 
two of their electrodes in addition to their cathodes have varying poten- 



Fig. 1.^ Triode attiplifier and characteristics for class A operation. 


tials. For example, a pentode tube functions as a triode with special 
characteristics if its screen and suppressor grids are held at a constant 
potential with respect to its cathode. 

Let us briefly consider the conventional equivalent circuit for vacuum 
tubes operating as triodes at frequencies for which transit-time effects are 
negligible. In Fig. 1, let and ei, represent the instantaneous values of 
total plate current, grid voltage, and plate voltage, respectively.^ The vary- 
ing components of grid and plate voltages and plate current are Cg, Cp, and 
ip, respectively. In Fig. lb these varying components are shown for illus- 
trative purposes with sinusoidal waveforms and with proper phase relation- 
ships for a resistive load impedance. 

The plate current consists of the quiescent or reference-point value Ibo 
plus the variational component ip, thus ib = /do + ip- The instantaneous 

^ The bold-faced E in this chapter and in Chap. 5 is used to denote vacuum tube 
voltages, with subscripts in conformity with I.R.E. standards. 
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value of plate current may be expressed in terms of a Taylor^s series as 
follows: 



In this representation of the series, Cp is the variational component of 
plate voltage, eg is the variational component of grid voltage, and the 
partial-derivative operators operate only on or its derivatives. 


Jp. 




Fig. 2. — Equivalent plate circuits of a triode. 


We now define a transconductance a plate resistance rp, and an 
amplification factor /x as follows: 


Qm — 


dih 

dec 


1 

^ dih/dei, 


M = gwXp 


( 2 ) 


If /i can be considered constant, we can write Eq. (1) in the form 


Ip^Qn 




1 

n! de-c^-^ 



+ -• (3) 


Hence, ip can be represented as a power series in terms of the voltage 
[eg + (sp/fi)]. The second- and higher-order terms yield distortion com- 
ponents of ip. By retaining only the linear term in Eq. (3) and substi- 
tuting (for a resistive load) 


€p — tpRjj (4) 

we obtain 

tp — 


rp + Rl 


(5) 
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For sinusoidally varying quantities, Eq. (5) can be expressed in terms of 
the complex voltage Ag, current /p, and load impedance Zl, yielding 

= 7 ^ 

rp + Al 

Equation (6) may be represented by cither of the equivalent circuits 
shown in Fig. 2. The circuit of Fig. 2a contains a series combination of a 

constant-voltage generator whose 
voltage is fiEgj a plate resistanc^c 
rp, and a load impedance Zl. 
Figure 2b contains the plate re- 
sistance and load impedance in 
parallel with a constant-current 
generator whose current is gmEg. 

If the interelectrode capacitances 
and the losses in the cathode-grid 
and grid-plate circuit are included, 
the equivalent circuit takes the 
form shown in Fig. 3. At high 
frequencies the lead inductances 
are important.^* ^ These may be 
added in series with the cathode, grid, and plate leads to complete the 
equivalent circuits for moderately high frequencies. 

4.02. Procedure in Solving the Temperature-limited Diode. — The char- 
acteristics of any vacuum tube are dependent upon the total effect of the 
electrons moving in the interelectrode space. In the electronic method, 
the voltages and currents at the tube electrodes are expressed in terms of 
the equations for the motion of electrons within the tube. These expres- 
sions may be used to determine the current flowing for given applied volt- 
ages, or conversely, to determine the voltage required to produce a given 
current. The relationships between the a-c components of voltage and 
current determine the values of the impedance or admittance elements in 
the equivalent circuits. 

Consider the case of the parallel-plane diode of Fig. 4, which is assumed 
to have temperature-limited current. In general, the induced plate current 
4 in the external circuit resulting from the motion of electrons in the inter- 
electrode space of the diode may be represented by a Fourier series of the 
form 


Fia. 3. — Equivalent circuit of a negative- 
grid triode, including intcrelectrode capaci- 
tances and losses. 


ib —fIbo + h sin {o)t + «i) + h sin {2o)t + a 2 ) H In sin (mat + an) (1) 

1 Llewellyn, F. B., Equivalent Networks of Negative-grid Vacuum Tubes at Ultra 
High Frequencies, Bell System Tech. vol. 16, pp. 676-86; October, 1936. 

* Strutt, M. J. O., and A. van der Ziel, The Causes for the Increase of the Admit- 
tances of Modern High-frequency Amplifier Tubes on Short Waves, Proc. I.R.E., vol. 26, 
pp. 1011-1032; August, 1938. 
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-e 


tit 


A question might arise as to how it is possible to have a-c components 
of plate current if this current is temperature limited. Under temperature- 
limited conditions, all of the emitted electrons are drawn to the plate and 
low-frequency variations in applied voltage do not alter the rate at which 
electrons arrive at the plate. However, at microwave frequencies, the 
electron transit angle may be quite large and the electrons therefore remain 
in the interelectrode space for an ap- 
preciable portion of the a-c cycle. Elec- 
trons which are emitted from the cathode 
during the retarding phase of the a-c 
voltage are slowed down, whereas thosc^ 
emitted during the accelerating phase of 
a-c voltage are speeded up. The faster 
electrons tend ^^to overtake the slower 
electrons which were emitted at an 
earlier phase and there is consequently 
a tendency toward bunching of the elec- 
trons in the interelectrode space. This 
bunching effect produces the alternating 
components of plate current. 

Throughout the following analysis, 
small-amplitude operation will be as- 
sumed, i.e.j Vi Vq. The harmonic 
terms in Kq. (1) are then small in comparison vnth the fundamental com- 
l)onent. If we discard the harmonica components of current, leaving the 
d-c and fundamental a-c comi^onents, we have 


Vo 


- 0 - 


V|Sinu>T 


Fia. 4. — Parallel-plane diode with d-c 
and a-c applied potentials. 


fb — Ibi) -h 1 1 J^iu {cot + «i) 

which can be written 


ib = ho + cot + /i cos wt 


( 2 ) 


where ![ is the fundamental component of current in phase with the a-c 
voltage and is the quadrature component. 

The d-c conductance goj a-c conductance (/i, and a-c susceptance 6i, are 
then 


-bo -A 

Oo 



( 3 ) 


The values of the a-c conductance gi and susceptance ?>i are dependent upon 
the electron transit angle and they may be either positive or negative. 

In complex form, the a-c admittance is 


Y = gi+ jbi 


( 4 ) 
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This is the expression for the admittance of a parallel combination of con- 
ductance g\ and susceptance &i. Since this admittance represents only the 
electronic effects, another parallel branch representing the susceptance, hey 
due to the interelectrode capacitance, must be added to obtain the com- 
plete equivalent circuit. The resulting equivalent circuit is shown in 

Fig. 5. The susceptance hi may be either ca- 

— WAAA/^ pacitive or inductive depending upon the elec- 

K p tron transit angle. 

y o order to evaluate the admittances in Eq. 

, (3), it is necessary to obtain expressions for /o> 

Fio. 5.-A-C equivalent potentials, 

circuit of a temperature- The general method of analysis presented here 

and‘S ^veltVg' e! developed by Benham, Llewellyn and 

North.^"^ 

4.03. Equivalent Circuit of the Temperature-limited Diode. — In the 

parallel-plane diode with temperature-limited current, let N be the num- 
ber of electrons emitted from the cathode per second. The charge emitted 
between time to + dto is Ne dto- By substituting this charge in 

Eq. (3.04-12) in place of e, we obtain the induced current dib = Nev dto/d. 
The total induced current at any instant of time t is due to electrons emitted 
from the cathode between time to = t — Ti (since Ti is the total transit 
time these electrons are arriving at the plate at time t) and to = t (these 
electrons are leaving the cathode at time t). The total induced current is, 
therefore. 


£ 0”^ Nev 

—rdto 

-(-Ti a 


The electron velocity, given by Eq. (2.07-4), with ro = 0, is now substi- 
tuted into Eq. (1). The current is being evaluated at a given instant of 

' Benham, W. E., Theory of the Internal Action of Thermionic Systems at Moder- 
ately High Frequencies, Phil Mag., part I, vol. 6, pp. 641-662; March, 1928; part II, 
vol. 7, pp. 457-615; February, 1931. 

2 Benham, W. E., A Contribution to Tube and Amplifier Theory, Proc. I.R.E., vol. 26. 
pp. 1093-1170; September, 1938. 

•Llewellyn, F. B., Vacuum Tube Electronics at Ultra-high Frequencies, Proc. 
I.R.E., vol. 21, no. 11, pp. 1532-1572; November, 1933. 

• Llewellyn, F. B., Note on Vacuum Tube Electronics at Ultra-high Frequencies, 
Proc. I.R.E., vol. 23, no. 2, pp. 112-127; February, 1936. 

• Llewellyn, F. B., ‘^Electron Inertia Effects,” Cambridge University Press, London. 
1941. 

•Llewellyn, F. B., and L. C. Peterson, Vacuum Tube Networks, Proc. I.R.E. 
vol. 32, no. 3, pp. 144-166; March, 1944. 

^ North, D. O., Analysis of the Effects of Space Charge on Grid Impedance, Proc 
I.R.E.. vol. 24, no. 1, pp. 108-136; January, 1936. 
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time t; hence t is held constant in the integration of Eq. (1) and to is the 
variable. Integrating and forming the ratio ib/Ncy we obtain 


— = I Fo(i — to) (cos wt — cos wto) dto 

Ne md^ Jh-t-Tii. « J 

- i 1^' + "* 

whore 0 is the electron transit angle and is given by 

0 = o^Ti (3) 

We wish to separate the d-c and a-c components of current. The term 
VqTiI2 in Ii]q. (2) contains both d-c and a-c components, since the total 
transit time Ti is a function of t. To separate the d-c and a-c components, 
it is necessary to return to Eq. (2.07-5) which expresses the displacement 
of the electron. Substituting x = d, T = Ti, to — t — Tiy and d = wTi, 
with vq = 0, in Eq. (2.07-5), we obtain 

e { of / cos 0—1 + 0 sin 0\ 


e iv of / cos 0—1 + 0 sin 0\ 

— —■-) 
/sin 

— cos 0 )t ( — 


sin 0 — 0 cos 0> 


Subtracting Eq. (4) from (2), we complete the separation process, 
eE.r? \ . [2(1 - CO.S0) - 0 sin 04 


ii = 1 + 

Ne tnd~ 


“I" cos iot 


"2 sin 0 — 0(1 + cos 0)' 


Now assume that the total transit time is approximately equal to the 
d-c transit time, i.e., Ti « Tq- Equation (2.07-11) gives the d-c transit 
time 

/2wt .„ „„ , , , 

To = d^J— (2.07-11) 

’'eKo 

If To is substituted for Ti in Eq. (5), the current ratio becomes 
ib 2Ei f . [2(1 — COS0) — 0 sin 01 


— = 1-1 

Ne Vo 


4- COS ut 


'2 sin 0 — 0(1 -f COS 0) 


1 ! ■«« 
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Comparing this expression with Eq. (4.02-2), we find that 
Ibo •= Ne 



I" -21 

1 1 — Zlio -- 

lo - 


2(1 — cos d) — 6 sin d 

2 sin 0 — 6(1 + cos 6) 

— 


] 

] 


( 7 ) 



Fig. 6. — A-c conductance and susceptance of the temperature-limited diode, as a function oi 
transit angle. The susceptance is capacitive for small transit angles. 


By substituting these results in Eq. (4.02-3), we obtain the final equa- 
tions for the admittance parameters, 


N € Ibo 


II 

II 



^-2 

'2(1 — cos 6) — 6 sin 0’ 

^ r 

‘-15 + 

go 

\ 


?1.2 

go 

‘2 sin 9 — d{l + cos $)' 

f \ 


+ 

1 o 

1 


( 8 ) 


Values of gi/go and fei/go are plotted in Fig. 6 as functions of the transit 
angle 6, As the transit angle increases, the conductance is alternately posi- 
tive and negative with a maximum near 6 = t. Negative values of con- 
ductance signify energy transfer from the electron stream to the source of 
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alternating potential. Hence the temperature-limited diode can be used 
as an oscillator at frequencies for which its a-c conductance negative. 

The susceptance bi is alternately capacitive and inductive as the transit 
angle increases. By adding the susceptance due to the static capacitance 
between the electrodes, to bi we obtain the total susceptance. Since the 
static capacitance is C = €A/d farads, the corresponding susceptance is 


0)€A 



(9) 


In this equation, A is the area of one of the plane electrodes. 

The scries form of the above equations is convenient for evaluating the 
admittance for small transit angles. Substituting d = coTi, and taking the 
first terms only in each of the above series expansions, we obtain, for small 
transit angles, 

gj ^ 

go 6 

( 10 ) 

h ^ 27 r/T„ 

ffo 3 

Hence, the conductance is proportional to the square of frequency and 
transit time, whereas the susceptance is proportional to the first power of 
frequency and transit time. For small values of transit angle, the con- 
ductance term is small in comparison with the susceptance and the admit- 
tance is approximately equal to the susceptance bi. These are the conclu- 
sions obtained by Ferris, by a somewhat different method of analysis.^ 
4.04. Relationships for the Space-charge-limited Diode. — Consider a 
parallel-plane diode with arbitrary applied potentials and appreciable space 
charge between the diode planes. The current density at any point in the 
interelectrode space is the sum of the convection-current density q^v and 
the displacement-current density t{dE/dt), as given by Eq. (3.02-5), thus “ 

BE 

J = qrV+i ( 1 ) 

dt 


For the parallel-plane diode, the divergence equation (2.05-7) becomes 


dEj, ^ qr 

dx € 


( 2 ) 


^ Ferris, W. R., Input Resistance of Vacuum Tubes as Ultra-high-frequency Ampli- 
fiers, Proc, I,R.E.f vol. 24, pp. 82-107; January, 1936. 

* The displacement current density includes both the capacitive current and the dis- 
placement current due to electron motion in the diode. 
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By substituting Qr from this equation and v = dx/dt into Eq. (1), written 
in one-dimensional form, we obtain 


J = 


dEx dx 
. dx dt 


+ 


dEx 

dt 


) 


(3) 


The electric intensity is a function of x and t. According to the nilcs 
of the partial differentiation of a function of two variables, Eq. (3) is 
equivalent to 

J — € 7— (4) 


dt 


Here we have an interesting relationship which states that the current 
density is proportional to the time rate of increase of electric intensity as 
experienced by the moving electron. In other words, from the point of view 
of the moving electron, there can be only a displacement current. This is 
in agreement with the discussion at the end of Sec. 3.03. 

The acceleration of an electron in an electric field is given by the first 
of Eq. (2.06-3) 


d^x eEx 

dt^ m 


(2.06-3) 


Substitution of the electric intensity from this equation into Eq. (4) yields 


(f^x cj 

df em 


(5) 


This equation states that the current density is proportional to the time 
rate of change of electron acceleration. 

The potential may likewise be related to the equations of electron motion. 

Starting with 7 = — I E dx and substituting E from Eq. (2.06-3), we 

*^0 


obtain 


7 


d^x 


( 6 ) 


The foregoing relationships are valid for a parallel-plane diode having 
any degree of space charge. 

4.06. Space-charge-limited Diode with D-C Potential. — Now consider 
the special case of a parallel-plane diode having a d-c potential difference, 
and space-charge-limited current. Let J = Jo be the d-c current density. 
Since the electrons flow in the positive x direction, Jo will be negative. 
Substituting J = Jo into Eq. (4.04-5) and performing successive integra- 
tions, we obtain the electron acceleration, velocity, and displacement equa- 
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tions. Assume that a particular electron leaves the cathode (x = 0) at 
time t = ^ 0 , with zero initial velocity. For complete space-charge-limited 
c'Airrcnt, the electric intensity at the cathode is zero. Integration of 
Eq. (4.04-5), with the above substitutions, then yields 


(Px 


0 ~~ ^o) 

€//i 


( 1 ) 


dx 

dt 


eJo 

2tm 


(t - tof 


(2) 


X — 


— (t - tof 
beta 


(3) 


Let T — t — to he the time required for the electron to travel a distance 
X. The total electron transit time (cathode to plate) is found by setting 
X = d and f — <o = To in Eq. (3), yielding 


To = 



(4) 


The potential required to produce the aasuraed current density may be 
obtained by inserting d^x/dt~ from Eq. (1) and dx from Eq. (2) into (4.04-6). 
However, we first write hlq. (2) in the form dx/dt = dijdT = —eJoT^I2em 
and then substitute dx = (— eJoT-/2tm) dT into Eq. (4.04-6). Since poten- 
tial is being evaluated at a particular instant of time, t is constant and <o 
(or T) is the variable. With the above substitutions, Eq. (4.04-6) gives 


Vo 


2eSjo ^ 


(5) 


Several interesting aspects of the space-charge-limited diode are revealed 
in Eqs. (4) and (5). Eliminating Jo from these two equations, we can 
obtain the following expressions for the total transit time and transit angle: 


To = 3d V “TT = 5.05 X 10 “ — seconds 
^2elo VVo 

0 = uTo = 31.7 X 10”® radians 

VVo 


( 6 ) 


In these equations d is in meters and Vo in volts. Comparison of Eqs. (6) 
and (2.07-11) shows that the total electron transit time in the space- 
charge-limited diode is three-halves of the transit time in the temperature- 
limited diode. 
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By substituting Tq from Eq. (6) into Eq. (5) and solving for Jq, we 
obtain the familiar three-halves power ChiUrs law for space-charge- 
limited current, 

The d-c resistance of the diode per unit area is given by 

To = ^ = 0.429 X 10® (8) 

•• Jo VVo 

4.06. Space-charge-limited Diode with D-C and A-C Applied Poten- 
tials. — The procedure in solving the space-charge-limited diode with com- 
bined d-c and a-c applied potentials is similar to that of Sec. 4.05 except 
that the assumed current density is of the form 

J = Jq + Jism o)t (1) 

The solution is quite lengthy; therefore we shall merely state the end 
results. The potential required to produce the assumed current is 

f [2(1 — cos d) 6 sin 61 
V = Vo + SJiro jsin |^- 1 

r 1 0(1 + cos 6) — 2 sin 61 1 

? j] ® 

where ro = Vq/Jq is the d-c resistance of unit area of the diode, and 
6 = o)Tq is the total transit angle. 

Equation (2) contains voltage components in phase with the current 
(the sin o>t terms) and quadrature components (the cos ost terms). The 
equivalent a-c circuit is therefore a series circuit containing resistance and 
reactance. Dividing the a-c terms of Eq. (2) by /i, we obtain the resist- 
ance and reactance, per unit area. 


[2(1 — cos 6) — 6 sin 6~ 

2r„r 


1 


(3) 
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- 2 sin 61 
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(4) 

Xi = 8ro . 

30 1 0^ 

J 

“ ~ s’” 

.10 ~ 

00 1 

+ 

I 


A positive sign in the reactance term signifies inductive reactance, while 
a negative sign signifies capacitive reactance. The term — 4ro/3^ in Eq. 
(4) is the capacitive reactance between the diode planes without space 
charge. To show this, write ro = Vq/Jq. Substitute Eqs. (4.05-4 and 5) 
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and rearrange to obtain Tq = -ZT^dtAe. Multiplying this by 4/3^, we 
obtain 

4ro d 1 

30 a)€ coC 

where C = e/d is the capacitance of unit area 
of diode planes. Letting Xc = 1/wC repre- 
sent the reactance due to the diode capaci- 
tance and Xe represent the reactance due to 
space-charge and transit-time effects per unit area, we obtain for Eq. (4) 

= -Xc + Xe ( 6 ) 

The series form of Eq. (3) shows that the low-frequency a-c resistance 
of the spacc-charge-limitcd diode is = %ro, i.e., two thirds of the d-c 
resistance. Figure 7 shows the equivalent circuit for the space-charge- 
limited diode. Values of ri/?p, Xi/rp, and Xr/vp are plotted as functions 



Fig. 8. — Impedance of the space-charge-limited diode as a function of transit angle. 

of transit angle 6 = ooTq in Fig. 8. The resistance alternates J)etween posi- 
tive and negative values as the transit angle increases, with a maximum 
positive value at zero transit angle and maximum negative value at ap- 
proximately 6 = 7.2 radians. Equation (4.05-6) can be used to compute 
the approximate value of the transit angle, and the corresponding imped- 
ances for the diode may then be obtained from Fig. 8. 


(5) 



Fig. 7. — Equivalent circuit of the 
space-charge-limited diode. 
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The admittance for the space-charge-limited diode is the reciprocal of 
its impedance. Figure 9 is a plot of admittance values, showing the low- 
frequency and high-frequency asymptotes of the susceptance curve. It is 
interesting to note that the low-frequency capacitance in the equivalent 



Fig. 9. — Admittance of the space-charge-limited diode as a function of transit angle. 


parallel circuit is three fifths of the capacitance without space charge. 
This effect of space charge in reducing the effective capacitance is some- 
times referred to as a reduction in the effective dielectric constant. It is 
also interesting to observe the similarity between the equations for the 

impedance of the space-charge- 
limited diode as given by Eqs. (3) 
and (4) and the admittance of the 
temperature-limited diode in Eq. 
(4.03-8). 

4.07. Equivalent Circuit of the 
Triode.^ — The triodemay be viewed 
as two adjoining diode regions with 
a space-charge-limited diode repre- 
senting the cathode-grid region and 
a temperature-limited diode for the 
grid-plate region. The impedance or admittance of the space-charge- 
limited region may be obtained from Figs. 8 or 9, using the transit angle 
computed from Eq. (4.05-6). The temperature-limited diode region re- 

^ Llewellyn, F. B., and L. C. Peterson, Interpretation of Ultra-high Frequency 
Tube Performance in Terms of Equivalent Networks, Electronic Industries^ vol. 3. 
pp. 88-90; November, 1944. 
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Fig. 10. — Equivalent circuit of the triode at 
microwave frequencies. 
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quires a little different treatment from that given in Sec. 4.03, since the 
initial velocity of the electrons entering the grid-plate region is not zero. 

Llewellyn has shown that the equivalent circuit shown in Fig. 10 may 
be used to represent the triode at all frequencies including microwave fre- 
quencies. The admittance elements are determined as follows: 

1. Admittance Fn is the admittance of the space-charge-limited diode 
as obtained from Fig. 9 with the transit angle computed using Eq. (4.05-6). 



Fig. 11. — Transadmittance of a triode as a function of cathode-grid transit angle. 


2. Admittance Y 22 is approximately equal to the susceptance of the grid- 
plate capacitance, or F 22 = j<*iCgp. 

3. Point A in Fig. 10 is assumed to be a point midway between grid 
wires in the grid plane. The capacitance Cg is given approximately by 
C'g = MgC'gp, where fig is the reciprocal of the screening factor of the tube. 
Capacitance Cg represents the capacitance between the electron stream at 
point A and the grid wire. 

4. Admittance F 12 is given for various values of in Fig. 11, where Ox 
is the cathode-grid transit angle. The magnitude of F 12 is approximately 
equal to the conventional transconductance although its phase angle 
varies with the value of ^ 1 . 

5. The potential difference between the cathode and grid plane is Fi. 
This is not the same as the potential difference between the cathode and 
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grid wires. The grid-plane potential may be taken as the potential midway 
between grid wires. The equivalent generator has a voltage (712/^22). 

Although the equivalent circuit derived here is valid for all frequencies, 
numerical difficulties are encountered in attempting to evaluate the admit- 
tance elements and equivalent-generator voltage at low frequencies since, 
as the transit angle decreases, the values of some of the impedances ap- 
proach the indeterminant form 00/ 00. Consequently, the conventional 
equivalent circuit of Fig. 3 is preferred where very small transit angles arc 



6 S 

Fia. 12. — Equivalent circuit of a tetrode at inicrowav’^e freqticncies. 

involved. The external circuit may be attached to the terminals of the 
equivalent circuit of Fig. 10 , and the complete vacuum-tube circuit solved 
by the usual methods of circuit analysis. 

Equivalent circuits may also be derived for more complicated tube 
structures using this method. Figure 12 shows the equivalent circuit of a 
tetrode tube. 

PROBLEMS 

1. A parallel-plane diode has a space-charge-limited current. The diode planes have 
an area of 2 sq cm and are separated by a distance of 0.1 cm. The potential differ- 
ence between cathode and anode is F = 75 + 10 sin (at. The d-c (current is 10 ma 
and the frequency is 1,000 megacycles. 

(а) Find the total electron transit time and transit angle (assuming that the a-c 
potential has negligible effect upon the transit time). 

(б) Determine the d-c plate resistance and the a-c plate resistance. 

(c) Using the transit angle in part (a), evaluate the parameters of the equivalent a-c 
circuit of the diode. 

(d) At what frequency does the diode resistance have its maximum negative value? 
What is the value of the resistance at this frequency? 

2 . A lighthouse tube has parallel-plane electrodes. The cathode-to-grid spacing is 
0.014 cm and grid-to-plate spacing is 0.033 cm. The cathode and plate have effec- 
tive areas of 0.7 sq cm each. The amplification factor and interelectrode capacitances 

An 

/X « 45 

Ckg = 2.65 X 10-12 farad 
Cgp = 1.70 X 10-12 farad 
Ckp = 0.04 X 10-12 farad 
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Assume that the tube is operated with space-charge-limited emission with a potential 
difference between the cathode and the equivalent grid plane of 3 volts. The poten- 
tial difference between the cathode and plate is 200 volts. The tube is operating 
as an oscillator at a frequency of 2,500 megacycles with small-amplitude operation. 

(а) Compute the cathode-to-grid transit angle. 

(б) Determine the parameters for the equivalent a-c circuit assuming that is 
equal to the amplification factor of the tube. 



CHAPTER 5 


NEGATIVE-GRID TRIODE. OSCILLATORS AND AMPLIFIERS 

The conventional triode tube has proven to be an exceedingly versatile 
tube and is the prototype of many other vacuum tubes in present-day use. 
By careful design of the tube and the associated circuits, it has been pos- 
sible to extend the useful range of the triode into the microwave portion 
of the frequency spectrum. In this range the resonant circuits are usually 
constructed of transmission-line elements or resonant cavities. The tubes 
are often designed so that they can be made an integral part of the reso- 
nant system. 

6.01. Triode Tube Considerations. — Optimum design of the triode tube 
requires a minimum of 

1. Interelectrode capacitance and lead inductance. 

2. Electron transit time, 
and a maximum of 

1. Transconductance. 

2. Cathode emission. 

3. Plate heat dissipation area. 

These are conflicting requirements which necessitate design compromises. 
Interelectrode capacitance may be reduced by decreasing the physical size 
of the electrodes and increasing the spacing. However, decreasing the 
electrode dunensions reduces the maximum safe power dissipation, thereby 
reducing the power rating of the tube, whereas increasing the interelectrode 
spacing results in a detrimental increase in electron transit time. Electron 
transit time may be reduced by the use of a high plate potential. How- 
ever, the maximum allowable plate potential is determined by the safe 
plate dissipation of the tube and the breakdown voltage. The lead induc- 
tance can be minimized by the use of short thick leads, preferably arranged 
so that they can become an integral part of the external circuit. Low-loss 
dielectric seals are used to reduce the dielectric losses. 

A useful principle of similitude ^ states that if all linear dimensions of 
a triode are changed by a fixed ratio and the electrode voltages are held 
constant, the plate current, transconductance, and amplification factor will 

^ Langmuir, I., and K. Compton, Electrical Discharges in Gases, Rev, Modem Phys.f 
vol. 3, pp. 192-257; April, 1931. 

* Thompson, B. J., and G. M. Rose, Vacuum Tubes of Small Dimensions for Use at 
Extremely High Frequencies, Proc. vol. 21, pp. 1707-1721; December, 193a 
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remain constant. However, the interelectrode capacitances, electron 
transit time, and lead inductance vary directly with the linear dimensions. 
It is apparent, therefore, that some of the undesirable effects encountered 
at microwave frequencies may be minimized by shrinking all of the linear 
dimensions of the tube proportionately, although this remedy also reduces 
the power rating of the tube. 

The relatively high input admittance of triode tubes at microwave fre- 
quencies imposes a serious limitation upon the operation of the tubes at 
these frequencies. This is due, in part, to the electron transit-time effects. 
Consider a triode tube with an alternating potential applied between 
cathode and grid. If the tube is used as an oscillator or amplifier, most of 
the electrons flow from cathode to plate during the positive half cycle of 
grid potential. The electrons are accelerated by the field of the a-c grid 
potential during their transit through the cathode-grid region and retarded 
by this field during their transit through the grid-plate region. If transit- 
time effects are negligible, the electrons take energy from the a-c grid- 
potential source as they approach the grid, but return an approximately 
equal amount of energy to this source as they travel from grid to plate. 
Consequently, there is no net energy transfer from the a-c grid-potential 
source to the electrons, and the input conductance due to this effect is zero. 

However, at microwave frequencies, the electron transit angle may be 
relatively large. It is then possible for the a-c grid potential to reverse its 
phase before the electrons reach the plate, so that the electrons are accel- 
erated by the field of the a-c grid potential in both the cathode-grid region 
and in the grid-plate region. Under these conditions, there is a net energy 
transfer from the a-c grid-potential source to the electrons, resulting in an 
increase in input conductance. 

Ferris showed that magnitude of the input admittance Y and input con- 
ductance gi of a triode tube may be represented approximately by 

Y = kig„JT (1) 

Qi = (2) 

where gm. is the transconductance of the tube, / is the frequency, T is a 
quantity which is proportional to the electron transit time, and ki and fc 2 
are proportionality constants. Equations (1) and (2) are similar to 
( 4 . 03 - 10 ). 

In the preceding discussion, we were concerned with energy transfer 
from the a-c grid-potential source to the electrons. Let us now consider 
the energy transfer with respect to the a-c plate potential. Ideally, the 
electrons should flow through the grid-plate region during the retarding 
phase of the a-c plate potential so that energy is transferred from the elec- 
trons to the source of a-c plate potential, f.e., the load impedance. How- 
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ever, for large electron transit angles, the a-c plate potential may reverse 
its phase before the electrons arrive at the plate. Energy is then trans- 
ferred from the source of the a-c plate potential (the load impedance) to 
the electrons during a portion of the cycle, thereby decreasing the power 
output and efficiency. 

We therefore conclude that electron transit-time delay may (1) increase 
the input conductance and (2) decrease the power output and efficiency 
of the tube. 

The cathode lead inductance and input capacitance have an important 
bearing upon the inputf admittance of the tube. These form a series L-C 



Fig. 1. — W.E. 368A triode. (Courtesy of the B'csiem Electric Company.) 


circuit, the admittance of which increases as the frequency approaches the 
resonant frequency. As a typical example, the 955 acorn tube has an input 
capacitance of 1 micromicrofarad and lead inductance of approximately 
0.015 microhenry. The resonant frequency of the input circuit, taken 
alone, is approximately 1,330 megacycles. Obviously the other circuit 
parameters influence the value of the resonant frequency; however, this 
example serves to indicate one of the serious limitations in the operation 
of conventional types of tubes at microwave frequencies. It can be shown 
that the input conductance increases approximately as the square of the 
frequency, hence its variation with frequency is similar to the transit-time 
conductance of Eq. (5.01-2). In many types of tubes, the lead-inductance 
effects offer a more serious limitation than transit-time effects. 

Grounded-grid circuits are frequently used in amplifiers and oscillators 
at frequencies above 100 megacycles. Grounding the grid serves to reduce 
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the input conductance due to transit-time effects and lead inductance. 
Further advantage is gained in amplifiers due to the fact that grounding 
the grid tends to shield the input circuit 
from the output circuit. This shielding is 
similar to that resulting from the use of the 
screen grid in the pentode. The shielding 
reduces the tendency toward oscillation and 
makes it possible to obtain increased gain. 

6.02. Triode Tubes and Oscillator Cir- 
cuits. — Several triode tubes, designed for 
operation at microwave frequencies, arc 
shown in Figs. 1, 2, and 3. The W.E. 

368A tube of Fig. 1 has a cylindrical 
cathode, grid, and anode. The triangular 
carbon block attached to the anode in- 
creases the heat-dissipation area. Leads 
are brought out at both ends of the tube 
to facilitate the use of two tuned circuits, 
thereby dividing the interelectrode ca- 
pacitance between the two tuned circuits. 

This tube has an upper frequency limit of 
approximately 1,700 megacycles and can 
deliver a power output of 10 watts at 500 
megacycles. 

Figure 2 shows the G.E. 2C40 lighthouse triode in Avhich the cathode, 
grid, and anode form parallel planes. The cathode is indirectly heated and 


Fig. 2. — (J.E. 2U4U lightnouse 
tube. {Courtesy of the General Elec-^ 
trie Company.) 




Fig. 3.— Lighthouse tubes. {Courtesy of the General Electric Company.) 
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has an activated oxide-emitting layer on the flat end of the cylinder. The 
grid consists of a woven tungsten mesh which is brazed to an annular ring. 
The plate is a single steel cylinder machined from solid stock and silver 
plated. This tube is designed for use in coaxial resonators, such as those 
shown in Fig. 6. The lighthouse tube may be used either as an amplifier 
or as an oscillator at frequencies as high as 3,500 megacycles. 




Figure 3 shows several modifications of lighthouse tubes including the 
GL522 transmitter tube which has a power output rating of 25 watts at a 
frequency of 500 megacycles with a plate voltage of 1,000 volts. 

At frequencies above approximately 200 megacycles, the resonant sys- 
tems used in oscillators and amplifiers are usually constructed of low-loss 
short-circuited or open-circuited transmission lines, or of lines which are 
terminated in pure reactances. The properties of such lines in the vicinity 
of the antiresonant frequency are similar to those of a parallel L-C circuit. 
However, it is possible to obtain much higher effective Q’s and more stable 
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performance using transmission lines as resonant circuits than is possible 
with lumped circuits. The frequency of oscillation is approximately the 
frequency at which the system is antiresonant. In Sec. 10.03 it is shown 
that a line which is either open-circuited or short-circuited at the distant 
end and which is shunted by a capacitance at the input terminals, i.e., the 
interelectrode capacitance of the tube, will be antiresonant when 

oil 1 

tan — = — — — short-circuited line (1) 

Vc wCZq 

( 1)1 

tan — = — Zo(aC open-circuited line (2) 


where I and Zq are the length and characteristic impedance of the line, 
respectively, C is the shunt capacitance, co is the angular frequency, and 



Vc is the velocity of light. Equation (1) or (2) may be used to determine 
the length of line required for a given frequency of oscillation. 

Figure 4 shows an oscillator using a W.E. 316A “doorknob” tube. The 
tuned circuit consists of an open-wire transmission line in the grid-plate 
circuit which is tuned by means of a .small condenser at the distant end 
of the line. The d-c connections to the grid and plate are made at the 
approximate radio-frequency voltage nodes on the grid-plate line. Chokes 
are provided to prevent radio-frequency power loss at these junctions. 
The filament circuit contains a pair of coaxial lines which are tuned by 
means of short-circuiting pistons. The transmission lines serve as chokes 
to isolate the cathode from ground and also to have the d-c filament con- 
nections at radio-frequency voltage nodal points on the line. This oscil- 
lator will deliver 6 to 8 watts of power at an efficiency of 40 per cent at 
frequencies up to 600 megacycles. The load is coupled to the grid-plate 
line. 

A push-pull oscillator is shown in Fig. 5. The tuned circuits consist of 
short-circuited lines in the grid and plate circuits. Since the short-circuited 
ends of the lines correspond to voltage nodes, the d-c connections are made 
at these points. 
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Two cavity oscillators using lighthouse tubes are shown in Fig. 6. Tho 
cavity of Fig. 6a contains short-circuited coaxial lines in the cathode-grid 
and grid-plate circuits. These are tuned by means of sliding pistons which 
are provided with spring contact fingers to make electrical contact with 
the cylmdrical walls of the resonator. The cavity of Fig. 6a may be used 
as an amplifier by feeding the input signal into the cathode-grid resonant 
circuit by means of a coupling loop or probe. Power output is obtained 
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Fig. 6, — Cavity oscillators using lighthouse tubes. 


through a similar coupling loop or probe in the grid-plate line. *Whcn this 
unit is used as an oscillator the coupling loops in the input and output 
circuits are connected together to provide feedback. 

The resonant cavity shown in Fig. fib contains an open-ended grid cyl- 
inder, a cylindrical plate rod, and a choke consisting of a quarter-wave- 
length section of open-circuited line. The grid cylinder and plate rod form 
the resonant line of the grid-plate circuit, whereas the grid cylinder and 
outer shell of the cavity form the resonant line in the cathode-grid circuit. 
Since the grid cylinder is open at one end, the input and output circuits 
are coupled together, thereby forming a reentrant oscillator. The quarter- 
wavelength choke prevents energy from escaping out of the back end of 
the cavity. Tuning is accomplished by sliding the plate rod on the plate 
cap of the lighthouse tube. The end of the plate rod has spring contact 
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fingers which firmly grip the plate cap of the tube, at the same time per- 
mitting a small amount of longitudinal motion of the plate rod. This 
motion of the plate rod has the effect of changing the characteristic imped- 
ance over a small portion of the grid-plate coaxial line (due to the differ- 
ence in diameter of the plate rod and plate cap of the tube) and this, in 
turn, alters the resonant frequency of the line. It is also necessary to 
adjust the position of the choke as the cavity is tuned. This may be ac- 
complished by means of separate adjustments of the plate rod and choke 
or, with proper design, the choke may l^e attached to the plate rod so as 
to provide a single-control tuning 
mechanism. 

With lighthouse-tube oscillators 
of the type shown in Fig. 6, it is 
possible to obtain continuous power 
outputs of several watts at wave- 
lengths as low as 8 centimeters or 
freciuencies as high as 3,800 mega- 
cycles. 

6.03. Criterion of Oscillation. — A 

negative-grid oscillator consists es- 
sentially of an amplifier in which a 
small fraction of the output voltage 
is fed back into the input in order to sustain oscillation. In order for oscil- 
lation to exist, certain requirements must be satisfied. The criterion of 
oscillation enables us to determine the conditions of oscillation as well as 
the oscillating frequency. 

Consider the block diagram shown in Fig. 7. This represents an ampli- 
fier having a voltage gain A, and a feedback circuit having a complex volt- 
age ratio In the following analysis class A operation is assumed. 
Transit-time effects are assumed to be negligible. 

Let Eg and Ep represent the input and output voltages of the amplifier, 
respectively. The feedbac^k voltage is jSEp, where the value of is deter- 
mined by the feedback circuit. We then have 



Fia. 7. — Block diagram of an oscillator. 


Eg — ^Ep 


( 1 ) 


Also, the voltage gain is defined by 



Combining Eqs. (1) and (2), we obtain the criterion of oscillation 


( 2 ) 


PK = 1 


( 3 ) 
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Let us now apply this criterion to the general type of oscillator shown 
in Fig. 8. This circuit may be used to represent any one of the oscillators 
shown in Figs. 4 to 6. Thus, comparing Figs. 6a and 8, the impedance Z\ 
in Fig. 8 represents the resonant line in the cathode-grid circuit of Fig. 6a, 



Fig. 8. — Block diagram representing the oscillators shown in Figs. 4 and 6. 


Z3 represents the line in the grid-plate circuit, and Z 2 is the cathode-plate 
capacitance and the effect of the coupling loop. 

From Fig. 8, we obtain 


The gain of the stage is 
K = - 


E„ 




Zi + Z. 


"3 


(4) 


(5) 


+ Zj, ipYi + 1 

where Zl - the load impedance. Again, from Fig. 8, we obtain 

Zi Z 2 Z3 


Z2(Zi + Z3) 

Inserting this expression for Y l into Eq. (5) yields 

—fjL{Zi 4 - Z^Z2 


K 


TpiZx + 2^2 + ^3) + ^2(^1 + ^3) 


( 6 ) 


(7) 


Substituting jS from Eq. (4) and K from Eq. (7) into (3), the criterion of 
oscillation yields 

— /1Z1Z2 


+ ^2 + Zz) + Z2(Zi + Z3) 


= 1 


( 8 ) 
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Let us now assume that the impedances are pure reactances/ i.e., 
Zi = jXiy Z2 = jX2, and Z3 = /X3. By making these substitutions in 
Eq. (8), we obtain 

—X2[Xi{l + /x) + ^3] + 3 '^pO^i + ^2 + ^3) = 0 ( 9 ) 

Equating imaginary terms to zero, we have 


Xi + X2 + X3 = 0 


( 10 ) 


Likewise, equating the real terms to zero and substituting A'l + A3 = 
--.V2 from Eq. ( 10 ), we obtain 


{X, + X3) X2 

Ai 


( 11 ) 


Equation (11) expresses a critical value of amplification factor which is 
required for oscillation. In the actual performance of an oscillator, the 
amplification factor of the tube is not constant but, rather, varies over a 
relatively wide range of values. Consequently, Eq. (11) may be inter- 
preted as representing somewhat of an average value of /x required for 
oscillation. Equation (10) determines the frequency of oscillation. To 
satisfy this relationship and also obtain a positive value of /x in Eq. (11), 
it is necessary that Xi and X2 be similar types of reactance, whereas X3 
must be a reactance of the opposite type. 

In the oscillator of Fig. 6a, the reactances Xi and X3 each consist of the 
input reactance of a short-circuited line shunted by the interelectrode 
capacitance of the tube. Since the expressions for these reactances are 
quite long, a complete analysis will not be attempted. However, in order 
to illustrate the method, let us assume that Xi and X2 are both capacitive 
with effective capacitances C\ and C2, respectively, and that X3 is inductive 
with an effective inductance L3. Inserting these into Eq. (11), we obtain 
the value of /x 


Cl 



Inserting the reactances into Eq. (10), we obtain the angular frequency of 
oscillation. 


1 1 



^ This assumption corresponds to assuming a lossless system. It will be shown later 
that the input impedance of a lossless short-circuited line is a pure reactance except at 
the resonant and antiresonant frequencies where it has zero and infinite values, 
respectively. 



70 NEGATIVE^RID TBIODE OSCILLATORS AND AMPLIFIERS [Chap. 6 


6.04. Analysis of the Class C Oscillator. — Let us briefly consider the 
factors involved in class C oscillator performance, ignoring electron transit- 
time effects. 

For high-efficiency operation, the d-c grid-bias voltage should be approx- 
imately one and one-half to three times the cutoff value. Oscillators are 
usually self-biased, the bias voltage resulting from the rectified grid current 
flowing through a resistance in the grid circuit. Cathode bias is also pro- 



Fig. 9. — Voltage and current relationships in a class C oscillator. 


vided in some cases. In a well-designed oscillator, the maximum grid 
voltage Cemax is approximately equal to the minimum plate voltage Cbnhn; 
that IS, f 1 ^ 

max ^6 min 


The rms alternating plate voltage Epi is 


Epi — 


Ebb ~ % 


min 


V2 


( 2 ) 


where Ebb is the d-c plate-supply voltage. 

Plate current flows only during a brief conduction angle as shown in 
Fig. 9. The plate current pulses may be analyzed by Fourier series to 
obtain the average value of plate current /bo and the rms fundamental 
component Ipi in terms of the maximum plate current % max- Assume that 
the plate current has the same waveform as the grid voltage during the 
conduction portion of the cycle. If the total conduction angle as shown 
in Fig. 9 is tfi, this analysis yields the relationships ^ 


/50 = 


^bi 


Ipi — 


7r(l — COS Bi/2) 

% max 


(sin di/2 — 0i/2 cos di/2) 




(3) 


(4) 


'v/2’r(l — cos 0i/2) 

^Evebitt, W. L., “Communication Engineering,” 2d ed., pp. 666-677, McGraw- 
Hill Book Company, Inc., New York, 1937. 
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Curves of h/hmax and /pi/4niax against di are shown in Fig. 10. 

For high-efficiency operation, the total conduction angle is approxi- 
mately di = 125 degrees to 150 degrees, yielding values of /t/^bmax = 
0.2 to 0.24 and /pi/4max = 0.25 to 0.28. 

Assume that the frequency of oscillation is equal to the antiresonant 
frequency of the load impedance (taken from cathode to plate). The load 
is then a pure resistive impedance which w^e represent by Rl- The alter- 



Ploite current conduction angle 0 (in degrees) 


Fig. 10. — Curves of ~ and plotted against plate-eurreiit condiietion angle 0, 

max max 


nating voltage developed across Rl is Epi = IpxRu- Inserting Epi from 
Eq. (2) into this relationship, we obtain 

7^ EpX E55 ^brnin /-ex 

Hl = 7 ~ = — 

Ipl 'v 

Let Pg be the grid driving power. The a-c power output Part d-c power 
input Phi plate dissipation Pp, and plate-circuit efficiency K)p are then 

Pac = Epi/pi — Pg (6) 

Ph = Ebb / 60 ( 7 ) 

Pp = Pb ~ Epi/pi . (8) 

Pac. Eol/ril Pa 


From an electronic viewpoint Ph represents the power transferred from 
the d-c plate potential source to the electron stream. The power Epl/pi 
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is the power transferred from the electron stream to the load impedance 
as a result of retardation of the electrons by the a-c component of field 
intensity. A portion Pg of this power output is returned to the grid circuit 
to sustain oscillation. The grid driving power is given by the approximate 
expression Pg = Eg/go, where Eg is the maximum value of a-c grid volt- 
age and 7go is the d-c grid current. 

The load impedance has an important bearing upon the power output 
and efficiency of the oscillator, since it influences the values of Epi and 
/pi. The desired value of load impedance may be computed from Eq. (5). 
However, in practice, it is usually difficult to calculate the impedance of 
resonant lines with coupled loads. Consequently the load impedance is 
usually adjusted experimentally by varying the coupling between the load 
and the resonant line until maximum power output is obtained. 

At microwave frequencies, the electron transit-time delay increases the 
input conductance of the tube, thereby resulting in an increase in grid 
driving power. Electron transit-time delay also introduces a phase shift 
between the maximum plate current and the minimum plate voltage. 
These factors, together with the increased losses at microwave frequencies, 
result in reduced power output and lower efficiency. 

6.06. Frequency Stability of Triode Oscillators. — The conditions re- 
quired for good frequency stability of oscillators are somewhat different 
from those required for high power output. Good frequency stability 
necessitates high-Q circuits which, in turn, implies low power output. The 
feedback circuits and load circuits should be loosely coupled to the output 
circuit of the oscillator in order to minimize the loading on this circuit. 

For good frequency stability, the resonant circuit should present a rela- 
tively high impedance to the tube at the frequency of oscillation. The 
interelectrode capacitance of the tube has the effect of decreasing the 
length of line required for a given frequency of oscillation and also of 
reducing the antiresonant input impedance. In general, this effect is less 
for coaxial lines than for open-wire lines because of the fact that coaxial 
lines have a lower L/C ratio. Coaxial lines are therefore preferred in 
microwave systems. Coaxial lines are also self-shielding, thereby tending 
to minimize the radiation losses from the line. 

Another important factor in the frequency stability of an oscillator is 
the thermal expansion of the tube elements and the associated circuits, 
with changes in temperature. For example, a resonant line constructed 
of brass would have a temperature coefficient of expansion of 19 parts per 
million per degree centigrade. Tests on an oscillator of the type shown in 
Fig. 6b over a temperature range of 140 degrees centigrade have shown 
an average frequency drift of 20 parts per million per degree centigrade. 
This shows a striking correlation between the thermal expansion and the 
frequency drift. 
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Various temperature-compensating devices have been developed to com- 
pensate for thermal expansion. One such device has a small air condenser 
at one end of the line which is arranged so that expansion or contraction 
of the line changes the spacing between the condenser plates in such a 
manner as to maintain constant oscillator frequency.^ 

According to the criterion of oscillation, it is possible for the frequency 
to differ slightly from the antiresonant frequency of the output circuit. 
This occurs when the phase shift in the feedback circuit is not exactly 180 
degrees. If electron transit-time effects are negligible, maximum frequency 
stability occurs when the phase shift in the feedback circuit is exactly 180 
degrees. In microwave oscillators, the phase shift in the feedback circuit 
should be slightly greater than 180 degrees in order to compensate for 
transit-time delay. 

With careful oscillator design, using high-Q circuits and a well-regulated 
power supply, it is possible to achieve a frequency stability of the order of 
10 to 20 parts per million, which is somewhat poorer than the frequency 
stability attainable with crystal oscillators at lower frequencies. 

6.06. Amplifiers Using Negative-grid Triodes. — Most triode tubes 
which are designed for use at microwave frequencies may be used either 
as amplifiers or as oscillators. The lighthouse tube and cavity shown in 
Fig. 6a may be used as an amplifier by disconnecting the feedback cable 
and feeding the input signal into the cathode-grid region of the cavity. 
The power output is taken from the grid-plate region of the cavity. 

The power gain of amplifiers operating at microwave frequencies is rela- 
tively low, being of the order of from 5 to 20. Since the bandmdth of tuned 
circuits at these frequencies is relatively large, even for high-Q circuits, the 
tuned circuits admit a relatively large amount of noise. This results in a 
low signal-to-noise ratio which imposes a serious limitation upon the use 
of amplifiers in amplitude-modulated transmitters and receivers at micro- 
wave frequencies. If frequency modulation is used, the noise may be 
largely si'parated from the signal in the limiter stage at the ro(‘eiver; hence 
the presenc.e of noise in the amplifier is not so serious a limitation in fre- 
quency modulation as in amplitude modulation. 

^IIansell, C. W., and P. S. Carter, Frociuency Control by Low Power Factor Line 
Circuits, Proc, I.R.E,, vol. 24, pp. 597-019; April, 1930. 
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TRANSIT-TIME OSCILLATORS 

It has been shown that detrimental effects are encountered in the nega- 
tive-grid triode oscillator or amplifier if the electron transit time exceeds 
a small fraction of the period of the alternating cycle. There are other 
types of oscillators, however, in which operation is dependent upon a defi- 
nite relationship between the electron transit time and the period of the 
alternating cycle. These transit-time oscillators include positive-grid oscil- 
lators, klystrons, resnatrons, traveling-wave tubes, and magnetrons. 


POSITIVE-GRID OSCILLATOR 

6.01. Operation of the Positive-grid Oscillator. — The positive-grid os- 
cillator consists of either a parallebplane or a cylindrical-element triode 
tube with the grid at a positive d-c potential with respect to its cathode 
and plate as shown in Figs. 1 and 2. The tuned circuit may consist of either 
a lumped InC circuit or a distributed parameter system such as a short- 
circuited line, an open-circuited line, or a resonant cavity. In the opera- 
tion of the positive-grid oscillator, an electron space-charge cloud oscillates 
back and forth about a mean position corresponding to the grid plane. 
The period of electron oscillation is determined by the tube geometry and 
the electrode potentials. The oscillating space charge induces an alter- 
nating component of current in the external circuit and the resulting volt- 
age drop across the load impedance produces an alternating field in the 
interelectrode space of the tube. A majority of the electrons oscillate in 
such a phase as to be retarded by the alternating field, and hence transfer 
a portion of their energy to the resonant circuit during each cycle of 
oscillation. 

Let us assume, for the moment, that the grid of the tube shown in Fig. 1 
has a positive d-c applied potential and that the load impedance is removed 
from the circuit. Consider the motion of an electron in the resulting d-c 
field. Since the grid is positive with respect to both the cathode and plate, 
the electric field is in such a direction as to accelerate the electron when it 
travels toward the grid plane and decelerate the electron when it travels 
away from the grid plane. 

The electron is emitted from the cathode and is accelerated as it ap- 
proaches the grid plane. Passing between the grid wires, the electron 
enters the grid-plate region where it is decelerated. It comes momentarily 
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to rest in the vicinity of the plate, reverses its direction of travel, and is 
accelerated during its return journey to the grid plane. If the electron 
again passes between the grid wires, it is decelerated as it approaches the 
cathode, reverses its direction of travel in the vicinity of the cathode, and 
once again starts back toward the grid. The electron continues to oscillate 
back and forth with approximately equal amplitudes on either side of the 
grid plane in a manner similar to the oscillation of a frictionless pendulum, 
until it eventually collides with a grid wire. 

When the load impedance is connected as shown in Fig. 1 and oscillating 
conditions prevail, the a-c potential developed across the load impedance 



Fig. 1. — Positive-griU oscillator. 


produces an alternating field superimposed iq^on the d-c field in the inter- 
electrode space. In the oscillator of Fig. 1, the frequency of the alternating 
potential is twice the frequency of electron oscillation. The phase relation- 
ships between the electron displacement and the alternating potential for 
the most favorable electron are shown in Fig. lb. For this particular 
electron, the alternating component of grid potential (with respect to 
cathode or plate) is negative as the electron approaches the grid from 
either direction and positive as the electron recedes from the grid. Con- 
sequently, this particular electron will be retarded by the a-c field through- 
out its entire eyerie of oscillation and will transfer energy to the external 
tuned circuit. The kinetic energy and the amplitude of oscillation of the 
electron both decrease with each successive cycle of electron oscillation. 
In this respect, oscillation of the electron is analogous to the swing of a 
damped pendulum.^ 

1 The oscillation of the electron is not entirely analogous to the oscillation of a damped 
pendulum, since the retarding force of the alternating field does not obey the same laws 
as the frictional force of the pendulum. 



76 


TRANSIT-TIME OSCILLATORS 


[Chap. 6 


The phase relationships shown in Fig. lb are those of an ideal electron, 
i.e., an electron which transfers energy to the external circuit throughout 
its entire cycle of oscillation. We shall see presently that the period of 
oscillation of an electron changes continuously during successive cycles of 
oscillation. Consequently, an electron which starts to oscillate in the ideal 
phase will gradually fall out of phase with the alternating potential, 
thereby oscillating in a less favorable phase. Since electrons are emitted 
from the cathode at a more or less uniform rate, part of the electrons will 
depart from the cathode in such phase as to take energy from the alter- 
nating field. By virtue of their increased kinetic energy, these electrons 
travel all the way to the plate or cathode within a few cycles of oscillation 
and therefore are withdrawn from active dutj^ Hence we find that those 
electrons which, on the average, give energy to the alternating field remain 
in oscillation, whereas those electrons w^hich take energy from the alter- 
nating field travel to either the plate or cathode and are thereby excluded. 

6.02. Analysis of the Positive-grid Oscillator. — To illustrate the ana- 
lytical relationships involved in positive-grid oscillators, consider the triode 
tube shown in Fig. 1. The grid is midway between the cathode and anode. 
It is assumed that the space-charge density is small and that it does not 
affect the electric field distribution in the interelcctrode space. Distances 
are measured from the grid plane, positive values of x being taken in the 
direction of the plate. 

Consider now an electron moving in the grid-plate region. ''J'he poten- 
tial difference between grid and plate is taken as V = —Vq— Vi sin w/, 
the negative sign of the d-c potential signifying that the grid is positive 
with respect to the plate. Equation (2.07-8) may l)e used to express the 
electron displacement in the grid-plate region if the potentials Vq and 
in this equation are replaced by — T^o — Fi. I'he electron displacement 
equation then becomes 


k{o>Tf kVi 


sin o)T) cos 4- (1 — cos ojT) sin </>] 


+ ( 1 ) 


In this equation o)T is the electron transit angle; i.c., the phase angle 
through which the alternating voltage varies while the electron is in flight 
from the grid to a point distant x from the grid; <!> is the phase angle of the 
alternating potential at the instant when the electron leaves the grid; and 
k is given by A; = —eVo/oi^rnd. 

We now assume that the electron completes one half cycle of oscillation 
and returns to the grid while the alternating potential completes one full 
cycle. Hence the electron leaves the grid plane (x = 0) when o)T == 0 with 
an initial velocity vq and returns to the grid plane when o)T = 27r. Writing 
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Eq. (1) for the instant at which the electron returns to the grid plane by 
setting a: = 0 and wT = 2ir, we obtain 

, fcEi t'o 

xA: + — - cos ^ H = 0 (2) 

Vo u 

Substituting k = — cK()/to“wirf and solving for w, wo obtain the angulai 
frequency of electrical oscdllation, 


0) 


rVo/ 

wv + 


--cos<^j 


( 3 ) 


The period of electron oscillation Ti was assumed to be twice the period 
of electrical oscillation, or Ti = 2/f = 47r/w. Substitution of Eq. (3) for 
0 ) yields the period of electron oscillation 


47rt»omd 

cos 0] 


Equation (4) shows that the period of electron oscillation is dependent 
upon the initial phase angle <!>. The ideal phase is that shown in Fig. lb, 
corresponding to <#> = 0 radians. Since electrons cross the grid plane at 
various values of the period (or frequency) of electron oscillation will 
differ slightly for various electrons, each according to its particular value 
of 0. Furthermore, Eq. (4) shows that the period of electron oscillation 
varies directly with the electron velocity vq at the grid plane. If an elec- 
tron oscillates in such a phase as to give energy to the alternating field, 
its kinetic energy and velocity I’o at the grid plane decrease for each suc- 
cessive cycle of oscillation and, according to Eq. (4), the period of electron 
oscillation decreases or its frequency increases. This shift from a favor- 
able phase of oscillation to an unfavorable phase results in an appreciable 
reduction in power output and efficiency. 

Instead of finding a simple picture in which all electrons have identical 
periods of oscillation, we have a much more complicated situation in which 
the frequency of electron oscillation differs for various electrons and 
undergoes continuous change for any one electron. The frequency of elec- 
trical oscillation is determined by the composite effects of all the electrons 
oscillating in the interelectrode space, its value being approximately twice 
the average frequency of electron oscillation. 

The velocity in Eq. (4) is det ermined largely by the d-c potential; 

hence we may assume that vq = ^2Voe/m. The period of electron oscil- 
lation then becomes 
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Since the a-c potential is usually much smaller than the d-c potential, 
we have Vi/Vq «: x and, to a first approximation, the term (Fi/Fo) cos <f> 
in Eq. (5) may be neglected. The frequency of electrical oscillation is 
f = 2/Tx and the corresponding wavelength is given by X = yJS, where 
= 3 X 10® meters per second is the velocity of light. The period of 



Fig. 2. — Positive-grid oscillator with tuned circuit connected between cathode and pl.ate. 


electron oscillation, fretiuency of electrical oscillation, and wavelength then 
become approximately 


Tx = \(l 



1.35 X 



seconds 


((i) 


/ = 


1 

d^Sm 


1.4S X UF 


VFo 


cycles per second 


(7) 


X 



= 2020 


d 

a/ \ Q 


meters 


( 8 ) 


In these equations d is the cathodc-to-grid and grid-to-plate distance in 
meters and Vo is in volts. Comparison of Eqs. (6) and (2.07-11) shows 
that the period of electron oscillation Is approximately four times the time 
required for the electron to travel from the cathode to the grid in a d-c 
field. 

In another form of the positive-grid oscillator, the resonant circuit is 
connected between cathode and plate as shown in Fig. 2. With this ar- 
rangement, the frequency of electrical oscillation is approximately equal 
to the average frequency of electron oscillation. Consequently the elec- 
trical frequency will be one-half that given by Eq. (7) and the wavelength 
will be double the value given by Eq. (8). The wavelength for this type 
of oscillation is, therefore, 

d 

VVo 


X = 4040 


meters 


(9) 
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The wavelength of oscillation for the cylindrical-electrode positive-grid 
oscillator ^ with cathode and anode at the same potential and tuned circuit 
connected between cathode and anode, similar to that shown for the 
parallel-plane triode of Fig. 2, is 

^ meters (10) 



Fig. 3. — Plot of /(x) and giy) for the cylindrical-electrode positive-grid oscillator. 

where 7o is the grid-cathode d-c potential. The quantities f(x) and g{y] 
are functions of the cathode radius r*, grid radius r^, and plate radius rp. 
These functions are plotted in Fig. 3. 

^ ScHEiBE, A., The Generation of Ultra Short Waves with Hot Cathode Tubes 
Ann. Physikf vol. 73, no. 64, pp. 54-88; 1924. 
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6.03. Operation of the Positive-grid Oscillator. — Positive-grid oscilla- 
tions may exist even though the resonant frequency of the external circuit 
differs from the fundamental frequency or a harmonic of the frequency of 
electron oscillation. Under these conditions, the external circuit has very 
little effect upon the frequency of electrical oscillation, this being deter- 
mined by the frequency of electron oscillation. Oscillations of this type 
are known as Barkhausen-Kurz oscillations. 



Fia. 4. — Effect of tuning of the external circuit upon wavelength of a positive-grid oscillator. 

An abrupt change in wavelength and a pronounced increase in alter- 
nating voltage and power output occur when the external circuit is tuned 
to the fundamental or a harmonic of the frequency of electron oscillation. 
Oscillations of this variety are known as Gill-Morrell oscillations. The 
change in wavelength of a positive-grid oscillator with tuning of the ex- 
ternal circuit is shown in Fig. 4. 

Positive-grid oscillators, in general, have relatively low power output 
and efficiency. This is due, in part, to the fact that a high percentage of 
the electrons do not oscillate in the most favorable phase and also due to 
the tendency of electrons to shift from a favorable phase to an unfavorable 
phase as they continue to oscillate. Since most of the electrons terminate 
at the grid, the grid losses are considerably greater in the positive-grid 
oscillator than in negative-grid oscillators. Consequently, the grid must 
be capable of radiating a relatively large amount of heat. 

The period of electron oscillation is dependent upon the d-c voltage. A 
carefully regulated power supply is therefore required for high frequency 
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stability. The positive-grid oscillator may be amplitude modulated by 
applying a relatively small modulating voltage in series with the d-c 
supply voltage. Due to the inherently poor frequency stability, however, 
there is a considerable amount of frequency modulation along with the 
amplitude modulation. 


KLYSTRON OSCILLATOR 

6.04. Description of the Klystron Oscillator. — In the negative-grid 
triode oscillator, the electrons travel through superimposed d-c and a-c 
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Fig. 5. — Double-resonator klystron. 


electric fields. Electrons are simultaneously accelerated by the d-c field 
and retarded by the a-c field. If the retarding a-c field is comparable with 
the d-c field^the electrons never attain a very high velocity and therefore 
the electron transit angle may be large at microwave frequencies. Several 
types of tubes have been developed in which the electrons are initially 
accelerated to a high velocity by a d-c field before they enter the retarding 
a-c field. The electrons then have a relatively high velocity as they travel 
through the a-c field; hence the electron transit angle is greatly reduced. 
The double-resonator klystron and the reflex klystron are examples of 
such tubes. 
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The double-resonator klystron, shown in Figs. 5 and 6, contains an 
oxide-coated cathode, a control grid, two metallic resonators, and a col- 
lector anode. The resonator nearest the cathode is known as the buncher 
or input resonator and the second resonator is the catcher or output reso- 
nator, The entire assembly is evacuated and the high-frequency electrical 
connections consist of small coupling loops placed inside the resonators 
with vacuum-sealed coaxial fittings for external connections. 



Fig, 6. — Double-resonator klystron with tuning mount. {Courtesy of the Sperry Gyroscope 

Company,) 

In the operation of the klystron, the electrons are accelerated by the 
d-c field resulting from the potential Fq and consequently enter the 
buncher-grid region with a high initial velocity. If the klystron is oper- 
ating as an amplifier, the buncher resonator is excited at its resonant fre- 
quency by the incoming signal which is to be amplified. This produces an 
alternating field between the buncher grids. As electrons pass through 
this field they are either accelerated or decelerated, depending upon the 
phase of the buncher voltage during their transit. Those electrons which 
pass through the buncher grids during the accelerating phase are speeded 
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up and emerge with a velocity higher than the entering velocity. Other 
electrons, traveling through the buncher grids during the retarding phase, 
are slowed down and emerge from the buncher grids with reduced velocity. 
This variation of velocity of the electrons in an electron stream is known 
as velocity modulation. 

In the field-free drift space between buncher and catcher grids, the high- 
velocity electrons overtake the low-velocity electrons which left the 
buncher grids at an earlier phase. This results in a bunching of the elec- 
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Fio. 7. — Applegate diagram representing electron bunching in the klystron. 


trons as they drift toward the catcher resonator. For optimum per- 
formance, maximum bunching should occur approximately midway be- 
tween the catcher grids. The electron bunches pass through the alternating 
field between the catcher grids during its retarding phase; hence energy 
is transferred from the electrons to the field of the catcher resonator. The 
electrons emerge from the catcher grids with reduced velocity and finally 
terminate at the collector. If the klystron is operating as an oscillator, 
energy is fed back from the catcher to the buncher through a short coaxial 
line in order to produce sustained oscillation. 

The bunching process is illustrated by the Applegate diagram of Fig. 7. 
This shows the electron displacement as a function of time for electrons 
leaving the buncher at different phases of buncher voltage. Each line 
represents the displacement-time relationship for a single electron, 'fhe 



84 


TRANSIT^TIME OSCILLATORS 


[Chap. 6 


slope of the line is proportional to electron velocity; hence the higher 
velocity electrons are represented by lines having steeper slopes. The 
electron bunches center around the electron which passes through the 
buncher grids when the buncher voltage is zero and changing from de- 
celeration to acceleration. This particular electron will be designated the 
center-of-the-bunch electron. 


Pentode tube eliminates 
coupling between inpuf^ 
and output circuits 


V^AAAAAA 





Phase delay equivalent of electron 
transit time delay in drift space 

^ 





Fig. 8. — Equivalent circuit of a klystron. 


The klystron may be represented by the equivalent circuit of Fig. 8. 
The multigrid tube emphasizes the complete isolation of input (buncher) 
and output (catcher) circuits. The delay network represents the buncher- 
to-catcher transit-time delay. The two tuned circuits represent buncher 
and catcher resonators. The load is shown coupled to the output or catcher 
resonator. The current 72 is the induced current flowing in the catcher 
resonator. While the equivalent circuit is helpful in visualizing the over-all 
functioning of the system, the analysis must necessarily proceed along more 
fundamental lines. 



Fig. 9. — Development of the resonator. 


6.0B. The Klystron Resonator. — The phenomenon of electromagnetic 
oscillation in resonators may be illustrated by the development of the 
resonator in Fig. 9. Figure 9a shows a parallel resonant circuit consisting 
of a parallel-plate condenser and two inductive loops. Adding more 
turns in parallel, as shown in Fig. 9b, decreases the inductance and in- 
creases the resonant frequency. Carrying this to the limit, we have the 
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totally enclosed toroidal resonator of Fig. 9c, with the electromagnetic 
field confined entirely to the inside of the resonator. 

The effective capacitance of the resonator of Fig. 9c is approximately 
equal to the capacitance of the parallel grids, while the inductance is 
roughly proportional to the volume of the resonator. Hence, the resonant 
frequency may be increased either by increasing the separation distance 
between grids (decreasing the capacitance) or decreasing the volume of the 
resonator (decreasing the inductance). Tuning is accomplished in the 
klystron oscillator by making one wall of the resonator a thin corrugated 
diaphragm. Pressure on this diaphragm varies the spacing between reso- 
nator grids, thereby changing the effective capacitance of the resonator 
The tuning mechanism is shown attached to the klystron in Fig. 6. 

6.06. Electron Transit-time Relationships in the Klystron.^"^ — The anal- 
ysis of the klystron is based upon the following simplifying assumptions: 

1. The electron transit angles through the buncher and catcher grids 
are assumed to be negligible.® 

2. Space-charge effects are ignored. 

3. The alternating voltage between buncher grids is assumed to be small 
in comparison with the d-c accelerating voltage. 

4. The electron beam is assumed to have uniform density in the cross 
section of the beam, and all of the electrons which leave the cathode are 
assumed to pass through the catcher grids. 

These assumptions lead to idealistic values of power output and effi- 
ciency which are considerably greater than those realized in practice. We 
shall derive the theoretical relationships and then discuss the conditions 
prevailing in practice. 

In the klystron oscillator of Fig. 10, the electrons are accelerated to an 
initial velocity Vq by the d-c field before they enter the buncher grids. 

^ Varian, R. H., and S. H. Varian, High Frequency Oscillator and Amplifier, J, 
Applied Phys.j vol. 10, pp. 321-327; May, 1939. 

* Webster, D. L., Cathode-Ray Bunching, J. Applied Phys., vol. 10, pp. 501-513; 
July, 1939. 

® Webster, D. L., The Theory of Klystron Oscillations, J. Applied Phys.y vol. 10, 
pp. 864-872; December, 1939. 

* Harrison, A. E., “Klystron Technical Manual,” Sperry Gyroscope Co., Brooklyn, 
New York, 1944. 

^ Harrison, A. E., Klystron Oscillators, Electronics^ vol. 17, pp. 100-107; November, 
1944. 

® Condon, E. U., Electronic Generation of Electromagnetic Oscillations, J, Applied 
Phys.y vol. 11, pp. 502-507; July, 1940. 

^ Condon, E. U., Microwave Generators Using Velocity-Modulated Electron Beams, 
Proc, National Electronics Conference , vol. 1, pp. 500-513; October, 1944. 

* The transit angle of electrons through the buncher or catcher may be quite large 
for low accelerating voltages, consequently the assumption of negligible transit angle 
may be a poor approximation. 
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Assume that the electrons leave the cathode with zero velocity. The 
kinetic energy and the velocity of the electrons entering the buncher, as 
given by Eqs. (2.06-6 and 7), are 

Hwwo = eVo (1) 

j^o 

Vo = ^ (2) 

' m 

Oscillation of the buncher resonator produces an alternating potential 
difference Vi sinoj^ between resonator grids. It is assumed that the two 
buncher grids in Fig. 10 are at potentials Vq and Fo + Fi sinw^, both 


Feedback cable 



with respect to the cathode. Consider an electron passing through the 
buncher at time i\. Assume that the buncher voltage remains constant 
during the passage of any one electron through the buncher grids. The 
kinetic energy and velocity vx of the electron as it emerges from the 

buncher grids are 

y^mvx = c(Fo + Vx sin w/O 




= Fo ^ sin = Vo \/ 

^ m \ Fo / ^ 


Fi 

1 + ~ sin (atx (3) 
Fo 


Equation (3) is the equation of velocity modulation. An electron which 
passes through the buncher grids when <atx = 0 emerges with unchanged 
velocity . The maxim um and minimum velo cities at the buncher-grid exit 
are vd\^ 1 + (Fi/Fo) and vqV^I — (Fi/Fo), these representing the veloci- 
ties of electrons which pass through the buncher grids during the maxi- 
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num accelerating and maximum retarding phases of the buncher voltage; 
le.j when co^i = 7r/2 and o)ti = — respectively. 

The time T required for the electron to travel the distance s in the field- 
free space between buncher and catcher grids is 


T = 


s 

v\ 


\/ 1 + ^ sin 0 )ti 
^ Ko 




(4) 


Using the buncher alternating voltage as the time reference, the electron 
arrives at the catcher grids at time <2 = + T. The corresponding phase 

angle* (with the buncher voltage as reference) is obtained by multiplying 
both sides of the equation for <2 by co. Substitution of Eq. (4) yields 


0)^2 — ^(^1 ” 1 “ 

03S / Vl , 

= <x)ti “I I 1 -f" — sill o)ti 

Vq \ Vo 



(5) 


The quantity s/vq is the buncher-to-eatcher transit time for the electron 
passing through the buncher when cati = 0, i.e.^ the center-of-the-bunch 
electron. The corresponding transit angle is 


0)S 


a 



(6) 


In subsequent derivations, mathematical difficulties arc encountered if 
we use Eq. (5) in its present form. To avoid complication, we assume that 
^ 1/^0 1 and expand the bracketed term into a binomial series. Taking 

the first two terms of the series and assuming that the remaining terms 
are negligible, we obtain [1 + (Vi/Vq) sin « 1 — {Vi/2Vo) sin w/i. 

Substituting this, together with Eq. (6), in Eq. (5), we obtain 


<0^2 ~ "t" ® 



Zl 

27o 


sin (ati 


) 


(7) 


The interpretation of Eq. (7) is as follows: An electron leaving the 
buncher at phase angle co^i (with respect to the buncher voltage) arrives 
at the catcher at phase angle 0)^2 (also measured with respect to the 
buncher voltage). The arrival phase angle co ^2 and departure phase angle 
u)ti are related by Eq. (7). 

* 6.07. Power Output and Efficiency of the Klystron. — Now consider the 
energy and power transfer at the catcher resonator. The analysis is sim- 
plified by assuming that the buncher and catcher voltages are in time 
phase and Iherefore the catcher voltage will be represented by 1^2 sin cat 
If the catcher voltage is substantially constant during an electron’s transit 
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through the catcher grids, the electron gives up an amount of energy 
w = —672 sin wfe. The negative sign signifies energy transfer from the 
electron to the field. Using this convention, energy output and power 
output are positive quantities. Substituting the value of w <2 from Eq. 
(6.06-7) into the energy output equation, we obtain 

w = — e72 sin co <2 

= —672 sin sin j (1) 

Averaging Eq. (1) for all’ electrons entering the buncher grids during a 
complete cycle, i.6., between coti = 0 and (ati = 27r, we obtain the average 
energy per electron transferred to the catcher resonator. 


We, 


t * 2ir 

= I V 

27r 


W d(o)ti) 


_ _eV2 
2^ 

This integral yields ^ 
where 


if"", r , / 

. . M 

- 1 sill (atl "T 1 

1 — smwfi 1 

•/Q L \ 

27o / - 


Wa,v = ‘-^V 2 Ji{x) sin a 
aVi 


X = 


27o 


( 2 ) 

(3) 

(4) 


The quantity x features prominently in klystron analysis and is known 
as the hunching parameter. The quantity Ji{x) is a Bessel function of the 
first kind and first order. The Bessel function may be expressed as an 

^ Substituting x — aV'i/2yo and expanding, we obtain for the integrand of Eq. (2), 
sin (w^i + a — a; sin u)ti) = sin (w^i + «) cos (x sin w^i) — cos (w^i + a) sin (x sin w^i) 

In standard treatments of BesseVs functions it is shown that 

cos (x sin coil) = Jo{x) -f 2 / 2 W cos 2coii + 2 / 4 ( 0 ;) cos 4coii 4* • . . 
sin (x sin coii) = 2Ji(x) sin coii + 2 / 3 ( 0 ;) sin 3coii + • • • 

When the first series is multiplied by sin (toil + «) and integrated between the limits 
coil “ 0 and coii =» 2Tr, the integral has zero value since each term is of the form 

/n(a;) sin (coil + cx) cos ricoii d(coii) where n is an even integer. When the second 

series is multiplied by — cos (coii + «) and integrated, each of the terms is of the form 

|»2ir 

— I Jn(x) COS (toil + a) sin wcoii d(toii). All of the terms except that corresponding to 
n = 1 are zero. The remaining term is 
eV2 

I 2/i(x) sin coil cos (coii + «) d(coii) = —eV 2 Ji{x) sin a 
2vJq 


We.y 
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infinite series in terms of its argument x as given in Eq. (15.05-12). A 
plot of Ji{x) as a function of x is shown in Fig. 11. 

Let us now consider the power relationships. Assume that N electrons 
are emitted from the cathode per second. The direct current emitted 
from the cathode is then /q = (Positive current is assumed to flow 
in the direction opposite to that of electron flow.) Now assume that all 
of the electrons emitted from the cathode flow through the catcher reso- 
nator; consequently there are N electrons flowing through the catcher per 
second. Equation (3) expresses the average energy transfer per electron. 



Fig. 11. — Plot of J \{x) against x. 


To obtain the energy transfer per second or power transfer, we multiply 
Eq. (3) by N. Substituting /o = Ne we obtain for the power output Pac 
at the catcher resonator 


Pac ~ —IqV 2 Ji{x) sin a 


(5) 


The power supplied by the d-c potential source is Pq = IqVq and the 
conversion efficiency is 


Pac V, 

1 ? = — = - —JiW sin a 
^0 yo 


( 6 ) 


In Eq. (6) it is assumed that the power required for bunching the elec- 
trons is negligible. Since the alternating field of the buncher accelerates 
some electrons and retards others, the time-average power required for the 
bunching operation would be zero if the electron transit angle were negli- 
gible. In actual practice, however, the transit angle is not negligible and 
some power is required to perform the bunching operation. 

6.08. Requirements for Maximtun Output and Maximum Efficiency. — 
The Bessel function J i (x) appears in both the power output and the effi- 
ciency equation. Figure 11 shows that Ji(x) has a maximum value of O.bS 
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when X = 1.84. Referring to Eq. (6.07-6), the conditions required for 
maximum efficiency are found to be 

1. A maximum value of the ratio F2/^o- 

2. A bunching parameter value of x = 1.84, yielding Ji(x) = 0.58. 

3. sin a = — 1, or a = 2irn — (7r/2) where n is any positive integer greater 
than zero. 

In general, the value of V 2 /V 0 is less than unity. If F2 were greater 
than Vo some of the electrons would reverse their direction of travel at 
the catcher resonator and absorb power from the alternating field. If we 
assume a value V 2 /V 0 = 1 and sin a = —1, the maximum theoretical 
efficiency becomes 58 per 'cent. In addition to the requirements for maxi- 
mum efficiency, maximum power output requires that the d-c beam current 
Iq and the catcher resonator potential V 2 have maximum possible values. 

It will be shown later that, for the assumed conditions, criterion 3 above 
is always satisfied if sustained oscillations exist. Equations (6.07-5 and 
6) therefore become 

Pac = lQy2Jl{^) ( 1 ) 

V 2 

V==^—Ji(x) (2) 

Vi) 

The criterion a = 2Trn — (7r/2) determines the value of the d-c acceler- 
ating voltage required for maximum power output. To obtain this rela- 
ti onship, w e return to Eq. (6.06-6) and set a = 2Tti — {t/2) and Vo = 
y/2eVo/'ifn,f yielding 

__ / cos m _ / cos 

^0 == T^) — = ^-284 X 10“^^ ( ) (3) 

\27rn — (7r/2)/ 2e \27rn — {ir/2)/ 

Equation (3) reveals that there are a multiplicity of values of d-c accel- 
erating voltage which will yield maximum power output (one for each 
integral value of n). The highest voltage corresponds to the lowest in- 
teger; i.e., n = 1. 

The criterion a: = 1.84 required for maximum power output and maxi- 
mum efficiency determines the optimum ratio of buncher voltage to d-c 
accelerating voltage Fi/T^o- To show this we substitute a = 27m — (7r/2) 
and x = 1.84 in Eq. (6.07-4) obtaining 

Vi 3.68 

Vo 2wn - (7r/2) ^ ^ 

For each integral value of n there is an optimum value of Vi/Vo which 
yields maximum power output. When n = 1 we obtain Vi/Vo = 0.78. 
As n increases, the d-c accelerating voltage Vo and the ratio Vi/Vo both 
decrease. The reason for this becomes apparent when we recall that the 
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electron velocity varies as the square root of Vq, Consequently, if Fq is 
small, the electrons travel more slowly and have more time in which to 
bunch ; therefore less bunching voltage is required. 

In the normal operation of the klystron oscillator, electron bunching 
occurs only at the catcher resonator. However, it is possible to have a 
condition of oscillation in which the electrons alternately bunch and de- 
bunch several times in the drift space between buncher and catcher reso- 
nators. This is indicated by the successive maxima of J\{x) for increasing 
values of x in Fig. 11. The value a: = 1.84 corresponds to single bunching 
and yields the highest efficiency. 



Fig. 12. — Maximum efficiency of the klystron as a function of catcher transit angle. 


Maximum power output requires a maximum value of the catcher reso- 
nator voltage ^ 2 * The catcher voltage increases with the d-c accelerating 
voltage (this is not apparent from the above equations), and hence the 
highest permissible accelerating voltage yields maximum power output if 
all other conditions are satisfied. 

The voltage V 2 is also dependent upon the effective impedance of the 
catcher resonator. The resonator is analogous to a parallel LrC circuit. 
At its resonant frequency, the impedance of the resonator is a pure resist- 
ance with a value proportional to the Q of the resonator and to its effective 
L/C ratio. In order to obtain maximum voltage F 2 , the resonator imped- 
ance should be as large as possible. However, there are other important 
considerations involved which necessitate design compromises. 

Klystron resonators must be designed with a view toward minimizing 
electron transit time through the resonator grids. Excessive electron 
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transit time through the buncher grids results in inadequate electron 
bunching and power is consumed in the bunching process. If the transit 
time through the catcher resonator is excessive, the power output and 
efficiency are reduced. Figure 12 shows how the maximum theoretical 
efficiency of the klystron decreases as the catcher-resonator transit angle 
increases.^ Electron transit angle is minimized by spacing the grids close 
together. However, this increases the capacitance and lowers the effective 
impedance of the resonator. To avoid excessive transit time and still 
obtain high impedance, a compromise in the spacing between, resonator 
grids is necessary. 



6.09. Phase Relationships in the Klystron Oscillator. — The foregoing 
analysis was simplified by the assumption that the buncher and catcher 
resonators oscillate in time phase. If this were a necessary restriction, it 
would result in extremely critical operation and the slightest deviation of 
the voltages from the values given in Eqs. (6.08-3 and 4) would stop oscil- 
lation. Actually, however, there is a certain amount of flexibility permis- 
sible in the phase relationships between buncher and catcher voltages as a 
result of phase shift existing in the resonactors and feedback line. 

In Eq. (5.03-3) a criterion of oscillation was stated in the form pK =« 1 
where K is the voltage gain; z.e., the ratio of output to input voltage, and 13 
is the ratio of feedback voltage to output voltage. A more general expres- 
sion for this criterion is 0K = l/2im radians, where n is any integer in- 


^ Black, L. J., and P. L. Morton, Current and Power in Velocity-Modulation Tubes, 
Proc. I.R.E,y vol. 32, pp. 477-482; August, 1944. 
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eluding zero. This requires that the sum of the phase angles of K and p, 
or the total phase shift around the closed circuit, be equal to 2im radians. 

Let us now apply this criterion to determine the phase relationships in 
the klystron oscillator. The diagram of Fig. 13 is drawn for the general 
case in which buncher and catcher voltages are not in time phase. The 
center-of-the-bunch electron leaves the buncher when its alternating volt- 
age is zero. This electron arrives at the catcher resonator when its alter- 
nating voltage has its maximum negative value. The transit angle a, 
given by Eq. (6.06-6), is the phase angle between the zero of the buncher 
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Fir,. 14. Experimental curves showing power output and frequency deviation as a function 
of d-c accelerating voltage for a double-resonator klystron. 


voltage and the negative maximum of the catcher voltage. Consequently, 
the phase angle between the zeros of buncher and catcher voltage is 
a + (7r/2) radians. In adding up the phase shifts around a closed circuit 
in a klystron, we must include the phase shift in the resonators and in the 
feedback line. If a resonator is operating at its resonant frequency, the 
voltage and current are in time phase and the phase sliift in the resonator 
is zero. However, the frequency of oscillation of a klystron may deviate 
slightly from the resonant frequency of the resonator. In this case, the 
voltage and current are not in time phase and there is a phase shift in the 
resonator. If we let 6 be the total phase shift in the resonators and feed- 
back cable, the criterion of oscillation requires that 


0 + « H — = 2irn radians 
2 


‘( 1 ) 
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In the derivations of Secs. 6.06 and 6.07, it was assumed that the two 
resonators oscillate in time phase. This corresponds to setting 6 = 0 in 
Eq. (1). We found that maximum power output was obtained when 
a = 2im — (ir/2). We now find that if the two resonators oscillate in 
tune phase, the condition that a == 2irn — (^/2) is not only a requirement 
for maximum power output but is also a criterion which must exist if sus- 
tained oscillations are to be obtained. In general, however, the resonators 
do not have to oscillate in time phase. 

In the operation of the klystron oscillator, it is found that a small change 
in d-c accelerating voltage will cause a change in frequency. This can be 



Fia. 15. — Input impedance of two coupled circuits having the same resonant frequency. 

explained by the fact that the change in d-c voltage causes a variation in 
the transit angle a. The frequency of oscillation then shifts in such 
a way as to yield a new value of 6 which will satisfy Eq. (1). 

It is a well-known principle in circuit theory that if two tuned circuits 
havipg the same resonant frequency are coupled together the input im- 
pedance looking into either circuit will have a variation with frequency 
such as that shown in Fig. 15. A double-peaked resonance curve occurs 
when the tuned circuits are overcoupled, while the single-peaked curve 
corresponds to critical coupling or undercoupling. The same phenomenon 
occurs when two resonators are coupled together. 

It is possible to obtain oscillation over a somewhat wider range of d-c 
accelerating voltages if the resonators are overcoupled. It is interesting 
to note that the critically-coupled klystron has practically a straight-line 
variation in frequency with accelerating voltage, thereby offering attractive 
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possibilities for frequency modulation. By tuning the resonators to 
slightly different frequencies, the power output may be held more nearly 
constant. The curves of Fig. 14 were obtained with the two resonators 
tuned to slightly different frequencies. 

6.10, Current and Space-charge Density in the Klystron. — An interest- 
ing interpretation of the bunching process may be obtained by plotting 
curves of electron departure time at the buncher against arrival time at 



Fig. 16 . — Plot of electron departure phase angle against arrival phase angle. 


the catcher. We start by substituting Eqs. (0.06-6) and (6.07-4) into 
(6.06-7) and rewriting this in the form 

o) ( <2 ) = coil — X sin o)ti (1) 

\ Vq/ 

In this equation wfi is the phase angle at which an electron departs from 
the buncher and a ?^2 is the phase angle at which this electron arrives at 
the catcher, both measured with respect to the buncher voltage. 

Curves of o)ti as a function of o)[t 2 — (sAo)] for various values of the 
bunching parameter x are shown in Fig. 16. The quantity o}[t 2 — (sAo)] 
is the arrival phase angle at the catcher minus a constant amount a == 
cos/vo which represents the buncher-to-catcher transit angle of the center- 
of-the-bunch electron. This plot shows that the electrons arriving at the 
catcher at any instant of time may have left the buncher at different in- 
stants of time. Thus, referring to the curve a; = 1.84 in f ig. 16, we find 
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that electrons leaving the buncher at times corresponding to a, b, and c 
all arrive simultaneously at the catcher resonator. 

The space-charge densities at the buncher and catcher resonators will 
be represented by qri and qr 2 i and the corresponding velocities are vi and 
V 2 j respectively. The amount of charge flowing through unit area at the 
buncher exit during the time interval dti is qriV\ dt^. This same charge 
flows through unit area at the catcher during a different time interval d^ 2 , 
and may be expressed as qr 2^2 dt 2 ; hence we have 

qriVi dti = qT2V2 dfe (2) 

Equation (2) is not valid if we have a condition in which some electrons 
overtake other electrons in the drift space. If this occurs, the charges 
which arrive at the catcher during the time interval dt 2 may have left the 
buncher at several different intervals of dh. Hence, there may be several 
different values of qriVi dti which contribute to the charge qr 2 V 2 dfe* To 
take care of this situation, we express qT 2^2 dt 2 as the summation of all of 
the values of qn^i dti which contribute to it, thus 

5t2^2 dt2 = dti (3) 

The space charge density gri at the buncher is approximately equal to 
the space charge density ^to just before the buncher; therefore we let 
Qri = ^to* Also, if the velocity variation is small, we have V 2 ^ Vi Vq. 
Making these substitutions in Eq. (3) and rearranging, we obtain 

qT2Vo dt2 = qro^o^ dti 

qr2 ^dti d{(ati) 

= L — = 2 / 

qro dt2 d{oit^ 

The quantity d(w<i)/d(cof 2 ) is the slope of the curve of Fig. 16. Thus, to 
obtain the space-charge density ratio qr 2 /qT 0 for any given value of 
““ (sAo)] we need merely add the slopes of the curve for the given 
value of co [<2 “■ (sAo)]* A negative slope indicates that electrons which 
arrive at the catcher in one sequence left the buncher in the reverse se- 
quence. In adding the slopes, we consider only absolute values and dis- 
card the sign. The curves of Fig. 17 were obtained in this manner. 

The space-charge density curves plotted in Fig. 17 are not what we 
might have anticipated. The value of x = 1.84, which we previously found 
to yield maximum power output, is not the critically bunched condition. 
The double-peak in this curve indicates overbunching with two distinct 
groups of electrons flowing through the catcher resonator a short time 
interval apart. The critically bunched condition, the condition of 
maximum bunching, corresponds to x = 1.0. Since the power output and 
efficiency vary directly as /i(x), Fig. 11 shows that the maximum theo- 
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retical power output and efficiency for the critically bunched condition is 
24 per cent lower than for the overbunched value of x = 1.84. 

The convection-current density at any point in the electron stream is 
the product of charge density times velocity. The convection-current 
density at the buncher and catcher resonators is = qnVi « grofo and 
J 2 = 9 t 2*'2 ^ Qr 2 »o- The convection-current density at the buncher is prac- 
tically equal to the current density Jq just before the buncher; hence we 
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Fig. 17. — Plot of QrifQro and as a function of arrival phase angle. 


may substitute J\ = Jo- 
equations, we obtain 


Making this substitution and dividing the above 


•^2 __ 5' t 2 

Jo Q'tO 


( 5 ) 


We find, therefore, that the curves of Fig. 17 may be used to represent 
either the charge-density ratio qj 2 /<lTQ or the convection-current density 
ratio J 2 /J 0 . 

The beam current has a high harmonic content. The current induced 
in the catcher resonator has a similar waveform. This current can be 
analyzed by Fourier series to obtain the d-c component, fundamental a-c 
component, and higher harmonic components. The catcher resonator may 
be tuned to any harmonic of the buncher frequency. The a-c components 
of current, have T 
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for the mth harmonic. If Vm and Im, are the peak values of the mth har- 
monic voltage and induced current at the catcher resonator, the time- 
average power output is Pac = Equating this to the power out- 

put obtained previously, and solving for Im, we obtain 

Im = 2IoJm(mx) ( 6 ) 

The effective impedance of the resonator at the mth harmonic of the 
buncher voltage is 

^ (7) 

Im 

If the catcher resonator is operating at its resonant frequency, the reso- 
nator impedance is a pure resistance. 

When the klystron is used as an oscillator, the buncher and catcher 
resonators are tuned to the same frequency and we have m == 1 in the 
above equations. The klystron may be used as a frequency multiplier, in 
which case the catcher is tuned to a harmonic of the buncher voltage. 

The resonant impedance of a resonator is determined by the geometry 
of the resonator, the loading, and the electronic effects due to the beam 
current. In general, the impedance is increased by increasing the effective 
L/C ratio, which means increasing the volume and decreasing the capaci- 
tance between grids. 

6.11. Operation of the Klystron. — In the tuning of the klystron it is 
necessary to make simultaneous adjustment of a number of variables. 
These include the grid voltage, the d-c accelerating voltage, and the tuning 
of the two resonators. The tuning procedure may be simplified by con- 
necting a 60-cycle alternating voltage of from 50 to 100 volts in series with 
the d-c accelerating voltage. The accelerating voltage may then be ad- 
justed to the approximate value required for oscillation and left at this 
value while the remaining adjustments are made. The presence of oscilla- 
tion may be observed by means of a crystal detector and microammeter 
connected to the klystron output. The 60-cycle a-c voltage is removed 
during the final adjustment.. 

Power outputs of the order of a fraction of a watt to several hundred 
watts are obtainable with klystrons at wavelengths of the order of 10 centi- 
meters or less. Actual efficiencies run far below the ideal efficiency of 58 
per cent. This may be attributed to space-charge effects causing debunch- 
ing of the electrons, collisions of electrons with the grids, secondary emis- 
sion at the grid, power consumed in bunching the electrons, transit-angle 
delay of electrons in their passage through buncher and catcher grids, and 
losses in the resonators. 

The frequency stability of the klystron oscillator is dependent upon the 
temperature of the resonator as well as the stability of the power-supply 



Sec. 6.11) 


OPERATION OP THE KLYSTRON 


99 


voltages. Since the resonator walls are metallic, their thermal coefficient 
of expansion is quite large; hence the frequency drift with temperature 
may be appreciable. By the choice of suitable materials, it is possible to 
make the thermal expansion of the tuning mechanism partially compensate 
for the expansion of the resonator walls. Carefully regulated power sup- 
plies are required for high frequency stability. 

The double-resonator klystron may be used as an amplifier ^ by coupling 
the input signal into the buncher resonator and obtaining the output from 
the catcher resonator. Regenerative amplification may be obtained by 



loosely coupling the bunclier and catcher resonators. The adjustments of 
the klystron as an amplifier are less critical than as an oscillator. It is not 
necessary for the electrons to be entirely bunched when the klystron is 
operating as an amplifier. 

Higher amplification may be obtained by the use of a cascade system of 
resonators as shown in Fig. 18. When the cascade klystron is operated 
as an amplifier, the input signal is fed into the buncher resonator. Partial 
bunching occurs at the second resonator and the a-c field (produced by 
the electron bunches passing through this resonator) velocity modulates 
the electron stream in such a manner as to increase the electron bunching. 
The cumulative bunching of several resonators makes it possible to ap- 
proach critical bunching at the final resonator even though the input signal 
is relatively weak. Power gains of 2 to 20 per stage are attainable. A 

^Haxby, R. O., The Principles of Klystron Amplifiers, Proc. National Electronics 
Conference^ vol. I, pp. 229-240; October, 1944. 
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cascade klystron may consist of two stages as an oscillator and the third 
stage as an amplitude-modulated amplifier. The general problem of 
modulation of microwave systems is considered in Chap. 11. 

6.12. The Reflex Klystron. — The reflex klystron, illustrated in Fig. 19, 
employs a single resonator which combines the functions of buncher and 
catcher resonators. A negative-potential reflector electrode, placed a short 

sets up a retarding d-c field which 
causes the electrons to reverse their 
direction of travel and proceed back 
through the resonator grids. If os- 
cillating conditions prevail, the elec- 
trons are velocity modulated on their 
first excursion through the resonator 
grids. The electrons then enter the 
d-c retarding field in the reflecting 
space where they are turned back 
and proceed to pass through the 
resonator grids in the opposite di- 
rection. Electron bunching occurs 
during the transit through the re- 
flecting space. On their return 
journey, the electron bunches pass 
through the alternating field be- 
tween the resonator grids during' its 
retarding phase and thus energy is 
transferred from the electrons to the 
resonator alternating field. 

Bunching action in the reflex klystron differs from that of the double- 
resonator klystron in several respects. In the double-resonator klystron, 
all electrons travel the same distance between buncher and catcher and 
the bunch centers around the electron which passes through the buncher 
grids when its field is changing from deceleration to acceleration. In the 
reflex klystron, the higher velocity electrons travel farther in the reflecting 
space and take longer to return. For this reason, bunching centers around 
the electron which passes through the grids on its first excursion when the 
resonator alternating potential is zero, changing from acceleration to 
deceleration. Furthermore, in the reflex klystron, the returning electrons 
flow through the resonator grids in a direction opposite to the direction of 
travel through the catcher grids of the double-resonator klystron. Conse- 
quently there is a 180-degree phase difference between the resonator voltage 
of the reflex klystron and the catcher voltage of the double-resonator 
klystron at the instant when the bunched electrons pass through the 
resonator grids. 


distance beyond the resonator grids, 
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The type of bunching encountered in the double-rcoonator klystron is 
termed drift-space hunching, while that in the reflex klystron is known as 
reflector bunching. If both drift-space and reflector bunching are attempted 
in the same tube, the one counteracts the other and debunching results. 

The Applegate diagram, illustrating the bunching action in the reflex 
klystron, is shown in Fig. 20. The space-time curve for each electron is a 
parabola. An analogy of the reflex-klystron bunching may be obtained 
by throwing a number of balls vertically into the air at equally spaced 
time intervals, each successive ball being thrown with a lower initial 



Fig. 20. — Electron bundling in the reflex klystron. 


velocity. If the timing and initial velocities are properly chosen, all of 
the balls return to earth simultaneously. The space-time plot for the balls 
is then similar to that shown for the reflex klystron in Fig. 20. 

The single-resonator feature of the reflex klystron greatly simplifies the 
tuning operation as compared with the double-resonator klystron. Oscil- 
lations may usually be obtained by merely adjusting the accelerating and 
reflector voltages. The frequency may be varied readily by changing the 
spacing between the grids of the resonator by means of a suitable tuning 
mecHamsmTTT small variation in frequency may be obtained by varying 
either the accelerating voltage Vq or the reflector voltage Vr. The fre- 
quency variation obtainable by varying the reflector voltage without re- 
tuning the resonator is of the order of 10 to 2Q megacycles in a 3,000- 
megacycle oscillator. 

The maximum theoretical efficiency of the reflex klystron is less than 
that of the double-resonator klystron. The reason for this is that in the 
reflex klystron a single resonator combines the functions of bunching the 
electrons and extracting energy from the returning bunches of electrons. 
The optimum value of the a-c resonator voltage, therefore, is a compromise 
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between the value required for optimum bunching and that required for 
maximum power transfer from the bunched electrons to the resonator field. 
Although the reflex klystron operates at a lower efficiency than the double- 
resonator klystron, it offers the attractive advantages of single-resonator 
tuning, simplicity of adjustment and operation, and compactness. 

6.13. Analysis of the Reflex Klystron Oscillator.' * — An expression re- 
lating the time of departure of electrons from the resonator grids and the 
return arrival time will be derived for the reflex klystron oscillator. As 
in the case of the double-resonator klystron, this will establish a relation- 



Fig. 21. — Diagram for the analysis of the reflex klystron. 


ship between the various electrode potentials which must bo satisfied if 
oscillating conditions are obtained. The derivations of the power output 
and efficiency equations are similar to those of the double-resonator klys- 
tron and are given as a problem. 

Figure 21 shows the potentials of the various electrodes of the reflex 
klystron while oscillating. The cathode is taken as the zero-potential elec- 
trode and an a-c potential difference Vi sin o)t is assumed to exist between 
the grids. The potentials of grids 0 and 1 (with respect to the cathode) 
are assumed to be Vq and Vo + Fi sin respectively, while that of the 
reflector electrode is Fie (a negative potential). 

Referring to Fig. 21, we find that the electrons enter grid 0 with a 
velocity ^ 

= yl—r- ( 1 ) 


m 


1 Pierce, J. R., Reflex Oscillators, Proc, vol. 33, pp. 112-118; February, 1946. 

* Ginzton, E. L., and A. E. Harrison, Reflex Klystron Oscillators, Proc. 

\rol. 34, pp. 97-113P; March, 1946. 

* Harrison, A. E., Kinematics of Reflection Oscillators J. Applied Phys.t vol. 16, 
pp. 709-711; October, 1944. 
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As in Eq. (G.06-3) for the double-resonator klystron, the electrons leave 
grid 1 with a velocity 


Vx = Vq 



— sin (at 
Vo 


( 2 ) 


The potential difference between grid 1 and the reflector electrode is 
Vr — (Fo + Fi sin cat). We now assume that Vx sin (at is small in com- 
parison with the other terms and write the potential difference as F/j — Fo 
(where Vr is usually a negative potential). If we assume a uniform field 
between grid I and the reflector electrode, the electric intensity is B = 
— {Vr — Fo)/s, where s is the distance between grid 1 and the reflector. 

The force experienced by the electron in the I'eflecting region is —eE 
= ^[{Vr — Fo)/-s]. Equating force to mass times acceleration, we obtain 
the equation of electron acceleration, 

d^x e{VR - Vo) 
at ms 


where distance is measured from grid 1. Two integrations successively 
give the velocity and displacement ec|uations. The electron leaves grid 1 
{x = 0) at time t = ti and with a velocity Vx. The electron displacement 
ecpiation, with the constants evaluated for the given boundary conditions, 
then becomes 


X 


e{VR - Fo) 
2ms 


(t - h)^ + t;i(< - ti) 


(4) 


The electron is decelerated as it approaches the negative reflector elec- 
trode, reverses its direction of travel, and starts back toward the resonator 
grids. Letting <2 represent the return arrival time of the electron, we 
may write Eq. (4) for the instant of arrival by substituting t = t 2 and 
X = 0. The total time of transit of the electron in the reflecting space 
t 2 — tx is therefore 


2msvx 

fo ~ 

eiVR - Vo) 


(5) 


The phase angle of departure of the electron, with respect to the buncher 
voltage, is uti and the phase angle of arrival is «< 2 - Multiplying Eq. (5) 
by (a and substituting the value of vx from Eq. (2), we obtain the arrival 
phase angle 


2(amsvo 
'^Vr - Fo) 


( Vx . 

lid sm (atx I 

\ Fo / 


( 6 ) 


€0^2 wfi — 
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Fiq. 23. — Power output and frequency deviation of a reflex klystron as a function of reflector 


Fio. 22.~Sperry 2K39 reflex klystron. {Courtesy of the Sperry Gyroscope Company.) 
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Equation (6) is analogous to Eq. (6.06-5) for the double-resonator klys- 
tron. Following this example, we set 


2iamsvQ 

e{VR-Vo) 


(7) 


where a! is the round-trip transit angle of the center-of-the-bunch electron. 
Expanding the bracketed term in Eq. (6) using the binomial theorem and 
taking the first two terms of the series, we obtain 


C0^2 “ "f" 



II 

2Vo 


sin uti 


) 


( 8 ) 


The bunching parameter is given by 


X = 


x'Vt 


(9) 


The values of a' and the bunching parameter x' = a'Fi/2Fo required 
for maximum power output and maximum efficiency may be found by 
methods similar to those used for the double-resonator klystron. 

The value of a' required for sustained oscillation may be found by apply- 
ing the criterion of oscillation described for the double-resonator klystron. 
In Fig. 20, the angle a' is found to be the phase angle between the zero of 
the resonator alternating potential (when the potential is changing from 
acceleration to deceleration) and the positive peak of the resonator voltage. 
The phase difference between two zeros of resonator voltage is a' + {t/2) ; 
therefore, we have a' + {ir/2) = 27m. The relationship between acceler- 
ating voltage and reflector voltage required for oscillation is found by in- 
serting a' = 2im — {t/2) and Vq from Eq. (1) into (7), yielding 

Vo ^ I2^n - (x/2)]^c 
(Vb - Vo)^ 8Mn 

There are a number of discrete values of Fo/(Fb — I’o)^ which produce 
oscillation. If Vr is the variable, the smaller values of n correspond to 
higher values of Vr. The ratio Fi/Fo is given by 


Fi 

Fo 


2x' 


2x' 


a' 2im — (ir/2) 

The power output and efficiency for a = 27rn — (7r/2) are 

2VoIox'Ji{x') 


loViJdx') = 


2ir»i — ir/2 

2x'Ji{x') 


Fi 

Vq 2irn — irJ2 


(11) 


( 12 ) 


( 13 ) 




106 TRANSIT-TIME OSCILLATORS [Char 6 

As n decreases, Fi/Fo increases; hence the power output and efficiency 
both increase. 

The efficiency is a maximum when the product x'Ji{x^) has its maximum 
value. The foregoing analysis was based upon certain assumptions which 
lead to a higher theoretical efficiency than is obtained by a more critical 
analysis. The maximum theoretical efficiencies of reflex klystrons range 
from 20 to 30 per cent. 


Fig. 24. — X-ray photograph of a 
Shepherd-Pierce reflex oscillator. {Cour- 
tesy of the M.I.T, Radiaiion Laboratory.) 


Fig. 25. — McNally tube. {Courtesy of the 
M.I.T, Radiaiion Laboraiory.) 


6.14. Examples of Reflex Klystrons. — Two modifications of the reflex 
klystron are shown in Figs. 24 and 25. Figure 24 is an X-ray photograph 
of a Shepherd-Pierce tube which is used as an oscillator at wavelengths of 
9 to 11 centimeters. This is an all-metal tube with a built-in resonator. 
At the top of the resonator is a thin corrugated diaphragm which permits 
changing the spacing between the grids, thereby tuning the oscillator. 
Tuning is accomplished by means of a bowed strut at the right-hand side 
of the tube which is clamped to the top of the tube. Adjustment of this 
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strut alters the spacing between grids. The coaxial output lead is coupled 
to the resonator by means of a small coupling loop which is clearly shown 
in the photograph. This tube has an output rating of 100 milliwatts and 
can be tuned over a range of 20 megaciycles by varying the potential of 
the reflector electrode. 

Figures 25a and 25b are photographs of a McNally tube. This tube is 
a reflex klystron which is used in conjunction with an external resonator 
(not shown in the illustration) . The resonator is clamped to the grid disks 
and is usually tuned by screw plugs. This tube has a rating of 75 milli- 
watts at Avavelengths of 8 to 12 centimeters. 

In recent years considerable effort has been devoted to the development 
of reflex klystrons which can be tuned over a broad band of frequencies.^-^ 
For practical reasons, it has been found desirable to build the tube and 
resonator as separate units. The McNally type of tube is used and the 
resonator usually consists of a coaxial line which contains an adjustable 
short-circuiting piston at one end for tuning. The line may operate either 
as a wavelength or a ^4 wavelength resonant line, with a voltage maxi- 
mum appearing at the klystron grids. Power output is obtained by coup- 
ling either a probe or a loop to the resonant line. Tuning is accomplished 
by the simultaneous adjustment of the reflector voltage and the length of 
line. 

In Eq. (6.13-10) it was shown that a number of different modes of oscil- 
lation can exist in a reflex klystron, the various modes corresponding to 
different values of the integer n. In general, the power output increases 
with decreasing values of n, but the stability of the oscillator under variable 
load conditions becomes poorer. If too large a value of n is used, the fre- 
quency of the oscillator is seriously affected by small changes in Vr. It 
has been found that values of n from 1 to 5 offer the most stable performance, 
with n = 3 being preferred. The mode of oscillation is determined, in 
part, by the reflector voltage. Consequently, in attempting to obtain con- 
tinuous tuning by varying Vr and the length of line, it is found that mode 
jumping may occur, resulting in an abrupt change in frequency and power 
output. For example, if the resonant line was operating as a 34 wave- 
length resonant line, the new frequency may be such that the line operates 
as a 34 wavelength line. This tendency of mode jumping makes it difficult 
to obtain continuous tuning over a large range of frequencies. Despite 
this limitation, however, reflex klystrons have been constructed with tuning 

1 Nelson, R. B., Methods of Tuning Multiple-Cavity Magnetrons, Phys. Rev.^ vol. 70, 
p. 118; July, 1946. 

* Kearney, J. W., Design of Wide-Range Coaxial-Cavity Oscillators Using Reflex 
Klystron Tubes in the 1000 to 11,000 Megacycle Frequency Region, Proc. National 
Electronics Conference, vol. 2, pp. 624-636; October, 1946. 

3 Clark, J. W., and A. L. Samuel, A Wide-Tuning-Range Microwave Oscillator Tube, 
Proc. I.R.E., vol. 35, pp. 81-87; January, 1947. 
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ranges exceeding 2 to 1 in the range of frequencies from 1,000 to 11,000 
megacycles. 

Another recent development ^ consists of a velocity-modulated tube in 
which the electron bunches oscillate back and forth, passing through the 
resonator grids during successive cycles of oscillation in a manner similar 
to that of electron oscillation in the positive-grid oscillator. A mathe- 
matical analysis of this type of tube has shown that the electrons will be 
bunched at the center of the resonator grids during successive cycles of 
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Fig. 26 . — Sectional view of the resnatron. 

oscillation if the d-c potential has a parabolic distribution on either side 
of the resonator grids. Efficiencies exceeding 40 per cent have been ol)- 
tained with this type of tube. 

6.16. The Resnatron. 2* ^ — The remarkable performance obtained with 
resnatron tubes indicates that this type of tube holds considerable promise 
for the future. At present, tubes have been built which deliver continuous 
power outputs of 85 kilowatts with anode efficiencies of 60 to 70 per cent, 
operating in the frequency range from 350 to 650 megacycles. It appears 
quite likely that the frequency range of this type of tube can be extended 
farther into the microwave-frequency spectrum. 

The resnatron, shown in Fig. 26, is a cylindrical tetrode with an input 
resonator between the cathode and control grid and an output resonator 

^ CoETEKiER, F., The Multireflection Tube — New Oscillator for Very Short Waves, 
Philips Tech, Rev.y vol. 8, pp. 257-266; September, 1946. 

* Salisbury, W. W., The Resnatron, Electronics, vol. 19, pp. 92-97; February, 1946. 

® Dow, W. G., and H. W. Welch, The Generation of Ultra-High Frequency Power 
at the Fifty Kilowatt Level, Proc. National Electronics Conference, vol. 2, pp. 603-614; 
October 1946. 
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between the screen grid and anode. The input and output resonators are 
coupled together by an external coaxial line when the tube is used as an 
oscilla^tor. The control grid is biased beyond cutoff so that the operation 
of the tube is similar to that of a class C triode oscillator. However, the 
resnatron differs from the triode oscillator in two important respects. In 
the triode tube, the electrons are simultaneously accelerated by the d-c 
field and retarded by the a-c field. This results in relatively low electron 
velocities and the electron transit times may therefore be excessively large 
at microwave frequencies. In the resnatron, the electrons are accelerated 
by the d-c field between the control grid and screen grid and consequently 
attain a high velocity before entering the a-c field between the screen grid 
and plate. This results in an appreciable reduction in electron transit 
time through the a-c field, making it possible to obtain greater power output 
and higher efficiency. Also, by coupling the input and output resonators 
together by means of an external coaxial line, it is possible to vary the 
length of this line and thereby introduce any desired amount of phase shift 
between the two resonators to compensate for electron transit-time delay. 
In this way the electron bunches are made to traverse the a-c field between 
screen grid and plate at the optimum phase angle for maximum power 
output. 

The cathode of the resnatron of Fig. 26 is the dark, shaded portion. 
This consists of 24 pure tungsten filament wires, each about 1 inch long, 
which are hard soldered to two copper rings. Quarter-wavelength chokes 
are placed on the cathode rod below the cathode to prevent radio-frequency 
loss. The control grid is a piece of copper tubing containing a number of 
longitudinal slots, one for each filament wire. The screen grid consists of a 
squirrel-cage grid of copper tubing. This is connected to the anode struc- 
ture; hence the screen grid and anode are at the same d-c potential. The 
anode is a copper annular ring containing fins which project radially inward. 
By properly shaping the cathode, control grid, and screen grid electrodes, 
the electron beam may be focused in such a way as to minimize screen-grid 
current, thereby preventing high screen-grid dissipation. 

Both the input and output resonatom consist of coaxial lines which are 
effectively ^ of a wavelength long, with the maximum a-c voltage points 
located at the tube electrodes. The input resonator is tuned by means of a 
lumped capacitance, shown at the top of the resonator in Fig. 26. The 
output resonator is tuned by means of a plunger and an expanding bellows, 
which is shown at the top of the output resonator. The output loop is 
coupled to a wave guide which has cross-sectional dimensions 6 by 15 
inches (for 650 megacycles). Vacuum is maintained by an exhaust pump. 

For typical operating conditions, the anode potential is 173^ kilovolts, 
control-grid potential —2,500 volts, filament current 1,800 amperes, and 
grid current 13 ^ amperes. 



110 


TRANSIT-TIME OSCILLATORS 


[Chap. 6 


6.16. The Traveling-wave Tube.^-^ — The traveling-wave tube is a new 
type of tube which has shown considerable promise as a broad-band ampli- 
fier. As shown in Fig. 27, the tube contains a closely wound wire helix 
through which an electron beam travels. The signal to be amplified is 
impressed upon the helix at the input end of the tube and takes the form 
of a wave traveling along the helix. The interaction of the electron stream 
and the traveling wave results in an amplification of the signal as it pro- 
gresses along the helix. The amplified signal is then removed at the output 
end of the helix. 

If the length of wire in the helix is n times as long as the helix, the velocity 
of the traveling wave is Approximately v = Vc/n, where Vc is the velocity of 
light. The electrons enter the helix with a velocity slightly greater than 



Fig. 27. — Traveling-wave tube. 


that of the traveling wave and tend to become bunched as they travel 
through the helix. Those electrons which are retarded by the a-c field 
of the traveling wave slow down, while those electrons which are accelerated 
by the a-c field speed up and overtake the preceding slower electrons. 
In this way the electrons tend to bunch in the regions of the retarding a-c 
field. This results in energy transfer from the electrons to the traveling 
wave, thereby building up the amplitude of the wave. The increase in 
amplitude of the traveling wave is somewhat analogous to the building up 
of water waves by a wind blowing past them. 

A longitudinal magnetic field (not shown in Fig. 27) is used to focus the 
electrons, thereby compelling them to travel in a direction parallel to the 
axis of the helix. Electrons that move parallel to the magnetic field are 
not affected by the magnetic field, but electrons which have a component of 
motion across the field experience a torque which tends to force them to 
move in the direction of the magnetic field. 

^ Pierce, J. R., Traveling- Wave Tubes, Proc, I.R.E.j vol. 35, pp. lOS-111; February, 
1947. 

^ Pierce, J. R., Theory of the Beam-Type Traveling- Wave Tube, Proc. I.R.E., vol. 35, 
pp. 111-123; February, 1947. 

*Kompfner, R., The Traveling-Wave Tube as an Amplifier of Microwaves, Proc. 
I.R.E.f vol. 35, pp. 124-127; February, 1947. 
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The traveling-wave tube shown in Fig. 27 is untuned and therefore 
operates as a broad-band amplifier. Bandwidths as high as 800 megacycles 
have been realized with this type of tube. This is of the order of 80 times 
the bandwidth possible in a single stage video amplifier using a conven- 
tional pentode tube. 


PROBLEMS 

1 . A positive-grid oscillator, connected as shown in Fig. 1, has a d-c potential difference 
of 100 volts between grid and plate (or cathode) and a peak a-c potential of 75 volts. 
The distance between the cathode and plate is 1 cm and the grid is midway between 
the cathode and plate. Compute the frequencies of oscillation of electrons which 
leave the grid plane at values of = 0, ir/2, tt, and 37r/2. What would be the approxi- 
mate frequency of electrical oscillation as a Gill-Morrell oscillator? What would be 
the approximate frequency of electrical oscillation as a Barkhausen-Kurz oscillator? 

2. Derive expressions for the power input, power output, and conversion efficiency of an 
electron moving in the grid-plate region of the positive-grid oscillator shown in Fig. 1. 
The grid to plate (or cathode) voltage is F = —Vo — Vi sin cat and the electron leaves 
the grid plane at the phase angle <t>. Assume that the alternating potential is small 
and therefore that the electron velocity is determined by the d-c potential only. 

3 . A double-resonator klystron is tuned to a frequency of 3,000 megacycles. The dimen- 
sions of the klystron, as shown in Fig. 10, are di = ^2 =* 0.1 cm and s = 2 cm (see 
Fig. 10). The beam current is Iq = 25 ma and the ratio of V 2 /V 0 is 0.3. The two 
resonators are assumed to oscillate in time phase. 

(a) Compute the d-c accelerating voltage, buncher voltage, and catcher voltage 
required for maximum power output for integer values of n from 1 to 5. 

4 . Compute the power output, power input, and maximum theoretical efficiency of the 
klystron given in Prob. 3, using values of n = 2 and 3. In computing the efficiency, 
take into consideration the reduction in efficiency caused by the electron transit time 
delay in passing through the catcher resonator. 

6. Obtain a mathematical expression for the curves of Fig. 17 by differentiating Eq. 
(6.10-1) and substituting this into Eq. (6.10-4) to eliminate What values of 
<at\ and cat 2 correspond to infinite values of ^tz/^tO for a; = 1.0 and z = 1.84? 

6. A reflex klystron is tuned to a frequency of 5,000 megacycles. The distance s is 
0.5 cm (see Fig. 19). What values of Vo/{Vr — Vo)^ are required for oscillation 
corresponding to n = 1 to 5? Specify values of Fo and Vr which will produce oscil- 
lation. 

7 . Derive the equations for the power output, power input, and efficiency of the re- 
flex klystron. 

8. Using Eq. (6.13-10) derive an expression for df/dVR for the reflex klystron. Assume 
that Fo = 350 volts, s — 0.5 cm, / = 5,000 megacycles, and n = 4. Compute the 
frequency change for a 1-volt change in reflector potential. 



CHAPTER 7 


MAGNETRON OSCILLATORS 

During the early stages of the war, the urgent quest for . a suitable 
microwave generator, capable of delivering large power output at high 
efficiencies under pulsed conditions, for use in high-definition radar^ led to 
the development of the multicavity magnetron. The British brought to 
the United States an early model of the multicavity magnetron in the fall 
of 1940 and demonstrated its potentialities as a source of microwave power. 
Thereafter its development proceeded rapidly under the stimulus of an in- 
tensive wartime research program. 

7.01. Description of Multicavity Magnetrons. — A cutaway view of a 
10-centimeter multicavity magnetron is shown in Fig. 1. This contains 
an indirectly heated oxide-coated cathode and a laminated copper anode. 
The anode block is bored or broached to provide for eight identical cylin- 
drical resonators. A pickup loop in one of the resonators is connected to 
the external circuit by means of a vacuum-sealed coaxial line to provide 
the power-output connection. The magnetron of Fig. 1 contains disk- 
shaped fins for forced-air cooling. 

Figure 2 shows a 10-centimeter magnetron and a 3.2-centimeter magne- 
tron, complete with alnico permanent magnets. The output of the small 
magnetron is coupled to a wave guide through a vacuum-sealed dielectric 
window. 

In the operation of the magnetron, a high d-c potential is applied be- 
tween cathode and anode, setting up a radial electric field. An axial mag- 
netic field is provided by either a permanent magnet or an electromagnet. 
Electrons emitted from the cathode experience a force directed radially 
outward due to the d-c electric field and a force perpendicular to their 
instantaneous direction of motion due to the magnetic field. The combined 
forces cause the electrons to take a spiral path, the radius of curvature of 
which decreases with increasing magnetic field strength. For a given value 
of d-c anode potential, there is a critical value of magnetic field strength 
which causes the electrons to just graze the anode. This value of magnetic 
field strength is known as the cutoff value. If the magnetic field strength 
exceeds the cutoff value, the curvature of the electron path is such that 
the electrons miss the anode and spiral back to the cathode. Magnetic 
field strengths of the order of one to two times cutoff are normally required 
for oscillation. 
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The various types of oscillation of a magnetron will be considered in 
detail later in the chapter. However, the following brief description is 
intended to give an over-all picture of the mechanism of the traveling-wave 
type of oscillation. 

When the magnetron is functioning as an oscillator, the electrical oscil- 
lation of the resonators sets up an a-c electric field across the resonator 



Fig. 1. —Cutaway view of a 10-centimeter cavity magnetron, {Courtesy of the M.I.^ 

Radiation Laboratory,) 


gaps. In the multianode magnetron, such as that shown in Fig. 1, the 
a-c field in the interaction space (the space between the cathode and anode) 
is largely tangential. In general, there is a phase difference between the 
oscillations of successive resonators which produces a rotating a-c fields 
The d-c anode potential and the magnetic field strength are adjusted sc 
that the whirling cloud of electrons rotates in synchronism with either the 
fundamental or a submultiple component of the rotating a-c field. 

Part of the electrons rotate in such a phase that they are accelerated J)y 
.he a-c field, while other electrons rotate in such a phase as to be retarder 
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by the a-c field. Those electrons which are accelerated by the a-c field 
experience an increase in velocity and a consequent increase in torque re- 
sulting from their motion in the magnetic field. This causes these elec- 
trons to have their paths so altered that they spiral back to the cathode 
and they are thereby withdrawn from the interaction space. The electrons 
remaining in the interaction space are those which, on the average, are re- 
tarded by the a-c field. These electrons give energy to the a-c field thereby 
contributing to the power output of the magnetron. As a result of this 



Fig. 2. — Ten- and three-centimeter magnetrons with magnets. {Courtesy of the Western 

Electric Company,) 

selection process, the electrons form into groups resembling the spokes of 
a wheel, with the entire spokelike formation rotating at synchronous speed 
with respect to a component of the a-c field. 

The foregoing description of the operation of the magnetron applies to 
the traveling-wave type of oscillation. The magnetron may also operate 
as a negative-resistance oscillator or as a cyclotron-frequency oscillator. 
These types of oscillation will be described in detail later. 

7.02. Magnetrons as Pulsed Oscillators. — The magnetron is particu- 
larly well suited to pulsed operation, such as is required in radar systems 
and pulse-time modulation. In a pulsed system, a high d-c anode potential 
is applied to the magnetron for an extremely short interval of time, with 
a relatively long time interval between pulses during which the tube is 
inoperative. This makes it possible to obtain very high values of peak 
power output and still remain within safe limits of average power output 
and plate dissipation for the tube. 

water-cooled magnetron, capable of delivering 2.5 megawatts peak 
power output at a wavelength of 10 centimeters under pulsed conditions. 
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is shown in Fig. 3. A typical pulse cycle for this tube consists of a pulse 
duration of 1 microsecond, with 1,000 pulses per second. If the peak 
power output is 2.5 megawatts, the average power would be 2.5 kilowatts. 
The cathode current during the pulse interval is 140 amperes and the peak 
anode voltage is 50 kilovolts.^ 

Pulsed operation of a magnetron imposes extremely severe requirements 
upon the cathode. Current densities of the order of 50 amperes per square 
centimeter are sometimes required. Experiments have shown that the 



Fig. 3. — High-power cavity magnetron. {Courtesy of the M.I.T, Radiation Laboratory,) 

cathode current under pulsed conditions may be many times the current 
obtainable when the tube is not oscillating. The reason for this very large 
cathode current is not entirely clear. One possible explanation is that part 
of the electrons (those rotating in an unfavorable phase with respect to 
the a-c field) return to the cathode with relatively high kinetic energy and 
consequently splash out secondary electrons. Since a portion of the sec- 
ondary electrons emitted from the cathode have an unfavorable phase 
with respect to the a-c field, these electrons return to the cathode and 
splash out other secondary electrons, resulting in a cumulative bombard- 
ment of the cathode which builds up the emission to very large values. 
Magnetrons designed for short-wavelength operation sometimes depend 
entirely upon this bombardment of the cathode by returning electrons to 
heat the cathode, there being no additional heater power supplied. Occa- 
sionally the back bombardment becomes excessive, resulting in overheating 
and damage to the cathode. 

Another possible explanation for the high cathode emission is that the 
work function of the cathode may be lowered due to relatively large fields 
at the cathode surface, ionic conduction, or electrolytic conduction. A 
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certain amount of the increased current can be attributed to the space- 
charge cloud which has accumulated around the cathode during the qui- 
escent period. 

Cathodes are usually constructed of a nickel cylinder or a nickel wire 
mesh containing an oxide coating. Special oxide coatings have been de- 
veloped for the short-wavelength magnetrons to overcome the limitation 
of the power output resulting from the small size of the cathode. 



Fig. 4, — Anodes of lO-centimeter and 3-centimeter magnetrons. {Courtesy of the MJ.T, 

Radiation Laboratory.) 


7.03. Electron Motion in Uniform Magnetic Fields. — If a charge q is 
projected into a uniform magnetic field with an entering velocity v, it ex- 
periences a force in a direction mutually perpendicular to its instantaneous 
direction of motion and to the direction of the magnetic field. This is 
known as the Lorentz force and is given by 

/ = qvB sin d (1) 

where B is the magnetic flux density and 9 is the angle between B and v. 
In mks units, B is in webers per square meter. 

The Lorentz force may also be expressed in vector notation as a cross 
product, thus 

!=qvX 5 (2) 

The direction of the vector force J is found by applying the right-hand 
rule described in Sec. 2.01. 

Figure 5 shows the motion of an electron in a uniform magnetic field 
when the magnetic field is directed into the page. The force on an elec- 
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tron is directed opposite to that of a positive charge, as is evident if we 
substitute g = —c in Eq. (2). 

If the electron moves in a plane perpendicular to the magnetic field, the 
path is a circle. The Lorentz force, directed radially inward, is equal and 
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X X X X X 
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Fig. 5. — Electron motion in a uniform magnetic field. 


opposite to the centrifugal force where r is the radius of the path. 

Equating the magnitudes of the Lorentz and centrifugal forces and setting 
sin 0 = 1 in Eq, (1), we obtain 

mv^ 

evB = (3) 


The equations for the radius of the path, angular velocity, and period 
uf rotation, as obtained from Eq. (3), are as follows: 


mv 

V eB 
r rn 
27r 27rni 

r = - = 

03 eB 


(4) 

(5) 

( 6 ) 


The radius of the path varies directly with electron velocity and inversely 
as the magnetic field strength. The kinetic energy and the magnitude of 
the velocity of a charge moving in a stationary magnetic field are constant. 
In general, a stationary magnetic field can neither give energy to nor take 
energy from a charge moving in the field. 

7.04. Electron Motion in the Parallel-plane Magnetron. — Let us now 
consider the electron trajectories and cutoff criterion for the idealized 
parallel-plane magnetron shown in Fig. 6. The electric intensity is directed 
in the negative z direction, and the magnetic intensity is assumed to be 
y directed. 
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The vector force on a charge in combined electric and magnetic fields is 
obtained by adding Eqs. (2.06-1) and (7.03-2), yielding 

/ e(E + vXS) ( 1 ) 

This force may be expressed in terms of its scalar components. The z- 
directed force includes a component due to the electric field and a Lorentz 
force due to the velocity component Vx; thus fz = — e(£? + VxB). The re- 



directed force consists only of a Lorentz force due to velocity Vg, or fx = 
evgB, Equating the force components to mass times acceleration, we 
obtain 

eVzB = max ( 2 ) 

VxB) = max (3) 

These equations may be expressed in terms of velocity, by substituting 
the relationships = dvx/dt and = dvg/dt into Ec^s. (2) and (3), and, 
with the additional substitution of iS? = —Vo/dj we obtain 

dvx 

— = (^eVg (4) 

dt 

dvg 

dt 

where 

Comparing Eq. (6) with (7.03-5), we find that the expression for «« is the 
same as that for the angular velocity in a pure magnetic field. 

To obtain an explicit equation in one variable, differentiate Eq. (6) with 
respect to time and substitute Eq. (4) for dvxidt Since the potential Fo 
is a constant, we have 


md 




eB 

m 


( 5 ) 

( 6 ) 
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A solution of this equation is Vz = C\ sin (aet + C 2 cos Wc^. To evaluate 
the constants, assyme that the electron leaves the cathode at zero time 
and with zero initial velocity. Substituting these boundary conditions 
into the equation for Vz we find that C 2 = 0. Thus, there remains 

Vz = Cl sin o>et (8) 

To evaluate the constant Ci, differentiate Eq. (8) with respect to time, 
yielding dvz/dt = Cicog cos Now equate this to Eq. (5) and write the 
resulting equation for zero time, remembering that when < = 0, we also 
have Vx = 0. The constant Ci then becomes Ci = eVJojemd. The z com- 
ponent of velocity is obtained by substituting the constant Ci into Eq. (8). 
The X component of velocity is found by substituting Vz into Eq. (5). 
The velocity components then become 

eVo . 

Vz = Sin diet (9) 

coemd 


Vx = 


eVo 


(1 — cos COeO 


( 10 ) 


Inserting Vz = dz/dt and Vx = dx/dt into the above expressions and inte- 
grating, we obtain the electron-displacement equations. The integration 
constants are evaluated by assuming that the electron leaves the origin 
at zero time; hence when i = 0 we have x = z = 0, and 


z = 


X = 


eVo 

(J^md 

eVo 

Jimd 


(1 — cos WeO 


{(Met — sin (Met) 


( 11 ) 

( 12 ) 


The path taken by the electrons, as determined by Eqs. (11) and (12), 
is a cycloid. A cycloid is the locus of a point on the circumference of a 
circle which is rolling along a straight line. From Eq. (11), we find that 
the maximum displacement of the electron in the z direction occurs when 
(Met = TT. The maximum displacement is therefore 


26Fo _ 2mFo 
“ Jimd ~ eBH 


(13) 


Cutoff occurs when the electron just grazes the anode, or when z^ax = d* 
Making this substitution in Eq. (13) and solving for the cutoff value of 
magnetic flux density, we obtain 


Be 


1 l2mVo 
d ^ e 


(14) 
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Equation (11) shows that the electron leaves the cathode when o)et == 0 
and returns when o)et = 2ir, The transit time of the electron for one com- 
plete cycle is, therefore, 



We 


27rm 


(15) 


The foregoing equations were derived for electrons moving in a plane 
perpendicular to the magnetic field. The relationships are more compli- 
cated if the electron has a component of velocity in the direction of the 

magnetic field. A parallel-plane mag- 
netron, as such, Avould have little 
practical value, since successive oscil- 
lations of an electron would soon carry 
it out of bounds in the x direction. 

7.06. Analysis of the Cylindrical- 
anode Magnetron. — We now consider 
the behavior of electrons in the cy- 
lindrical-anode magnetron under d-c 
operating conditions. In Fig. 7, the 
positive direction of the electric in- 
tensity is, by definition, radially out- 
ward (the actual electric intensity is 
Fio. 7.-piagram for the analysis of the radially inward and therefore is nega- 

tive). The magnetic flux-density vec- 
tor is assumed to be in the z direction. Cylindrical coordinates p, and 
z are used. 

In formulating equations for rotational motion, it is convenient to use 
torque instead of force. A fundamental law of mechanics states that 
torque is equal to the time rate of change of angular momentum. The 
Lorentz force on an electron, due to its motion in a magnetic field, is 
/ = —e(vXS), its direction being mutually perpendicular to v and B. 
The (t> component of this force is = eVpB, and the corresponding torque 
is p/^ = peVpB, To derive the angular momentum, we start with the 
moment of inertia of the electron mp^ and multiply this l)y the angular 
velocity d4>/dt to obtain mp^{d<t>/dt). Equating torque to time rate of 
change of angular momentum, we get 





( 1 ) 


Multiplying both sides of Eq. (1) by dt and integrating, we have 

eBp^ 

= mp^ — + Cl 

dt 


2 


( 2 ) 
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To evaluate the integration constant Ci we recall that at the cathode 
(p = a) the angular velocity of the electron d<l>/dt is zero. Equation (2) 
then yields the value of the constant Ci = eBa^l2. Equation (2) therefore 
gives the angular velocity as 

d<t> eB 
dt 2m 





(3) 

\ p^/ 

1 . 


where, in the cylindrical magnetron, we let 


eB 


Wc = — 

2m 

(4) 


According to Eq. (3), the angular velocity at the cathode (p = a) is zero. 
The angular velocity increases with radius, approaching an asymptotic 
value of d4/dt = at points such that p » a. The value of coe for the 
cylindrical magnetron is one half of the value for the parallel-plane 
magnetron. 

We need an additional fundamental relationship relating the motion of 
the electron to the potential. An electron in motion in an electric field 
has a kinetic energy of and potential energy of — cF. The kinetic 

and potential energies are not altered by the presence of a magnetic field. 
If the fields are stationary, the sum of kinetic plus potential energy re- 
mains constant as the electron moves through the field. Assuming that 
the cathode is at zero potential and that the electron is emitted with zero 
velocity, the sum of kinetic plus potential energy at the cathode is zero. 
Consequently, at any other point in space, we have — eV = 0. 

The velocity has two components: a radial velocity and a <#> component 
of velocity v^. The resultant velocity is v vl + vl. Substitution of 
V in the energy equation yields 

eV = + 4) 



In order to solve for the cutoff conditions, substitute Eq. (3) into (5), 
yielding 

..2 / ., 2 x 2 -_ 

( 6 ) 


At the anode p = b the potential is F = Eo and Eq. (6) becomes 


( 7 ) 
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Cutoff occurs when the radial velocity dp/dt is zero at the anode. Thus, 
the condition for cutoff is obtained by substituting B = dp/dt = 0, and 
We =f eBc/2m in Eq. (7), yielding 


7o = 


/i _ (a _ 

2e \; 6V' Sm'y^by 

1 fe/iTo 

6[1 - ^ e 


( 8 ) 

( 9 ) 


where Be is the cutoff valuo of magnetic flux density. In most magnetrons, 
wo have 6 ^ a and Eq. (9) reduces approximately to 


Be = 


1 ISmVo 

bl e 


6.75 X 10“® /— 

V Vo (mks units) (10) 


The expression for Be given by Eq. (10) is similar to that of Eq. (7.04-14) 
for the parallel-plane magnetron. The foregoing derivations for the cylin- 
drical magnetron are valid for any degree of space-charge density. An 



(a) 



(b) 



Fia. 8. Electron paths in a cylindrical magnetron for various values of magnetic flux density. 


electron, moving in a cylindrical magnetron under d-c operating conditions, 
describes approximately an epicycloidal path. An epicycloid is the locus of 
a point on the circumference of a circle which rolls along the circumference 
of another circle (the cathode). The electron paths for several different 
values of magnetic field strength are shown in Fig. 8. Cutoff condition 
is illustrated by Fig. 8b, and Fig, 8c corresponds to magnetic field strengths 
greatly exceeding cutoff. 

Equation (9) expresses a critical value of magnetic flux density above 
which we would expect the current to drop abruptly to zero. However, 
measurements of plate current as a function of magnetic flux density show 
a more gradual decrease in plate current, as shown in Fig. 9. The gradual 
decrease in plate current in the vicinity of cutoff may be attributed to the 
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following caUvSCvs: (1) electrons are emitted from the cathode with random 
emission velocities, and (2) electron collisions and space-charge field effects 
alter the individual electron velocities. 



Fig. 9. — Plate current of a magnetron as a function of magnetic flux density and anode voltage 


7.06. Negative-resistance Oscillation. — The negative-resistance mag- 
netron utilizes a split-anode construction, usually having two anode seg- 
ments. Since this type of magnetron is seldom used at frequencies exceed- 


+150 volts +150 volts 



+50volts +50 volts 

(a) (b) 


Fig. 10. — Electron paths in a split-anode magnetron having different values of d-c potential 
applied to the two anode segments. 


ing 800 megacycles, the resonant circuit is usually mounted external toThe 
tube. A common type of resonant circuit consists of a transmission line 
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having one end connected to the two anode segments and with an adjust- 
able short-circuiting bar at the other end. 

Oscillations occur in a negative-resistance oscillator by virtue of a static 
negative-resistance characteristic between anode voltage and anode cur- 
rent. Kilgore ^ showed that if the two anode segments have different values 
of d-c potential with respect to the cathode, within a certain range of 

potentials, the electron orbits are 
such that a majority of electrons 
travel to the least positive anode. 
This negative-resistance character- 
istic makes it possible to utilize 
the magnetron as a negative-resist- 
ance oscillator. Power outputs of 
several hundred watts at efficien- 
cies as high as 50 to 60 per cent 
have been obtained by this means. 
In this type of oscillator there is 
no relationship between electron 
transit time and the period of elec- 
trical oscillation other than the 
requirement that transit time be 
small in comparison with the 
period of electrical oscillation. 

In order to account for the 
negative-resistance characteristic, 
Kilgore took photographs of the 
0 100 200 electron paths in a magnetron. A 

^ ^ , . small amount of gas was admitted 

Fig. 11. — Negative-resistance characteristic of , . , , , ^ i i • • i • r 

the split-anode magnetron. the tube SO that ionization of 

the gas by the electron stream 
provided a luminous trace of the electron path. A shield, placed over 
the cathode, contained a small aperture in order to confine the emission 
to a single spot on the cathode surface. The electron paths shown 
in Fig. ID were obtained in this manner. These show a tendency of the 
electrons to spiral out of the region of high potential and into the region 
of low potential, eventually terminating at the low-potential anode segment. 
Figure 11 shows the negative-resistance characteristic of the magnetron 
obtained in this manner. 

7.07. Cyclotron-frequency Oscillation. — One type of oscillation of a 
magnetron has been found to have a period of electrical oscillation which 
is approximately equal to the electron transit time from cathode to the 

^ Kilgore, G. R., Magnetron Oscillators for the Generation of Frequencies Between 
300 and 600 Megacycles, Proc, LR.E.y vol. 24, pp. 1140-1158; August, 1936. 
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vicinity of the anode and back to the cathode. This transit time is known 
as the cyclotron period of the electron; hence the associated oscillation is 
referred to as the cyclotron-frequency type. For this type, the product \H 
is a constant, specifically 

\H = 12,000 (mks units) 

= 15,000 (emu units) (1) 

Cyclotron-frequency oscillations may exist in either a single-anode or a 
split-anode magnetron. If a single-anode magnetron is used, the resonant 
circuit is connected between cathode and anode. The selection process. 





Fig. 12. — (a) Path of an electron which gains energy from the a-c field, and (b) path of an 
electron which gives energy to the a-c field. The spirals represent projections of the electron 
path. 


whereby the unfavorable electrons (those which take energy from the a-c 
field) are withdrawn from the interaction space, while the favomble elec- 
trons (those which give energy to the a-c field) are allowed to continue to 
move through the interaction space, is similar to that described in Sec. 
7.01. Briefly, this process may be stated as follows: Those electrons which 
take energy from the a-c field have their orbits altered in such a manner 
that they return to the cathode and thereby are withdrawn. The elec- 
trons which give energy to the a-c field have their orbits altered in such a 
manner that they remain in the interaction space. These two cases are illus- 
trated for the parallel-plane magnetron in Figs. 12a and 12b, respectively. 

Consider the electron paths in the parallel-plane magnetron under oscil- 
lating conditions. Equation (7.03-4) shows that the radius of curvature 
of an electron in a pure magnetic field varies directly with the velocity of 
the electron. Similarly, in a parallel-plane or cylindrical magnetron, the 
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radius of curvature varies more or less directly with the velocity of the 
electron. An electron which takes energy from the a-c field experiences an 
increase in velocity; hence the radius of curvature of the path increases as 
shown in the spiral of Fig. 12a. 

Conversely, an electron which gives energy to the a-c field experiences 
a decrease in the radius of curvature of the electron path as shown in the 
spiral of Fig. 12b. The electron which gained energy from the a-c field 
would strike the cathode during the first cycle of oscillation and would 
thereby be removed, whereas the electron which gives energy to the a-c 
field would continue to travel through the interaction space. The 
cylindrical-anode magnetron can be vuisalized as a parallel-plane magne- 
tron rolled into a circle, allowing the cathode radius to decrease. The 
electrons having unfavorable phase terminate at the cathode, while those 
oscillating in a favorable phase terminate at the anode. 

In the cyclotron-frequency type of oscillation, the electrons in the inter- 
action space gradually fall out of phase with the a-c field and it is necessary 
to provide some means of removing them before they begin to take energy 
from the a-c field. This can be accomplished by tilting the magnetron 
with respect to the magnetic field. The electrons arc then given an axial 
component of motion, causing them to spiral down the interaction space 
and out the end of the tube. Another method consists of placing end plates 
perpendicular to the cathode and insulated from the cathode at either end 
of the tube. The end plates are given a positive potential so as to attract 
the electrons, thereby withdrawing them from the interaction space after 
several cycles of oscillation. The difficulty of removing the electrons at 
the appropriate time in their orbits, before they start taking energy from 
the a-c field, constitutes the principal drawback of the cyclotron-frequency 
oscillator. The efficiency, of this type of oscillation is considerably lower 
than that for the traveling-wave type, being of the order of 10 to 15 per 
cept. 

7.08. Traveling-wave Oscillation.^"^ — Most of the magnetrons in pres- 
ent-day use are designed for operation in the traveling-wave modes of oscil- 
lation. To produce this type of oscillation, a multicavity magnetron such 
as that shown in Fig. 1 is required. The traveling-wave type of oscilla- 
tion was briefly described in Sec. 7.01. As previously explained, ttie phase 
difference between the electrical oscillations of successive resonators is such 
as to produce a rotating a-c field or a traveling wave in the interaction 

^ Fisk, J. B., H. D. Hagstrum, and P. L. Hartman, The Magnetron as a Generator 
of Centimeter Waves, Bell System Tech, J., vol. 25, pp. 167-348; April, 1946. 

* Brillouin, L., Theory of the Magnetron, Phys, Rev.y part I, vol. 60, pp. 386-396; 
September, 1941; part II, vol. 62, pp. 166-167; August, 1942; part III, vol. 63, pp. 127- 
136; February, 1943. 

•Brillouin, L., Practical Results from Theoretical Studies of Magnetrons, Proc 
I.R.E,y vol. 32, pp. 216-230; April, 1944. 
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?pace. The electron space-charge cloud whirls around in the interaction 
?pace with a mean angular velocity equal to the angular velocity of a com- 
oonent of the rotating field. Those electrons which rotate in such a phase 
3,s to take energy from the a-c field have their paths altered in such a man- 
ner that they spiral back to the cathode and are therefore withdra^vn from 
the interaction space. The remaining electrons are grouped in a spoke- 
like formation, with the spokes rotating synchronously with the a-c field 
and in such a phase that the electrons are retarded by the tangential com- 
ponent of the a-c field. The paths of the individual electrons are approxi- 
mately epicycloids, and the electrons which have a favorable phase even- 
tually terminate at the anode. 

Since the electrons are retarded by the tangential component of the a-c 
field, it would appear that they would slip behind the rotating field and 
gradually fall into an unfavorable phase in a manner similar to that of the 
cyclotron-frequency oscillation. However, in the traveling-wave type of 
oscillation there is a “phase-focusing^' effect due to the radial component 
of the a-c field whi(;h tends to keep the electrons rotating synchronously 
with respect to the rotating a-c field. If an electron “leads" the retarding 
a-c field, the force due to the radial component of the a-c field is directed 
inward (toward the cathode). The resulting radial component of velocity 
in the magnetic field produces a torque in such a direction as to decrease 
the angular velocity of the electron. Conversely, an electron that “lags" 
the retarding a-c field will experience a force that is directed radially 
outward because of the radial component of the a-c field, and a torque, 
caused by the magnetic field, which tends to increase the angular velocity. 
Thus, the phase-focusing action tends to retard the leading electrons and 
speed up the lagging electrons, thereby keeping the space-charge cloud 
rotating in synchronism with the retarding a-c field. 

In the cyclotron type of oscillation, the a-c field is radial, whereas in the 
traveling-wave type of oscillation, the a-c field is largely tangential. In 
traveling-wave modes, the electron paths would be similar to those shown 
in Fig. 12, except that the path of the unfavorable electron. Fig. 12a, 
would be tilted downward, whereas the path of the favorable electron, 
Fig. 12b, would be tilted upward. The favorable electrons therefore 
eventually terminate at the anode and it is not necessary to make special 
provision to remove the electrons from the interaction space at a certain 
point in the electron cycle, as was required for the cyclotron-frequency 
oscillation. 

The operation of the magnetron as a traveling-w^ave oscillator resem- 
bles, in many respects, the operation of a polyphase a-c generator. In this 
analogy, the resonators of tlie magnetron correspond to the armature poles 
on the stator of the generator. The space-charge spokes in the magnetron 
are analogous to a salient-pole rotor in the generator. In the case of the 
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generator, the rotating magnetic field set up by the rotor induces emfs in 
the armature windings on the stator. The polyphase currents flowing in 
the stator windings produce a rotating magnetic field in the air gap be- 
tween the rotor and stator. The reaction of this stator field back upon 
the field of the rotor tends to retard the rotor. If the rotor is to continue 
to revolve at constant angular velocity, it is necessary to supply sufficient 
mechanical power to the rotor to overcome the retarding force due to the 
armature field, as well as to make up for the mechanical losses in the 
generator. 

Considering now the magnetron, we find that the rotating space-charge 
bunches induce emfs (and currents) in the resonators, analogous to the 
emfs induced in the stator windings of the generator by the rotor field. 
The resulting electrical oscillation of the resonators sets up a rotating 
electric field in the interaction space which reacts back upon the electrons, 
tending to slow them down. This is analogous to the reaction of the stator 
field back upon the rotor of the generator. In the magnetron the electron 
bunches tend to lead the retarding a-c field, while the phase-focusing effect, 
previously described, tends to keep the electrons rotating at synchronous 
speed with respect to the rotating field. The electrons gain energy from 
the d-c field as they spiral outward. This is comparable to the mechanical 
perWer supplied to the shaft of the generator. 

. Analysis of Traveling-wave Modes of Oscillation.^ — In the travel- 
ing-wave type of oscillation of a magnetron, the electrons rotate at syn- 
chronous speed with respect to a component of the a-c field. Our analysis 
will therefore deal, on the one hand, with the evaluation of the angular 
velocities of the electrons in terms of the magnetic field strength, d-c po- 
tential, etc., and, on the other hand, with the resonant frequencies of 
resonator systems and the traveling waves which are set up by the reso- 
nator fields. 

Consider, for example, the magnetron shown in the developed view in 
Fig. 13. Each curve represents a plot of the a-c component of potential 
difference between the cathode and a point on the anode circle. The 
potential curves are plotted as a function of angle, with the various curves 
representing potential distributions at different instants of time. The po- 
tential is constant across the face of the anode and varies linearly across 
the gap. 

The traveling-wave type of oscillation may have a number of different 
modes of oscillation. These correspond to the various resonant frequencies 
of the resonator system as well as to various angular velocities of the elec- 
trons which will react favorably with the field to produce oscillation. The 
particular mode shown in Fig. 13 is known as the tt mode. This mode is 

^ The treatment of the traveling-wave modes of oscillation presented here is similar 
to that given in reference ly loc. cit. 
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characterized by a phase difference of tt radians between the electrical oscil- 
lation of successive resonators. The electric intensity (and hence the force 
on the electron) are proportional to the slope of the potential curve. A 
negative slope of the potential curve indicates that an electron in that 
particular position is being retarded by the a-c field. 

The dotted lines in Fig. 13 represent the progress of electrons which 
travel in such a manner as to be retarded by the tangential component of 



Fig. 13. — Potential distribution in an eight-resonator magnetron oscillating in the » mode. 
The various curves represent different instants of time. Dotted lines represent the progress 
of electrons that travel in a favorable phase. 

the a-c field of successive resonators. These electrons, therefore, give 
energy to the a-c field, thereby contributing to the power output of the 
magnetron. The angular velocity of a particular electron is inversely pro- 
portional to the slope of the dotted line in Fig. 13. An electron may have 
any one of a number of discrete angular velocities (corresponding to the 
various dotted lines in Fig. 13) and still be retarded by the a-c field of 
successive resonators. 

A convenient relationship may be derived, relating the electrical fre- 
quency of oscillation to the angular velocity of the electron. An electron, 
having an angular velocity d<l>/dt, travels once around the interaction space 
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(2ir radians) in a time 2‘ir/(d^/dt) seconds. For a magnetron having N 
anodes, the time Ti required for the electron to traverse the distance from 
the center of one anode gap to the center of the next adjacent anode gap 
(from AtoBm. Fig. 13) is 

^ ~ {d4>/dt)N 

Now consider the phase relationships of the a-c field. Since the field at 
any point in the interaction space is single valued, the total phase shift 
around a closed path is 27m radians, where n is an integer representing the 
number of cycles of phase shift around the closed path. Since there are 
N resonators, the phase difference between the oscillations of two adjacent 
resonators is 


27r?i 



where n may take integer values from zero to N /2. 

Assume that the electron has the same direction of rotation as the a-c 
field. The traveling electron then sees a phase difference between corre- 
sponding points of two successive resonators (points A and B in Fig. 13) 
of (*)Ti — 0 radians. Since the electron is to experience a maximum re- 
tarding force in both positions, this phase shift must be an integral multiple 
of 27r radians, or 

coTi - = 2tp p = 0, ±1, ±2, • • • (3) 

By substituting 6 from Eq. (2) and Ti from Eq. (1) into Eq. (3) and solv- 
ing for CO, we obtain for the angular frequency of electrical oscillation, 

«.|(p+^)w 

where 

Equation (4) expresses a relationship between the oscillating frequency 
of the magnetron and the angular velocity of the electron. The constant 
k may take any one of a number of values as given by Eq. (5), the various 
values representing different modes of oscillation. 

The value of co in Eq. (4) must also coincide with a resonant frequency of 
the resonator system. A system of coupled resonators, such as that used 
in a magnetron, has a number of different resonant frequencies; hence, oj 
may represent any one of the resonant angular frequencies. 

Under d-c operating conditions, the angular velocity of the electrons, as 
expressed by Eq. (7.05-3), was found to increase from a value of zero at 




Sec. 7.09] 


TRAVELING^WAVE MODES OF OSCILLATION 


131 


the cathode to a limiting value of d(l>/dt = eB 12m at distances where 
a. Under dynamic conditions, however, most of the electrons rotate 
with constant angular velocity, in sjoichronism with the a-c field. Since 
the favorable eletitrons are retarded by the a-c field, it is apparent that the 
synchronous angular velocity must be less than the limiting value for d-c 
operating conditions. 

An approximate expression for d<t>/dt may be obtained by assuming that, 
at some radius p', the radial forces on an electron due to the electric and 
magnetic fields are equal and opposite. The force on the electron due to 
the d-c field, neglecting the variation of the field with radius, is/ = -eE- = 
“ ct)- The radial force due to the motion of the electron in Ishe 
magnetic field is / = ev^B = cJ?p' d(i>/dt Equating these forces, and solv- 
ing for the angular velocity at radius p', we obtain 

^ _ ^0 
dt ~ p'B{b - a) 

Inserting this angular velocity into Eq. (4), we may solve for the value of 
Vq/B required for a given frequency of oscillation 


where p' is the as yet undetermined radius at which the radial forces on the 
electron are equal and opposite. As a limt approximation, we may assume 
that this occurs at the mid-point between cathode and anode; i.e., at 
p' = (n -f h)/2, giving 

T"o w(62 - a®) 

ir = *"-^;rrr— (8) 


Equation (8) may be used to determine the approximate frequency of 
oscillation if Fq and B are known. 

Hartree has given a more accurate derivation, similar to Eq. (8), based 
upon the assumption that the electrons just reach the anode for an in- 
finitesimal amplitude of a-c voltage. His equation is 



This is a quadratic equation in terms of frequency, which may be used to 
evaluate the frequency if the values of Fo and B are known. If the final 
term in Eq. (9) is neglected, this equation reduces to Eq. (8). 

From an operational viewpoint, it is necessary to adjust the magnetic 
field strength and d-c anode potential of the magnetron to obtain the 
proper value of d4>/dt which will satisfy Eq. (4) for the desired mode. 
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There is a large number of possible modes of oscillation, as expressed bj> 
Eq. (9), although only a few of the modes have any practical significance, 
since many of the modes yield low power output and low efficiency. Our 
principal concern with the extraneous modes is a defensive one, arising out 
of the fact that magnetron oscillations have a tendency to jump from one 
mode to another mode under slight changes in operating conditions. This 
results in an abrupt change in frequency of oscillation and power output. 
This tendency of ^^mode-jumping^^ can be remedied by methods which will 
be described later. 

It should be noted that the value of k in Eqs. (4) and (5) may be either 
positive or negative, whereas co is always taken as a positive quantity. 

7.10. The TT Mode. — The most common mode of oscillation is the tt 
mode, for which the phase shift 6 between successive resonators is tt 
radians. From Eq. (7.09-2) we obtain, for the tt mode, n = N/2. Insert- 
ing this into Eq. (7.09-5), the allowed values of k become 

k={v + y2)N ( 1 ) 

Usually the tt mode is operated in such a manner that the electrons 
rotate synchronously with respect to the fundamental component of poten- 
tial. This requires that p = 0 and hence k = N/2 = n. Inserting this 
value of k into Eq. (7.09-4), we obtain the angular velocity of the electrons 
d<l)/dt = 2co/iV. For example, the angular velocity of an electron in an 
eight-resonator magnetron would be d(t>/dt = co/4 radians per second. 

Let us now consider the a-c field of the tt mode. As shown in Fig. 13, 
the potential distribution as a function of the angle is trapezoidal. If we 
choose our reference at the center of one of the anode pole faces, then the 
Fourier series representing the potential as a function of <l> contains only 
cosine terms, thus 





where F* is the amplitude of the kih harmonic. In the Fourier series rep- 
resenting the a-c potential, k must have integer values from zero to infinity. 
However, we are interested only in those components in the Fourier series 
which react favorably with the electrons; hence we shall consider only those 
values of k which satisfy Eq. (1). 

Equation (2) may be expanded by a trigonometric identity to give 

Vac - F! “ [cos {(dt — k<l>) + COS {wt + A:<^)] (3) 

The first term in Eq. (3)- represents a potential wave traveling in the +4 
direction with an angular velocity u/k radians per second. The second 
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term represents a wave traveling in the — <#> direction, also with the angular 
velocity o)/k radians per second. 

The potential distribution shown in Fig. 13 constitutes a standing wave. 
This is expressed as a Fourier series in Eq. (2). In Eq. (3), each one of 
the Fourier-series components representing a standing wave is resolved into 
two traveling waves which travel in opposite directions with equal angular 
velocities. From the point of view of magnetron operation, the electrons 
may rotate approximately synchronously with respect to any one of the 
traveling-wave components in either direction of travel. 

In order for the electrons to react favorably with the fundamental com- 
ponent of the potential wave, we must have p = 0 and hence, from Eq. ( 1 ), 
k = N /2 — n. The angular velocity of the electrons is then d<t>/dt = 
o)/k = 2o)/N, The electrons may rotate in either direction and thus travel 
approximately synchronously with respect to either one of the traveling 
waves corresponding to the fundamental component. The electrons will 
react with a harmonic of the potential wave when they travel approxi- 
mately synchronously with respect to the traveling wave corresponding to 
that particular harmonic. The harmonics of the potential wave with 
which the electrons can react favorably are known as the Hartree 
harmonics. 

On the average, an electron will transfer power only to that particular 
component of the field which has approximately the same angular velocity 
as the electron. The power transfer to all other field components will 
rapidly alternate between positive and negative values, averaging zero. 

7.11. Other Modes of Oscillation. — The mode corresponding to 
n = 0 is the cyclotron-frequency mode which was previously discussed. 
For this mode, we have 0 = 0; hence, the potential of all of the anodes 
rises and falls in time phase and the a-c field is essentially radial. The 
value of A; is A; = pN and Eq. (7.09-4) gives co = pN(d4>/dt), 

For the ir mode, we found that the potential distribution can be repre- 
sented by a Fourier series. Any one harmonic component in the series 
may be regarded either as a standing wave or as two component traveling 
waves which travel in opposite directions with equal angular velocities. 

In the more general case, the potential distribution can be represented 
by a similar Fourier series of component waves traveling in opposite direc- 
tions, thus 

fc = 00 

Vac = [Ak COS {o)t — k(t> + d) + Bk cos (oit + k<ii + 7 )] (1) 

where 5 and 7 are arbitrary phase constants. This expression differs from 
Eq. (7.10-3) for the tt mode in that the two oppositely directed waves for 
the TT mode have equal amplitudes, whereas in the general case, the ampli- 
tudes may be unequal. 
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In the case of the ir mode, there is no preferred direction of rotation of 
the electrons. Either direction will give the same power output. How- 
ever, in the more general case, the preferred direction is the direction of 
rotation of the stronger potential wave. When the electrons travel in the 
direction of rotation of the weaker potential wave, they are referred to as 
dri'^g a “reverse mode.” 



♦ + '/4T 
t+V4T 
I + VaT 
t + 4/4T 
t+5/4T 

t + 7/4T 
t+8/4T 
t4%T 
t+K>4T 

Fig. 14. — Anode potential as a function of angular position and time for the modes corre- 
sponding to n 2. Dotted lines represent paths of favorable electrons. Negative values 
of k correspond to electrons which are driving a reverse mode. 



Figure 14 shows a traveling wave of potential as a function of angular 
position and time for a magnetron having eight resonators. The dotted 
lines represent favorable electron paths corresponding to various modes. 
The electrons corresponding to the —k modes are driving a reverse mode. 

For the ir mode, the positive and negative values of p in Eq. (7.09-5) 
give the same sequence of values of k. However, for other modes, the 
sequence of values of k are different for positive and negative values of p. 
For example, if we let iV = 8 and n = 2, the positive values of p give 
fc = 2, 10, 18 • • • while the negative values of p give k = —6, —14, —22. 

The electric and magnetic field distributions for various modes in a 
magnetron having eight resonators are shown in Fig. 15. The electric field 
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Fig. 15. — Electric and magnetic field distributions in an eight-resonator magnetron foi 
various modes. The mode n = 4 is the tt inode. 
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is represented by the solid lines in the circular diagram, whereas the mag- 
netic field is represented by the dotted lines in the developed view. The 
output coupling loop is represented by the arrow in the circular drawing 
and by the bar in the center of the developed view. The sine-wave curves 
represent the fundamental component of potential as a function of 6. For 
the mode n = 1, the potential distribution for the second Hartree harmonic 
(p = ■— 1, fc = —7) is also shown. 

7.12. Resonant Frequencies of the Resonator System. — For the pur- 
pose of studying the resonant frequencies of the resonator system, let us 
represent a single resonator by a parallel L-C circuit. Since a mutual 
coupling exists between the various resonators in the magnetron, the 
equivalent circuit would consist of a closed chain of parallel L-C circuits, 
with mutual inductance between adjacent circuits. 

If two identical parallel L-(7 circuits are coupled together and shock ex- 
cited, the system will oscillate simultaneously at two slightly different fre- 
quencies. These two frequencies produce a beat effect, with part of the 
energy surging back and forth between the two coupled circuits at the beat 
frequency. The two frequencies of oscillation result from the fact that the 
mutual inductance can either add to or subtract from the self-inductances. 
Hence, the two circuits may oscillate either in phase or tt radians out of 
phase, the two cases corresponding to two slightly different resonant fre- 
quencies. 

A closed chain of N identical resonators, such as that used in the mag- 
netron, would have N resonant frequencies, spaced a short distance apart 
on the frequency scale. In the case of the two-resonator system, the oscil- 
lations of the two resonators differed by a phase angle of either 0 or tt 
radians. In the more general case of N resonators arranged in a ring- 
shaped configuration, the phase difference between successive resonators 
is not restricted to 0 or tt radians, but may have any value provided that 
the sum of the phase differences around the closed system shall equal some 
integral multiple of 2ir radians. Instead of having the mutual inductance 
either add to or subtract from the self-inductance, in the more general 
case, there will be a phase difference between the effects of self and mutual 
inductance which makes new resonant frequencies possible. As the cou- 
pling between resonators decreases, the various resonant frequencies draw 
closer together, finally converging upon the resonant frequency of a single 
resonator. 

7.13. Mode Separation. — In the design of a magnetron, it is necessary 
to provide some means of compelling the magnetron to oscillate in a single 
mode in order to avoid ‘^mode jumping.^’ To a certain extent, this can be 
accomplished by using tight coupling between resonators, thereby sepa- 
rating the resonant frequencies as far apart as possible on the frequency 
scale. 



Sec. 7.13] 


MODE SEPARATION 


137 


A method which is commonly used to minimize the possibility of mode 
jumping is to connect the anode segments together by means of conducting 
straps in such a manner as to maintain a fixed phase relationship between 
the oscillations of the various resonators. Figure 16 shows a magnetron 
with two ring straps. Each strap is connected electrically to alternate 
anodes so as to compel the potentials of the alternate anodes to oscillate 
in time phase. This restricts the possible modes of oscillation to the x 
mode or the mode n = 0 (for which the potentials of all anode segments 
oscillate in time phase). p]ach of the straps is broken at one point in order 
to allow for the asymmetry of the field produced by the coupling loop. The 
straps add a capa(utative reactance and hence cause a shift in the mode- 
frequency distribution. 




Fiq. 16. — Strap arrangement for the ir mode. 


It has been found advisable to shield the straps from the interaction 
space in order to minimize the possibility of the n = 0 mode, since the 
strap situated closest to the cathode tends to set up a radial a-c field be- 
tween cathode and anode which gives rise to the n = 0 mode. Shielding 
can be accomplished by milling grooves in the anode structure and embed- 
ding the straps in the grooves. 

The “rising-sun^^ resonator system shown in Fig. 17 provides a means of 
obtaining mode separation without the use of straps. The resonator sys- 
tem contains alternately large- and small-size resonators. The two sizes 
of resonators, taken individually, have widely differing resonant frequen- 
cies. When the resonators are coupled together, as in the magnetron, the 
X mode resonant frequency lies between the two individual resonant fre- 
quencies. There are also a number of other resonant modes present in the 
coupled system. However, if the two sizes of resonators differ appreciably, 
there will be sufficient mode separation to assure relatively stable operation 
in the x mode. 

Figure 18 shows a comparison of the mode separation of: (a) an un- 
strapped magnetron with a conventional resonator system, (6) a heavily 
strapped magnetron, and (c) a magnetron containing a rising-sun resonator 
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Fi(j. 17. — The “riaing-suii” resonator. 



Fig. 18. — Plot of wavelengths as a function of mode number for magnetrons having 18 
resonators, (a) Unstrapped resonator system, (b) heavily strapped resonator, and (c) “rising- 
sun” resonator. The tr mode oorresponds to n =* 9. {Courtesy of the Bell System Tech. Jour.) 
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system. The resonant frequencies of the rising>sun resonator fall into two 
groups, with the tt mode approximately halfway between the two groups. 
The mode separation for this particular rising-sun resonator system is not 
quite as great as that of the heavily strapped magnetron, l)ut there are 
compensating advantages in favor of the rising-sun resonator. 



Fig. 19. — Contours of constant magnetic field strength, constant power output, and con- 
stant efficiency, plotted against voltage and current for a 10-centnieter pulsed magnetron. 
{Courtesy of the Bell System Tech. Jour,) 

In the strapped magnetron, the mode separation decreases as the axial 
length of the anode increases. This is particularly objectionable in short- 
wavelength magnetrons, since the restriction on the anode length imposes a 
serious limitation upon the power output obtainable from the magnetron. 
In the rising-sun magnetron, the mode separation is not seriously impaired 
by anode lengths up to approximately % of a wavelength, which is some- 
what greater than the allowable anode length for the strapped magnetron. 
Furthermore, in the rising-sun magnetron, a large number of resonators may 
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be used and still maintain a reasonable degree of mode separation, whereas 
in the strapped magnetron, the modes tend to fall close together when a 
large number of resonators are used. The copper losses in the rising-sun 
magnetron are somewhat less than those in the strapped magnetron; hence 
the efficiency of the rising-run magnetron is higher. 

The principal disadvantage of the rising-sun magnetron is the tendency 
to operate in the zero mode (n = 0). Because of the asymmetry of the 
resonators, the a-c held strength across the gap of the large resonators 



Fig. 20. — D-c anode potential against magnetic field strength for various modes of oscillation 

differs from that of the small resonators. Since all of the resonators of 
one size oscillate in time phase, the excess held contributes to a zero-mode 
held. The magnetron can be designed so as to minimize the possibility of 
zero-mode oscillation by avoiding the value \B = 1 5,000 (X in centimeters, 
B in Gauss) required for zero-mode oscillation. 

7.14. Representation of Performance Characteristics of Magnetrons. — 
The performance characteristics of a magnetron can be represented by 
a contour plot such as that shown in Fig. 19. This graph shows contours 
of constant-power output, constant efficiency, and constant magnetic held 
strength as a function of d-c anode voltage and anode current. The partic- 
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ular plot shown in Fig. 19 was obtained for an eight-resonator, 10-centi- 
meter magnetron which was pulsed with a pulse of one microsecond dura- 
tion and 1,000 pulses per second. The typical operating point represented 
by the black dot in the center of the graph corresponds to a peak power 
output of 135 kilowatts at 42 per cent efficiency, requiring an anode poten- 
tial of 16 kilovolts. 

Figure 20 shows a ])lot of d-c anode potential against magnetic field 
strength for various modes in an eight-resonator magnetron. The cutoff 



Fig. 21. — -Rieke diagram showing contours of constant frequency and constant power output 
plotted on an admittance diagram similar to that in Fig. 3 [Chap. 9]. 

parabola is a plot of Eq. (7.05-10), whereas the straight lines representing 
the various modes are a plot of the Hartree equation (7.09-9). The magne- 
tron is the same as that for which the performance characteristics are shown 
in Fig. 19. The magnetic field strengths required for the various modes of 
operation are somewhat greater than the cutoff value, as indicated by the 
typical operating point in Fig. 20. The range of values of Fq and B in 
Fig. 20 is considerably greater than those used in ordinary practice. 

The Rieke diagram is a method of representing the performance char- 
acteristics of a magnetron in terms of the load impedance (or admittance^. 
Figure 21 shows a Rieke diagram consisting of contours of constant-power 
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output and constant frequency plotted on an admittance diagram similar 
to the Smith diagram described in Chap. 9. These data are obtained ex- 
perimentally by varying the load impedance and observing the power out- 
put and frequency. The Rieke diagram shows how the operation of the 
magnetron is affected by load impedance, thereby making it possible to 
select the optimum load impedance. 

7.16. Equivalent Circuit of the Magnetron. — A useful criterion of oscil- 
lation was stated in Chap. 5. Another useful criterion of oscillation is the 
admittance criterion, which states the requirements of oscillation in terms 



(a) 



Fig. 22.— Equivalent circuit of the magnetron. 


of the circuit parameters. Briefly, the admittance criterion of oscillation 
states that oscillation will occur if the sum of the admittances looking both 
ways at any pair of terminals is zero. 

If we apply this criterion to the magnetron, we may take the junction 
at the extremities of the anode gap. One of the admittances is then the 
circuit admittance looking into the anode at the junction. The other ad- 
mittance is the admittance of the electron stream. Representing these by 
Yc and Yo respectively, the criterion of oscillation requires that 

To + Fe = 0 (1) 

For convenience, we represent the electron admittance by 

Ye^Ge+jBe ( 2 ) 

In order to facilitate the circuit analysis, the magnetron will be repre- 
sented by the equivalent circuit shown in Fig. 22. In this equivalent cir- 
cuit, L and C represent the combined inductance and capacitance of N 
resonators in parallel, as obtained by multiplying the inductance and 
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capacitance of a single resonator by 1/N and Ny respectively. The shunt 
conductance Gc represents the loss in the resonator walls. The inductance 
of the coupling loop is represented by L 2 and the mutual inductance be- 
tween the resonator and coupling loop is represented by M. The external 
load impedance is Zl. 

For an ideal transformer, the secondary admittances may be transferred 
to the primary by multiplying them by the factor (M/L)^, yielding 


Y' = 



1 

J^2 + 





(3) 


where X 2 = WL 2 , and and H>i, are, respectively, the conductance and 
susceptance of the secondary circuit. 

The circuit admittance Yc may be viewed as the ratio of the induced 
a-c current at the anode junction to the a-c voltage developed across the 
anode gap. This may be expressed in terms of the primary circuit param- 
eters, shown in Fig. 22, and the reflected secondary circuit parameters as 
follows: 

Yc = + (?c + Fx, (4) 

JoiL 


Now let coo = l/y/ljC and Fq = '^G/L, the latter being referred to as 
the characteristic admittance of the resonator. Substitution of these into 
Fq. (4) yields 


Fc=i 



+ Gc + Y I, 


( o) — Wo\ , 

) + Gc + F:, 

Wo / 

Upon inserting Fi, from Eq. (3) into (5), we obtain 


(5) 


( 6 ) 


Oscillation will occur if the sum of the circuit admittance and the electron 
admittance is zero. Adding Eqs. (2) and (6) and setting 7* + F. = 0, 
we obtain the criterion for oscillation: 


<?« = -Gc 



(7) 


Be = -270 




18) 
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The first of these states that the equivalent conductance of the electron 
stream must be equal in magnitude but of opposite sign to that of the 
circuit conductance. Since the circuit conductance is always positive, the 
electronic conductance must be negative in order for oscillations to occur. 
The second equation above states that the electronic and circuit suscept- 
ances must be equal in magnitude but opposite in sign. The frequency 
of oscillation is determined largely by this equation. 

The foregoing relationships help one to visualize what adjustments are 
likely to take place under conditions of variable load impedance. P'or ex- 
ample, if the load susceptance B'jr, is varied, it is possible for the angular 
frequency of oscillation co to change in such a manner as to satisfy Eq. (8) 




Fia. 23, — Tuning of magnetrons (a) by variable indu(;tivo plunger, and (b) by variable 

capacitive straps. 


without appreciably altering the value of Be. This accounts for the fre- 
quency drift of the magnetron with variable loading. It should be noted, 
however, that the electron admittance Ye = Ge + jBe, in general, is not 
constant, but rather varies with the operating conditions of the magnetron. 

Variations in load impedance, particularly those due to variations in 
load reactance, tend to cause a change in the operating frequency of the 
magnetron. The frequency may be stabilized by using a high- Q res onator 
system or by increasing the characteristic admittance, Yq = ‘\/CiL,oi the 
resonator. A high Q requires light loading and, hence, low power output. 
The over-all Q may be improved somewhat by coupling the output of the 
magnetron into a high-Q external resonator and then coupling this to the 
load. 

7.16. Tunable Magnetrons.^ — One of the early limitations of the magne- 
tron was the fact that it constituted a fixed-frequency oscillator. Later, 
however, magnetrons were developed which could be tuned over a range 
of ±7 to 20 per cent of the mean frequency. 

The frequency of the magnetron may be varied either by varying the 
effective inductance or the effective capacitance of the resonators. Figure 

^ Nelson, R. B,, Methods of Tuning Multiple-Cavity Magnetrons, Phya Rev.j vol. 70, 
p. 118; July, 1946 
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23 shows a means of varying the inductance by sliding a conducting pin 
into or out of the resonator. The effective capacitance can be varied by 
moving an annular ring, shaped like a cooky cutter, into or out of grooves 
in the anode. Both methods have been used successfully to obtain variable- 
frequency magnetrons. A combination of both the inductive tuning and 
capacitive tuning may be used to obtain a still wider range of frequencies. 
The frequency of a magnetron may also be varied over a narrow range by 
varying the anode potential or by coupling a tunable resonator to the out- 
put and tuning this to a slightly different resonant frequency. 


PROBLEMS 

1. Referring to Eqs. (7.04-11 and 12), let k = eV^/Jirnd. Plot curves of z/k and x/k 
ag£&nst These curves can be used to determine the position of an electron as a 
function of time in a parallel-plane magnetron with any value of applied voltage and 
flux density. 

2. A split-anode magnetron has dimensions a = 0.02 cm, 6 = 0.3 cm, I = 1 cm. The 
magnetic flux density is 3,000 gauss. Compute the following: 

(а) Wavelength for the cyclotron mode of oscillation. 

(б) Approximate d-c voltage required. 

(c) Approximate angular velocity of the electrons. 

3. A magnetron, operating in the tt mode (p = 0), has the following characteristics: 

JV = 8 / - 2,800 me 

a — 0.3 cm Fo - 16 kv 

b =* 0.8 cm B =0.16 webers/?^^ 

I — 2.0 cm (anode length) 

(а) Using Eq. (7.09-4), compute the angular velocity of the electrons and compare 
this value with that obtained by using Eq. (7.05-3). 

(б) Determine the radius p' in Eq. (7.09-7) at which the radial forces due to the elec- 
tric and magnetic fields are equal and opposite. 

(c) Assume that the radius p' computed in part (6) is valid for all higher modes. 
Using Eq. (7.09-7), determine the values of Vo/B required for a frequency of 
2,800 me in each of the following modes: 

(1) w=0, p=dbl (the cyclotron mode) 

(2) n = 1, p = 0, ±1 

(3) n = 2, p = 0, ±1 

Explain the physical interpretation of each mode. 

4. An atomic model can be constructed by reversing the potentials on the electrodes in a 
magnetron; t.c., by using a central anode and a concentric cathode. If electrons are 
projected into the interelectrode space so as to miss the anode, they will rotate around 
the anode much as electrons rotate about the nucleus in an atom. Write the equa- 
tions of motion of the electrons and discuss the possibilities of using this principle 
for an oscillator. 
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TRANSMISSION-LINE EQUATIONS 

The transmission line may be analyzed by the solution of MaxwelFs 
field equations or by the methods of ordinary circuit analysis. The solu- 
tion of the field equations involves the determination of the field intensities 
in three-dimensional space; hence three space variables in addition to the 
time variable arc involved. Although tliis method may be used to analyze 
a few systems having relatively simple geometry, in most practical cases 
the mathematical complications resulting from four ind(ipendent variables 
are usually insurmountable. The solution of Maxwclhs field equations re- 
veals that the energy propagates through the dielectric medium as an 
electromagnetic wave, the conductors serving to guide the energy flow. 

In the circuit method, the effects of the electric and magnetic fields arc 
taken into consideration by the use of the circuit parameters, i.e., the 
capacitance, inductance, resistance, and conductance. By this procedure, 
the mathematical analysis is reduced to a problem involving one space 
variable in addition to the time variable. The circuit method, however, 
does not yield the complete solution. In a later chapter we shall find, 
using the Maxwellian method, that an infinite number of electromagnetic; 
field configurations, known as modes, may be associated with a given trans- 
mission line. The principal mode corresponds to the field configuration 
which exists at frequencies for which the spacing between conductors is 
appreciably less than a quarter wavelength. The higher modes appear when 
the separation distance between conductors is of the order of magnitude 
of a quarter wavelength or greater, or when there are impedance discon- 
tinuities on the line. 

In this chapter we shall analyze the transmission line using the circuit 
method. The Maxwellian method will be considered in later chapters. 

8.01. Derivation of the Transmission-line Equations. — Consider the 
transmission line of Fig. 1, which is assumed to have uniformly distributed 
parameters. The resistance, inductance, capacitance, and conductance 
per unit length are represented by R, L, (7, and G, respectively. 

The equations for the instantaneous voltage Av across an incremental 
length of line Aa;, and the shunt current through it are 

di 

Av = i{R Ax) + {L Ax) — (1) 

dt 

Ai == v(G Ax) + ((7 Ax) — (2) 
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Replacing Av in Eq. (1) by {dy/dx) Ax and dividing by Ax, with a similar 
operation for the current equation, we obtain the differential equations of 
the transmission line, 



(b) 


Fro. 1. — (a) Transmission line, and (b) equivalent circuit of a differential element of line. 

Ill order to illustrate the nature of the solution, consider the case of a 
lossless line in which we have = (? = 0. Equations (3) and (4) then 
reduce to 


dv 

di 


— = 

L — 

(5) 

dX 

dt 

di 

dv 


— = 

a — 

(6) 

dx 

dt 


Now differentiate Eq. (5) with respect to x and substitute Eq. (6) for 
di/dx in the resulting equation. Similarly, differentiate Eq. (6) with re- 
spect to X and substitute Eq. (5) for dv/dx. This process gives 


d^V 

d^y 


dx^ 

= LC — 
dt^ 

(7) 

dH 

dH 

= 

di^ 


dx^ 

(8) 


These are known as the wave equations for the lossless line. Equations 
of this type frequently occur in the analysis of electrical, mechanical, 
and acoustical systems. Solutions of Eqs. (7) and (8) are of the forip 
Si[t - {x/v)\ or f 2 {t + {x/v)]. 
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The function /i[< — (x/v)] represents a wave of arbitrary waveform (de- 
termined by the particular function chosen) which travels in the +z direc- 
tion with a velocity v. Similarly the function f 2 [t + (z/v)] represents a 
wave traveling in the — x direction with a velocity v. Figures 2a and 2b 
illustrate waves traveling in the +z and —a: direction, respectively, for 
several successive instants of time. Consider the function fi[t — (z/v)]. 
If we were to ride along with the peak of the wave, it would be necessary 
for our displacement z to vary with time in such a manner as to hold 
t — {z/v) constant. Thus, as time t increases, z must increase in a posi- 
tive direction. We therefore conclude that/i[^ — (z/v)] represents a wave 
traveling in the +z direction. 





(oi)-Wave fravelinq in +x direction representing f(t-^) 


X 



(b)-Wcive traveling in -x direction representing f(t+-^) 


Fig. 2. — Traveling waves. 


To find the velocity y, let us substitute v = fi[t — (z/v)] into Eq. (7). 
We obtain d^y/dz^ = (^/v^)fi[t - {z/v)] and d‘^y/dt^ = fi[t - {z/v)]. In- 
serting these into Eq. (7) and solving for the velocity, we obtain 


1 

Vlc 


(9) 


For a lossless line with a dielectric having a relative permittivity of 
unity, the velocity v is equal to the velocity of light, i.e., y == 3 X 10® 
meters per second. 

8.02. Sinusoidal Impressed Voltage. — In most practical applications, 
we are concerned with voltages and currents having a sinusoidal time 
variation. For mathematical convenience, such a variation may be repre- 
sented by the time function We therefore let ^ 

V = (1) 

i = (2) 

^ An instantaneous voltage of the form v *= Vm cos {cot -f- 0) may be written 
V where Re signifies that we take the real part of the quantity follow- 
ing it. Thus, expanding » cos {cot -f + j sin (wf -f- and discarding the 

imaginary part, we have - cos («< + 0). Now write v - Re[(Fme^V‘"'J 
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where V and I are complex quantities which are functions of x but not 
of time t. Inserting Eqs. (1) and (2) into (8.01-3 and 4), the time function 
cancels out and we obtain equations in which the voltage and current 
are functions of the space variable alone, 


where 


dV 1 

-r = ^ 

(3) 

dx 't 

d[ 

- = ^2/ ' 
dx 

(4) 

z ~ Tt j<^Tj 

(5) 

y = G + jo)C 

<6) 


represent, respectively, the series impedance and shunt admittance per 
unit length of line. 

To obtain an explicit equation for voltage, differentiate Eq. (3) with 
respect to x and substitute dl/dx from Eq. (4). The current equation is 
obtained by differentiating Eq, (4) with respect to x and substituting 
dV/dx from Eq. (3). These operations yield 


d^V 


(7) 



( 8 ) 


where y = is the propagation constant of the line. In general, y is 

complex and may be separated into real and imaginary parts, hence we let 


7 


= ^zy = a + jl3 


(9) 


where a is known as the attenuation constant and ^ is the phase constant. 
The solutions of Eqs. (7) and (8) which also satisfy (3) and (4) are 

V = Ae'^^ + Be-^^ (10) 

A B 

/-— ( 11 ) 

/jQ /JQ 

where 



is the characteristic impedance of the line. 


where 0 is the phase angle of the voltage at zero time. Letting V *» we have 

V =s ReFe^"^ It is customary to drop the designation Re although it is implied and 
should be reinserted if we wish to obtain actual values of the voltage or current at any 
instant of time. Thus, we have v — Fe^"^ 
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The instantaneous voltage and current equations may be obtained by 
multiplying Eqs. (10) and (11) by as indicated in Eqs. (1) and (2), 
thus 



(13) 

A R 

^ ^at-tyx ^joot—yz 

Zq Zq 

(14) 


These equations contain terms of the form /i(cof + 7 ^) and f 2 {o)t — yx)j 
indicating the traveling-wave nature of the solution. In Fig. 1, the dis- 
tance X is measured from the receiving end, of the line. The terms con- 
taining represent waves traveling in the —x direction and are there- 

fore the outgoing wavtes of voltage and current. The terms containing 
represent waves traveling in the +x direction and constitute the 
reflected waves of voltage and current. The ratio of voltage to current 
for either the outgoing or reflected wave is equal to the characteristic im- 
pedance of the line. 

The constants A and B in the transmission-line equations may be evalu- 
ated in terms of known boundary conditions. Let us evaluate these in 
terms of the conditions at the receiving end of the line. At the receiving 
end we have a; = 0, V = Vr, I = Ir and Zr = Vr/Ir, Equations (10) 
and (11) then become Vr — A B and Ir = (l/Zo)(A ~ B), from which 
we obtain 



Inserting these into Eqs. (10) and (11), and using Vr/Ir = Zr, we ob- 
tain the transmission-line ec^uations 


F = 

I = 



(lb) 

(17) 


The terms in Eqs. (16) and (17) may be regrouped to express these 
equations in hyperbolic function form. The hyperbolic functions arci 

cosh yx = (18) 


sinh yx = 




2 


(19) 


_ g~7^P 

tanh yx = (20) 
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In hyperbolic function form, Eqs. (16) and (17) become 


II 

( Zo \ 

1 cosh yx H sinh yx 1 

\ Zr f 

(21) 

11 

^cosh yx-\- — sinh y^ 

(22) 

V 

z = - = 

^ IZr + Zo tanh yx\ 

(23) 

1 

\Zq -b Zr tanh yxJ 


The impedance Z is the ratio of voltage to current at any point on the 
line distant x from the receiving end. This is also the impedance which 
would be obtained if the line were cut at the point x and the impedance 
were measured looking toward the load. 

8.03. Line Terminated in Its Characteristic Impedance. — If a trans- 
mission line is terminated in an impedance equal to its characteristic im- 
pedance, i.c., if Zr = Zo, then the reflected- wave terms in Eqs. (8.02-16 
and 17) vanish, leaving only the outgoing waves, 

V = Vrc^^ ( 1 ) 

I = ( 2 ) 

V 

Z =: -j = Zo (3) 

Therefore, if the line is terminated in an impedance equal to its charac- 
teristic impedance, .the impedance at any point on the line is equal to the 
characteristic impedance of the line. All of the energy in the outgoing 
wave is then absorbed in the terminating impedance and there is no 
reflection. 

It is interesting to express Eqs. (1) and (2) in terms of the conditions 


at the sending end of the line. At the sending end we have .c = Z, F = Vs, 
and / = Is- Equations (1) and (2) then become 

Vs = (4) 

Is = (5) 

Solving these for Vr and Ir and inserting these into Eqs. (1) and (2), 
with the additional substitution s = I — x, where s is the distance from 
the sending end to the point where V and I are taken, we have 

V = Vsc-^’ = ( 6 ) 

/ = Ise->‘ = Ise-“‘e-^^‘ (7) 
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The factor in these equations signifies a decrease in magnitude or 
an attenuation of the outgoing wave as it travels toward the receiving 
end of the line. The attenuation constant a is given in nepers per unit 
length of line. The factor denotes a phase shift of fis radians in the 
distance s, or radians per unit length of line. Figure 3 shows the varia- 
tion of the magnitude of the voltage or current as a function of distance 
for a line terminated in an impedance equal to its characteristic impedance. 



Fig. 3. — Magnitude of voltage and current as a function of distance along a lino terminated in 

its characteristic impedance. 


The voltages and currents in the above equations are the amplitudes 
or peak values of the sinusoidally varying functions. The scalar ampli- 
tudes are 1^1 = and j / ] = For low-loss lines the voltage 

and current are in phase; the power flow at any point on a line terminated 
in its characteristic impedance is: 


p = y2\v\\i\ 

“ 2Zo 


( 8 ) 


The power loss per unit length of line is the space rate of decrease of the 
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Pl = 2a 


/W 

V2Z0 



2aP 


a 


Pl 

2P 


(9) 


Consequently, the attenuation constant is the ratio of the power loss per 
unit length of line to twice the transmitted power. 

8.04. Propagation Constant and Characteristic Impedance. — The prop- 
agation constant 7 contains an attenuation constant a and a phase con- 
stant p. The phase constant represents the number of radians of phase 
shift per unit length of line. The wavele7igth X is the distance required for 
a phase shift of 27r radians, or 


X 


2ir 

7 


( 1 ) 


The phase velocity v is the product of the frequency times wavelength, or 


= /X = ~ (2) 


The propagation constant 7 and characteristic impedance Zq are de- 
pendent upon the series impedance z and shunt admittance y per unit 
length of line as expressed by Eqs. (8.02-9 and 12). 

For most transmission linos operating at frequencies above 100 kilo- 
cycles we find that coL » R and o)C ^ 0, i.e., the reactance and suscept- 
ance, are large in comparison with the resistance and conductance. We 
shall refer to such lines as low-loss lines. Simplified expressions may 
be derived for 7 and Zq for this case. Expanding J]qs. (8.02-9 and 12) by 
the binomial series and retaining the first few terms of the series, we obtain 


y^Vzy^ {R + j<oL)^{G + jo>Cr)'^ 

/R fC' G /7a y — 

« ( - V- + - V- ) + LC 

\2 2 ^ 0 / 

Zo = J-= (R + jo>L)^iG + jo^Cr^ 

y 

\2ojL 2a.C/J 


(3) 


(4) 
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Since we have assumed that wL » R and ooC » G, the characteristic 
impedance as given by Eq. (4), is substantially a pure resistance of value 



The real part of Eq. (3) is the attenuation constant, whereas the imagi- 
nary part is the phase constant. Inserting Eq. (5) into (3), we obtain 


R GZo 

ot — — H — 

2>^() 2 


^ = ojVZc 

The wavelength and phase velocity for the low-loss line are 


( 6 ) 

(7) 


2x 2x 

0 Wlc 


( 8 ) 


t;=/X = 

Vlc 


(9) 


For a lossless line, i.e.j 72 = G = 0, the attenuation constant is zero and 
the outgoing and reflected waves experience no attenuation as they travel 
along the line. It can be shown that the phase velocity for a lossless line 
is equal to the velocity of light. The effect of losses in the line is to de- 
crease both the wavelength X and phase velocity v and to introduce attenua- 
tion in the line. 

8.06. Transmission-line Parameters.— The R, L, C, and G parameters 
of several different types of transmission lines are given in Table 1. The 
resistance given in this table is the skin-effect resistance as computed by 
the methods of Chap. 15. The conductance is that resulting from dielec- 
tric losses in the insulating medium. The attenuation constants ac and 
ad are those resulting from losses in the conductor and dielectric, respec- 
tively. The total attenuation constant is the sum of the two terms, or 
o£ = ofc + ad- The attenuation constants and characteristic impedance 
equations are for low-loss lines. 

The skin-effect resistance varies inversely as the radius of the conductor. 
In general, therefore, the attenuation constant decreases as the radius in- 
creases. A coaxial line has minimum attenuation for the ratio 6/a = 3.6, 
corresponding to a characteristic impedance of approximately 77 ohms. 
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Table 1. — ^Transmission-line Constants 



f ? 


Inductance, L 

henry s per meter of line 

TT 2r 

or 

- In - if <1 » r 

TT r 

Mo , b 

In - 

27r a 

Capacitance, C 

farads per meter of line 

ire 

or 

cosh ^ d/2r 

2ire 

hi h/a 

Resistance, R 

ohms per meter of line 

r \ 7r<r 


Conductance, G 
mhos per meter of line 

o,DC 

coDC 

Characteristic impedance in 
ohms 

120 cosh ^ — 

2r 

1 

or j 

d 

276 logio - if d ^ r 

r 

138 , h 

—p-- logio ” 

V«r a 

Attenuation constant due to 
conductor losses 

R 

""" ^ 2Zo 


[(l/o) + (l/fc)] Vw/4>ra 

552 r logio d/r 

276 logio 6/a 

Attenuation constant due to 
dielectric losses 

GZo 

GZo 

2 

GZo 


MO *“ 47r X 10“^ henry/meter 
€ *=» co«r 

CO =» 8.85 X farad/meter 

cr “ relative permittivity (dielectric constant) 

D "■ dissipation factor of dielectric (for low-loss dielectrics, D ^ P.F., where P.F is the power factoi 
of the dielectric. See Appendix II for power factors of typical dielectrics.) 
a conductivity of conductor 
*■ 5.80 X 10^ mhos/meter for copper 
■■ 6.14 X 10^ mhos/meter for silver 
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Transmission-line configuration Characteristic impedance 



Zo = 138 logio — 
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If a line is terminated by an impedance equal to its characteristic im- 
pedance, the decibel loss in the line is 

I Vs\ 

db = 20 logio p; ~ - 20 logio - S.mal (1) 

I VrI 

Table 2 gives the characteristic impedance of several of the more com- 
mon types of transmission lines. 

8.06. Lossless Line Equations. — In most microwave transmission lines 
we have coL » R and o)C G and, consequently, the transmission lines 
have characteristics approximating those of a lossless line. Let us there- 
fore consider the transmission-line equations for the theoretical case of a 
lossless line. 

A lossless line would have zero attenuation constant and hence y = jfi. 
Hyperbolic functions of imaginary angles may be written as trigonometric 
functions of real angles, that is 

sinh jfix = j sin tanh jfix = j tan 0x 

cosh j fix = cos fix cothjfix — —j cot fix ( 1 ) 

For the lossless line, Eqs. (8.02-21, 22, and 23) become 


11 

( ^0 \ 

( cos fix + J — sm fix 1 

V Zr / 

(2) 

/ = /«( 

^ .Zr , \ 

cos fix J — sm fix j 

K Zq / 

(3) 

z = Zo{ 

^Zr + jZo tan fix\ 

\Zq + JZr tan fix/ 

(4) 


Consider the case of a lossless line which is short-circuited at the distant 
end. We then have Zr = 0 and Vu — 0. Remembering that Ir = 
VrIZr, Eqs. (2), (3), and (4) become 


V = JIrZo sin fix 

( 5 ) 

I — Jr cos fix 

(6) 

Z = jZq tan fix 

( 7 ) 


Equations (5) and (6) represent standing waves of voltage and current 
on the line as shown in Fig. 4. The standing wave is produced by a com- 
bination of an outgoing wave and a reflected wave, traveling in opposite 
directions on the line. Figure 4 may be visualized as representing the 
amplitudes of voltages and currents which have a sinusoidal time variation. 
The voltage is zero at the receiving end and has its maximum value at 
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points corresponding to px = mr/2 or x = nX/4, where n is any odd in- 
teger. The voltage and current are in space quadrature, as evidenced by 
Fig. 4, and also in time quadrature as indicated by the j term in Eq.^(5). 



Fig. 4. — Standing waves of voltage and current on a short-circuited lossless line. 

The impedance of the short-circuited lossless line, as given by Eq. (7), is 
plotted in Fig. 5. The input impedance is a pure reactance, alternating 
between capacitive and inductive reactance as fix increases. Antiresonance 
occurs when the line is an odd integral number of quarter wavelengths 
long and resonance occurs when it is an even integral number of quarter 
wavelengths long. The antiresonant input impedance of a lossless line 



Fig. 5. — Impedance ratio Z/Zq for a short-circuited lossless line as a function of x and 


would be a pure resistance of theoretically infinite value, whereas the reso- 
nant impedance would be zero. In the practical case of a low-loss line, 
the impedance is a very large pure resistance for antiresonance and a very 
small pure resistance for resonance. 
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Now consider the lossless line which is open-circuited at the distant end. 
For this case we have Zr = oo, = 0, and Vr = IrZr. Equations (2), 
(3), and (4) then become 


V = Vr cos fix 

(8) 

T O 

/ = ? — sm 3x 

Zo 

(9) 

Z — —JZq cot Px 

(10) 


The voltage and current standing waves are similar to those shown in 
Fig. 4, but with voltage and current interchanged. The impedance is a 



Fig. 6. — Impedance ratio Z/Zq for an open-circuitcd lossless line as a function of x and jSx. 


pure reactance as shown in Fig. 6. Resonance occurs when the line is an 
odd integral number of quarter wavelengths long and antiresonance when 
it is an even integral number of quarter wavelengths long. 

We can now conclude that the short-circuited and open-circuited lines 
are either resonant or antiresonant when the length i is Z = nX/4 or when 
/SZ = mr/2j where n is given by 



Short-circuited line 

Open-circuited line 

Resonance 

n = even integer 
n — odd integer 

n =! odd integer 
n =s even integer 

Antiresonance 
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8.07. Short-circuited Line with Losses. — If the line losses are not zero 
and the line is short-circuited at the distant end, we again have Zr == 0, 
Vr = 0, and Ir = Vr/Zr, Equations (8.02-21, 22, and 23) then reduce to 

V == IrZq sinh yx (1) 


I ^ Ir cosh yx (2) 

Z == ^0 tanh yx (3) 



circuited line having losses. 

Inserting y = ot + jfi into these equations and applying the identities for 
the hyperbolic function of the sum of two angles,^ we obtain 


V 


Ir^o 

== sinh ax cos fix + j cosh ax sin fix 

(4) 

I 

Tr 

= cosh ax cos fix + j sinh ax sin fix 

(5) 

z 

tanh ax + j tan fix 

(6) 


1 + j tanh ax tan fix 


The scalar values of \ V/IrZq [ and | I/Ir | are plotted against x and ^x 
in Fig. 7. Equation (4) shows that when ^x = mr/2y the ratio \ VIIrZq | 
has the value cosh ax or sinh ax, depending upon whether n is an odd or 
even integer. Likewise, Eq. (5) shows that when fix = mr/2, the current 
ratio I/Ir has the values cosh ax and sinh ax for even and odd integer 

‘ See, for example, B. O. Pierce, “A Short Table of Integrals,"’ Ginn and Company 
Boston, 1929. 



Sec. 8.08] 


RECEIVING END OPEN-CIRCUITED 


161 


values of n, respectively. The curves cosh ax and sinh ax therefore repre- 
sent the envelope of the curves | V/IrZq | and | I/Ir |, as shown in Fig. 7. 
Since Ir and Zq are independent of x the ratio | V/IrZq | represents the 
voltage distribution along the line, and the ratio | ///t? | represents the 
current distribution. 

Referring to Eq. (6), we find that the scalar impedance ratio | Z/Zq | 
varies between the limits tanh ax and coth ax as shown in Fig. 8. At the 



Fig. 8. — Magnitude of the impedance ratio Z/Zq for a short-circuited line having losses. 


points where the impedance has its maximum and minimum values, the 
impedances are approximately Z = Zq coth ax and Z — Zq tanh ax, re- 
spectively. 

Figures 7 and 8 represent scalar values, hence all values are plotted as 
positive quantities. For the lossless line, the curves in Figs. 7 and 8 would 
degenerate to curves similar to those in Figs. 4 and 5 but with all values 
plotted as positive quantities. 

The variable fix in the above figures may be written fix = o)x/v. Con- 
sequently, we may consider the above curves as being plotted either 
against frequency, with line length held constant, or against length of 
line, with frequency held constant. 

8.08. Receiving End Open-circuited. — If the receiving end is open- 
circuited, we have Zr = oo, /^ = 0; hence Eqs. (8.02-21, 22, 23) yield 


V — Vr cosh yx 

(1) 

I == — sinh yx 

Zo 

(2) 

Z = Zq coth yx 

(3) 


Comparison of these equations with Eqs. (8.07-1, 2, and 3) shows that the 
ratio 1 V/Vr | for the open-circuited line has a variation with yx similar 
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to the current ratio of the short-circuited line, whereas the ratio | IZqIVr j 
of the open-circuited line is similar to the voltage ratio of the short- 
circuited line. The impedance ratio | Z/Zo | for the open-circuited line is 



9. — VoltaKO and (iurrent ratios for an open-circuited line having losses. 



Fig. 10. — Magnitude of the impedance ratio for an open-circuited line having losses. 


the reciprocal of that of the short-circuited line. These ratios are shown 
in Figs. 9 and 10. 

8.09. Sending-end Equations. — Thus far we have dealt largely with the 
transmission-line equations expressed in terms of the voltage, current, and 
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impedance at the receiving end of the line. If the sending-end voltage F, 
and current I, arc known, we may readily obtain Vu and Ir by writing 
Eqs. (8.02-16 and 17) or (8.02-21 and 22) for the full length of the line 
(letting X = 1) and substituting the known values of V, and I, for V and I. 
These equations may then be solved for Vr and Ir. 

If only the generated voltage Fg of Fig. I is known, it is then necessary 
to first compute the input impedance of the line by Eq. (8.02-23). The 
impedance as seen by the generator voltage Fg is the sum of the input 
impedance to the line and the generator impedance Zg. The sending-end 
voltage and current may therefore be obtained from 


Z+'Ag 

F, = Fg - hZg 

where Z is the input impedance of the line. 


. 1 ) 

( 2 ) 


PROBLEMS 

1. Show that the binomial expansion of the terms given in Eqs. (8.04-3 and 4) yields t he 
approximations indicated in these equations. 

2. A coaxial line has dimensions a = 0.75 cm and 6 = 3 cm. The dielectric is poly- 
styrene with a dielectric constant of 2.5 and power fa(‘tor 0.0004. Compute the 
following values at a frequency of 500 megacycles: 

(а) Inductance and capacitance per meter of line. 

(б) Conductance and skin-effect resistance per meter of liiu*. 

(c) Attenuation constant and phase constant. 

(fi) Wavelength and phase vi'locity. 

(c) Input impedance of a (juarter-wavelength section of line if (1) short-circuited and 
(2) open-circuited. 

3. A lossless line is one-eighth of a wavelength long and is terminat(»d by a pure resistance 
which is approximately equal to the characteristic impedance of the line. Show that if 
the value of the terminating resistance is varied by a small amount either side of the 
value Rl = Zoy the input impedance of the line will contain a reactive component, tht‘ 
magnitude of which varies directly with Ry whereas the resistive component remains 
substantially constant. 

4. A liigh-frequency voltmeter is constructed of a quarter-wavelength lossless line which 
is terminated in the heater junction of a thermocouple having a resistance of R 
ohms. The thermocouple leads are connected to a microammeter. 

(а) Derive an expression for the voltage Va at the sending end in terms of the current 
Ir through the thermocouple heater. 

(б) Derive an equation for the input impedance to the line. How does this vary with 
the value of the thermocouple resistance? 

(c) Compute the input voltage and input impedance if 22 = 5 ohms, Zo =® 75 ohms 
and Ir =» 15 ma. 
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GRAPHICAL SOLUTION OF TRANSMISSION-LINE PROBLEMS 

A number of ingenious circle diagrams have been devised to facilitate 
the graphical solution of ti^ansmission-line problems. Basically, all of these 
spring from the same fundamental relationships which are expressed in the 
transmission-line equations. In this chapter, we shall consider two types 
of impedance diagrams, these being referred to as the rectangular impedance 
diagram and the polar impedance diagram. First, however, let us derive 
the transmission-line equations in reflection-coefficient form, since these 
will be useful in the construction of the impedance diagrams. 

9.01. Reflection-coefficient Equations. — The reflection coefficient rR is 
defined as the ratio of the reflected voltage to the outgoing voltage at the 
receiving end of the line. In Eq. (8.02-15) the terms A and B represent 
the outgoing and reflected voltages at the load, respectively. The reflec- 
tion coefficient is therefore 


Zr — Zq 
rR = 

Zr + Zo 

(1) 

Let us now express the transmission-line equations 

in reflection-coeffi- 

cient form. In Eqs. (8.02-16 and 17), let Yr = F 7 i;/ 2[1 + (Zq/Zr)], where 
Vr is the outgoing-voltage wave at the load. Now factor out the term 
Yrc'^'^ and, with the substitution of rR from Eq. (1), we obtain 

V = V'ne-^%1 + 

(2) 


(3) 


(4) 


Equations (2), (3), and (4) are the transmission-line equations expressed 
in terms of the reflection coefficient. They may be used to evaluate the 
voltage, current, and impedance at any point on the line. The terms 
VrC^^ and in these equations represent the outgoing waves of 

voltage and current, respectively, whereas the terms and 

~"rB(FB/Zo)e"“'‘'® represent the reflected waves. 

If the line is terminated in an impedance equal to its characteristic im- 
pedance, Eq. (1) shows that the reflection coefficient is zero and conse- 
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quently the reflected-wave terms in Eqs. (2) and (3) are zero, leaving only 
the outgoing waves. 

If the line is short-circuited at the distant end, we have Zj? = 0 and 
tr == —1; for an open-circuited line, we have Zr = <» and = 1. In 
the more general case, tr is complex and may be readily evaluated using 
Eq. (1). 

9.02. The Rectangular Impedance Diagram.^ — In the construction of 
impedance diagrams, it is convenient to express the reflection coefficient 
as an exponential quantity. We therefore let 

rji = (1) 

where e“^*" is the magnitude and — 2 mo is the angle of the reflection coef- 
ficient. Now let 

t = Iq (XX (2) 

u = Uo + (3) 

In Eq. (9.01-4) the term rRe~^'^^ then becomes 
the impedance ratio may be written: 

Z 1 + 6“2(^+yu) 

Yo ~ 1 - 


(4) 


At the receiving end of the line, we have Z = Zr, ax = 0, and fix = 0; 
therefore Eq. (4) becomes 


Zr 1 + 


(5) 


Equation (4) is the basic relationship used in the construction of im- 
pedance diagrams. The impedance diagram is essentially a plot of Eq. (4) 
which enables us to obtain values of Z/Zq if the values of t and u are 
known, or conversely, to obtain values of t and u if Z/Zq is known. When 
impedances are expressed as a ratio, such as Z/Zqj they are known as 
normalized impedances. 

For convenience, let us separate the real and imaginary parts of Z/Zq 

in Eq. (4), letting = ^ 1 + 

( 6 ) 


^ The theory of the impedance diagram presented here is similar to that given by 
W. Jackson and L. G. Huxley in The Solution of Transmission-line Problems by the 
Use of the Circle Diagram of Impedance, J.LE.E. {London) j vol. 91, part 3, pp. 105-^ 
127; September, 1944. 

* For low-loss lines it may be assumed that Zo is real. Writing Z « 72 + jX^ we obtain 
Z/Zo (72/Zo) Here r — R/Zq corresponds to the normalized resistance 

and X « X/Zo is the normalized reactance. 
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The rectangular impedance diagram is a plot of Eq. (6) in the form of 
constant-< and constant-w loci in the r + jx plane as shown in Fig. 1. If 
t is held constant in Eq. (6) and u is allowed to vary, the locus of r and x 
for various values of u may be shown to be a circle with its center on the 
r axis, distant coth 2t from the origin, and with a radius cosech 2t, On the 



other hand, if u is held constant and t is allowed to vary, the locus of 1 
and a: is a circle centered on the x axis, distant — oot 2u from the origin, 
and with a radius cosec 2u. Since t is related to oil by Eq. (2) and u is 
related to (81 by Eq. (3), it is customary to designate the constant-! and 
constant-« circles as al and circles, respectively, as shown in Fig. 1. 
These constitute two families of orthogonal bipolar circles.^ Any point in 

* Bipolar circles of the type shown in Fig. 1 are encountered in a number of engineering 
applications. For example, the al and 0l circles correspond to the electric and magnetic 
field lines of a two-conductor transmission line. 
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the impedance diagram represents a value of r + jx- and a value of ^ + jik 
(read on the al and pi circles), these two quantities being related by Eq. (6). 

Let us now trace the steps which are necessary to evaluate the input 
impedance of a transmission line terminated in a known impedance Zr. 

It is assumed that Zr, Zq, a, Pj and the length of line I are known. The 
procedure is as follows: 

1. Compute the values of Zr/Zq^ al, and fiL 

2. Enter the chart at the known value of Zr/Zq and observe the corre- 
sponding values of and vo (on the al and fil circles). 

3. Compute the values of ^ = /o + and u = Uq + jSZ. These are the 
values of t and u corresponding to the semding end of the line. 

4. Reenter the chart at the new values t and ii (on the al and fil circles) 
and read the corresponding impedance Z/Zo. This is the normalized input 
impedance. 

As an example, assume that Zr/Zq = 2 + jO, al = 0.2 nepers, and ^l 
= 0.6 radians. Entering the impedance diagram of Fig. 1 at Zr/Zq = 
2 + yo, we obtain the values of Iq = 0.534 and uq = 90° or 1.57 radians. 
Step 3 above yields t = 0.734 and u = 124° or 2.17 radians. Reentering 
the impedance diagram at these values of t and u, the normalized input 
impedance is found to be Z/Zq = 1.08 — yO.5. 

9.03. Polar Impedance Diagram. — In the rectangular impedance dia- 
gram, the circle al = 0 has an infinitely large radius. Therefore an infi- 
nitely large diagram would be required to solve all possible problems. 
When dealing with low-loss lines which are open-circuited, short-circuited, 
or terminated in a pure reactance, the solution is sometimes found to be 
beyond the limits of any practical diagram. In the polar impedance dia- 
gram, introduced by P. H. Smith,^* the entire impedance diagram is con- 
tained within a circle of any desired radius. 

The general plan of construction of the polar impedance diagram will 
be given here, followed by several illustrative problems. A more detailed 
description of the construction of the diagram is given in Sec. 9.07. 

In the polar impedance diagram, the impedance Z/Zq = r + jx and the 
quantity t + ju in Eq. (9.02-6) are both related to a new variable p + jq. 
Let 

P +jq = (1) 


and Eq. (9.02-6) then becomes 

z 1 + (p + jq) 

— = r -f- IX = 

^0 1 - (p + jq) 


( 2 ) 


^ Smith, P. H., Transmission-Line Calculator, Electronics, vol. 12, pp. 29-31; January 
1939. 

* Smith, P. H., An Improved Transmission-Line Calculator, Electronics, vol. 17, p. 130 
January, 1944. 
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(b) 

Fia. 2. — Polar impedance diagram, (a) Constant-r and constant-a; loci; (b) constant-^ {at, 

and constant-w loci. 
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Let p and q represent the rectangular coordinate axes. Equation (2) 
may be used to obtain families of constant-r and constant-oj loci in the 
P + plane. Similarly, Eq. (1) may be used to plot families of constant-^ 
and constant-w loci in the p + jq plane. Any point in the polar impedance 
diagram then defines three quantities, (1) a value of r + jx, (2) a value of 
t + juj and (3) a value of p + jq. These three quantities are interrelated 
by Eqs. (1) and (2). In the solution of transmission-line problems, we are 
interested in obtaining values of r + jx corresponding to known values of 
t + ju, or vice versa. Once the diagram has been constructed, the p and 
q coordinate axes have no further use and, therefore, are omitted in the 
final impedance diagram. 

The constant-r and constant-x loci form two families of orthogonal circles 
in the p + jq plane as shown in Fig. 2a. The constant-r circles have centers 
on the p axis, distant r/(l -f- r) from the origin, and have a radius of 
l/(^ + 1)- The entire impedance diagram is contained in a circle of unit 
radius, with center at the origin. The constant-x circles have centers at 
p = 1, g = 1/x and have radii 1/x. The upper half of the diagram of 
Fig. 2a represents positive reactance, whereas the lower half represents 
negative reactance. The constant-r and constant-x circles all pass through 
the point (1, 0). 

The constant-^ loci consist of a family of circles having centers at the 
origin and radii These are designated ^ al in Fig. 2b. The constant-i/ 
loci are radial lines passing through the origin. However, it is more con- 
venient to replace by a new variable w = u/2Tr. Substituting u from 
Eq. (9.02-3), with = 27r/X and = Uol2Try we obtain 

X 

w = Wo + - (3) 

X 

Therefore, is a measure of the length of line in wavelengths. The 
constant-io lines are also radial lines passing through the origin, with a 
slope — tan as shown in Fig. 2b. 

The polar impedance diagram of Fig. 3 is obtained by superimposing 
Figs. 2a and 2b. To simplify the final diagram, the constant-ix lines have 
been omitted, although the values are given on the scales marked ^Wave- 
lengths toward the generator^^ and ^Svavelengths toward the load^^ along 
the outer rim of the diagram. 
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It is interesting to observe that both the rectangular and polar diagrams 
may be used to solve problems in terms of admittances as well as in terms 
of impedances. The normalized admittance at any point on the line is the 
reciprocal of the normalized impedance, thus Eq. (9.02-4) may be written 

Y 1 — g— 20+iM) 

Yq ~ 1 + e-2»+^“) 

where Fo = l/^o Is the characteristic admittance of the line. Equation 
( 1) gives the same families of curves in the rectangular and polar diagrams 
as Eq. (9.02-4). The constant-r and constant-o; circles become constant- 
conductance and constant-susccptance circles, respectively, when dealing 
with admittances. Otherwise, the use of the diagram is exactly the same 
for either impedances or admittances. 

9.04. Use of the Polar Impedance Diagram. — The polar impedance 
diagram is used in much the same manner as the rectangular impedance 
diagram. To determine the input impedance of a line terminated in a 
known impedance, the procedure is as follows: 

1. Compute Zn/Z^y al, and Z/X. 

2. Enter the impedance diagram at the known value of Zr/Zq and read 
the corresponding values of Zo on the al circles and Wq on the ‘Svavelcngths 
toward the generator^^ scale. 

3. Compute the values of Z = Zo + «Z and it; = + (^/^)- 

4. Reenter the diagram at the new values of Z and w and read the corre- 
sponding normalized sending-end impedance. 

Referring to Fig. 4, assume that point P corresponds to the terminal 
impedance ZrIZq and that the line is lossless. As we move toward the 
generator on the transmission line, the impedance point moves in the 
clockwise direction on the constant-aZ circle along the path PQi. However, 
if the line has losses, then the impedance point spirals inward as indicated 
by the path PQ 2 - As the length of the line increases, the impedance point 
continues to spiral inward, eventually winding up on the point Z/Zq == 1. 

If we move toward the generator on the transmission line, the impedance 
point moves in the clockwise direction in the impedance diagram and the 
values of w are read on the “wavelengths toward the generator’^ scale. If 
we move toward the load, the impedance point in the diagram moves in 
the counterclockwise direction and the values of w are read on the “wave- 
lengths toward the load’’ scale. One complete revolution on the impedance 
diagram corresponds to a half wavelength of line. 

9.06. Standing-wave Ratio. — The standing-wave ratio for a lossless 

line is defined as p = | — , where | Fmax | and | Fmin | are the magnitudes 

I Fniin I 

of the maximum and minimum voltages. The standing-wave ratio is of 
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considerable importance, since it is a quantity which can readily be com- 
puted from laboratory incasuremonts. 

To obtain expressions for the maximuin and minimum voltages, we re- 
turn to Eq. (9.01-2) and substitute Eq. (9.02-1) for ru. For a lossless line, 
a = 0 and we have 



Maximum voltage occurs at that point on tho line which makes the second 
term inside the bracket in phase with the first term. This occurs at that 
point on the line where == 1, yielding 

1 I = Fb(1 + (2) 

Minimum voltage occurs when = — 1> 3 uelding 

I I = V'nil - 
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The standing-wave ratio is therefore 


^ I Vr.» I 1 + ^ 1 + I rye I 

" I I * 1 - e-"‘» 1 - 1 r« 1 


( 4 ) 


where | r/j ] = is the scalar magnitude of the reflection coefficient. 

Figure 5 shows a graph of the standing-wave ratio as a function of 
If the normalized impedance Zr/Zq is known, the value of Iq may be ob- 
tained from Fig. 3, and Fig. 5 may then be used to determine the standing- 
wave ratio. 



The maximum and minimum voltages, respectively, occur at points on 
the line where 


2(,uo + = nr 

n is even 

( 5 ) 

2(wo + /3x„,i„) =^mr 

n is odd 

( 6 ) 

These may be expressed as 



^rnax ^ 

n is even 

( 7 ) 

^min ^ ^0 ^ 

________ 

n is odd 

( 8 ) 


where —2^0 is the phase angle of the reflection coefficient as given by Eq. 
(9.02-1). 

If a line has attenuation, the successive values of ] F^ax I and | Fmin ) 
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vary along the line and consequently there is no fixed value for the stand- 
ing wave ratio. 

9.06. Illustrative Examples. — The use of the polar impedance diagram 
will now be illustrated by several examples. 

Example 1, Determine the input impedance of a line having the following charac- 
teristics: 

Zq = 75 ohms - ~ 0.2 

X 

Zr = 150 4* J 100 ohms at = 0.15 neper 

We first compute Zr/Z^s = 2 -1-^1.333. Entering the polar impedance diagram at 
this value of normalized impedance, we obtain to = 0.35 and wq = 0.210 (on the “wave- 
lengths toward the generator” scale). Now compute t to al = 0.50 and w == wq + 
(l/>) = 0.410. These are the values of t and w at the sending end of the line. Reenter- 
ing the impedance diagram at these values of t and w, we obtain the normalized input 
impedance Z/Zq = 0.60 — jO.46, or Z = 45 — ;34.5 ohms. If the line were lossless 
the standing-w^ave ratio from Fig. 5, corre.sponding to /o = 0.350 would be p - 2.97. 

Example 2. A lossless line is terminated in a capacitance such that Z/e/Zo = 0 ~ jO.5. 
Determine the lengths of line required for (a) resonance (Z/Zo = 0) and (b) antiresonance 
(Z/Zo = oo). 

The outer circle of the impedance diagram corresponds to zero rejsistance. Entering 
the diagram at ZrJZq = 0 — ;0.5, we obtain fo = 0 and wo = 0.425. The lengths of 
line required for the impedance point to move to (a) Z/Zo = 0 and (6) Z/Zo = « are 

(a) I = (0.5 ~ 0.425)X = 0.075X, 

(h) I = (0.75 - 0.425)X - 0.325X. 

The antiresonant line is a quarter wavelength longer than the resonant line. 

Example 3. A line which is 0.4X long is short-circuited at one end and has a lumped 
impedance (normalized) of ZiJZq = 0.5 + yO.2 shunted across the input terminals. The 
value of al is 0.2 nepers. Find the normalized input impedance. 

In dealing with parallel circuits, it is advisable to use admittances. The impedance 
diagram may be used to convert impedances into admittances and vice versa. To 
determine the normalized admittance Fi/Fo, enter the impedance diagram at the point 
corresponding to the normalized impedance Zi/Zo = 0.5 -f yo.2. The normalized 
admittance is halfway around the diagram on the same constant-ai circle (or on a straight 
line through the center of the impedance diagram to the same constant-a^ circle). This 
gives Fi/Fo = 1.72 — iO.72. 

Now consider the input admittance to the line only (with Fi disconnected). The 
admittance of the short circuit \sYr — oo or Yr/Yq ^ oo. Entering the diagram at this 
value of admittance, we read fo ** 0 and wq = 0.25. At the sending end of the line, w^e 
have ^ = fo 4" ~ 0.2 and it; = ico + “ 0.65. The w scale returns to zero at 

w = 0.5; hence the point corresponding to it; = 0.65 is 0.15 beyond the zero point (on 
the ^‘wavelengths toward the generator” scale). The normalized input admittance of 
the line is, therefore, Yl/Yq * 0.54 -f jT.23. The normalized input admittance with 
Fi connected^is then F/Fo = (Fx,/Fo) -|- (Fi/Fo) ** 2.26 -j-j0.51. The normalized 
impedance Js obtained by entering the diagram at F/Fo = 2.26 -h j0.51 and proceeding 
halfway around the”diagram. Thus the input impedance is Z /Zq = 0.43 — ^O.OO. 

9.07. Construction of the Polar Impedance Diagram. — The polar dia- 
gram consists of families of constant r, Xy ty and w loci plotted in the p +*jq 
plane. In order to construct the diagram, it is first necessary to obtain 
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expressions relating each of the quantities r, x, t, and w, to p and q. These 
equations determine the respective loci. 

Returning to Eq. (9.03-2), we add 1.0 to both sides of the equation, 
yielding 

2 


(r -h 1) -t- jx = 


I - (p+ jq) 


( 1 ) 


To separate the real and imaginary parts, multiply the numerator and de- 
nominator of the right-hand side by the conjugate of the denominator, 
yielding 


(r -1- 1) -f- jx = 


2(1 - p) j2q 

(I - p)2 -{■ (f (1 - p)2 + g2 


( 2 ) 


Flquating the real and imaginary terms on both sides of Eq. (2), we obtain 


, , 2(1 - p) 

(1 - pf + g2 

(3) 

2g 

(1 - Pf + a" 

(4) 

Equation (3) may be written as 


, 2pr r -1 

p- 4 - — 

r + 1 r-l- 1 

(5) 


Adding r^/(r -f 1)^ to both sides of the equation to complete the square, 
gives 

(p +q^ = (6) 

V r -fl/ (r -f- 1)^ 


This is the equation of the constant-r circles in Figs. 2a and 3. The centers 
of the circles are on the p axis at r/{r + 1) and the radii are l/(r + 1). 
The circle corresponding to r = 0 has unit radius and is centered at the 
origin in the p + jQ plane. The circle r = oo has zero radius and is cen- 
tered at p = 1, g = 0. 

To obtain the equation expressing the loci of the constant-x circles, Eq. 
(4) is rearranged to give 

(P - D" + ?=*-- = 0 (7) 

X 


Adding 1/x^ to both sides of the equation completes the square and gives 


(P - D" + 




( 8 ) 


This is the equation of the constant-a: circles, with centers at p = 1, g = 
1/x, and radii 1/a:. The circle x = <» has zero radius. 
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To obtain the constant-^ and eonstant-ii; circles, we return to Eq. (9.03-1) 
and write this in the form 

P + = c“^^(cos 2u — j sin 2u) (9) 

Separating real and imaginary parts, we obtain 

p — cos 2u (10) 

q~ — sin (11) 

S(iuaring these two ecpiations and adding gives the equation of the 
constant-^ (ureles. 

r + r = (12) 

These (*ir(^l('s are centered at the origin and have radii 
Dividing Kcjs. (10) and (11) and inverting, we obtain 


= — tan 2u 


V 

Substitution of u = 27rw; into Eq. (13) gives 


(13) 


- = — tan Attw (14) 

V 

Hence th(^ constant-w’ loci are straight lines passing through the origin and 
having a slope of — tan Atcxo, 


PROBLEMS 

1. DtTivc the equations for the eonstaut-f and cons tan t-u circ’lcs in the r 4* jx plane of 
the rectan| 5 ular impedance diagram. Show that thc'se are circles and give the loca- 
tion of the centers and values of the radii. 

2. A lossless coaxial line, having a characteristic impedance of 50 ohms, is of a wave- 
length long and is terminated in an impedance Zr = 75 ihO ohms. A condenser, 
having a capacitance of 4 X 10 farads is connected in series with the center con- 
ductor one-eighth of a wavelength from the receiving end. Using the impedance 
diagram, find the input impedance of the line at a frequency of 1,000 megacycle's. 

3. A line having a characteristic impedance of 50 ohms is used in the grid-plate circuit 
of an oscillator. The grid-plate capacitance is 1.8 X 10~^“ farads and the line is 
tuned by means of a small air condenser at the far end. If the line is 15 centimeters 
long what value of capacitance would be reciuired if the oscillator is to have a fre- 
quency of 600 megacycles? 

4 . A generator is connected to a load impedance by means of two coaxial lines in cascade. 
The first line is 0.6X long and has Zoi ~ 60 ohms and a = 0.4 neper per meter. The 
second line is 0.4X long and has Zq 2 = 75 ohms and a = 0.3 neper per meter. The 
load impedance is Zr =* 45 — - j75 and the wavelength is X = 1 meter. What is the 
input impedance? 

5. A generator having an internal impedance Zg is connected to a lossless transmission 
line having a characteristic impedance Zq. Show that if Zg = Zo, the voltage at the 
receiving end of the open-circuited line will be equal to one-half the internal voltage 
of the generator, regardless of the length of line. 
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Transmission lines are often used as network elements in microwave 
systems. They may bemused as resonant or antiresonant circuits, as re- 
active circuit elements in filter networks, as impedance transformers, as 
attenuators, or as circuit elements in various types of measuring systems. 

Lumped-parameter networks are usually unsatisfactory at microwave 
frequencies, since the values of inductance and capacitance used in such 
networks are extremely small and slight variations due to mechanical vi- 
bration, temperature effects, etc., seriously alter the characteristics of the 
network. Transmission-line networks offer the advantages of greater sta- 
bility, ease of adjustment, and much higher Q's than are possible with 
lumped-parameter circuits. The basic principles of transmission-line net- 
works will be considered in this chapter. 

10.01. Resonant and Antiresonant Lines. — The properties of lossless 
lines were considered in Sec. 8.06. Let us now see what effect losses have 
upon the input impedances of open-circuited and short-circuited lines. 

The input impedance of short-circuited and open-circuited lines of 
length I are obtained by substituting I for x in Eqs. (8.07-3) and (8.08-3), 
respectively, yielding 

Z = Zq tanh yl short-circuited line (8.07-3) 
Z = Zq coth yl open-circuited line (8.08-3) 


Now substitute 7 = a + i/3 into these equations and use the identities 


tanh (a -f jl3)l 


tanh al + j tan 


and coth yl — 


1 + j tanh al tan fil 

tanh al + j tan pi 


to obtain 


=* Zq ^ 


tanh yl 

) short-circuited line (1) 
1 -h i tanh al tan pl\ 


tanh al + j tan pi 




open-circuited line (2) 


For resonance or antiresonance, we have pi = n7r/2, where n is an odd 
or even integer as specified at the end of Sec. 8.06. Consider the short- 
circuited line. Resonance occurs when n is even and antiresonance when 
n is odd. Inserting the corresponding values of pi into Eq. (1), together 
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with the approximation tanh al « al for small values of al, we obtain the 
resonant and antiresonant impedances 

Z = Zq tanh al « Z^al resonance (3) 

Z = Zq coth aZ « — antiresonance (4^ 

al 

The resonant and antiresonant impedances of open-circuited lines are alsc 
?iven by Eqs. (3) and (4), respectively. 

Let us now investigate the variation of impedance resulting from smal 
frequency deviations either side of the resonant or antiresonant frequency. 
Let fil = {mr/2) + 6, where 5 is a small angular departure from the 
resonant or antiresonant value of pL We then have 


tan pi = 


tan {mr/2) + tan 8 
1 — tan (/i7r/2) tan 8 


If n is even, this becomes tan pi == tan 5 « 5, and if n is odd, tan pl = 
— (1/tan 8) « —(1/3). For the short-circuited line in the vicinity of reso- 
nance, n is even. Insertion of tan pl = 3 and tanh al = al into Eq. (1), 
gives 

/ al+j8\ 

— Zo ( — ) resonance (5) 

\1 + j^al/ 

Similarly, for the short-circuited line in the vicinity of antirosonance, wc 
have n odd, tan /3Z = —1/5, and tanhaZ = aZ, yielding 


\ aZ + /5 / 


antiresonance 


( 0 ) 


Equations (5) and (6) apply equally well for the open-circuited line in 
the vicinity of resonance and antiresonance. For small values of al and 5, 
we have 8al and the scalar values of the input impedance become 
approximately 

Z = Zq^/ {aiy^ + 3^ resonance (7) 


Z = 


Zq 

V{al)^ + 32 


antiresonance (8) 


It now remains to relate 3 to the frequency. Let co be the impressed an- 
gular frequency and wq be the resonant or antiresonant angular frequency. 
From our previous assumption, we have pi = o)l/v == {nir/2) + 6. At the 
resonant or antiresonant frequency, we have coqZ/i; = n7r/2. Combining 
these two expressions, we obtain 

5 = (w — coo) “ 

V 


(9) 
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The quantity w — wq represents the difference between the impressed 
angular frequency and the resonant or antiresonant angular frequency. 

10.02. The Q of Resonant and Antiresonant Lines. — One of the princi- 
pal advantages of transmission-line networks is the high values of Q which 
are attainable by this means. Whereas a Q of 300 represents a relatively 
high value for lumped L-C circuits, Q's of the order of several thousand 
are attainable with lines. A high Q implies a high degree of frequency 
selectivity and therefore a sharply tuned circuit. 

The Q of lumped L-C circuits is usually defined by the ratio of reactance 
to resistance, i,e.y 


where coL is the inductive reactance and R is the circuit resistance. 

A more general definition of Q, which is applicable to any case of elec- 
trical or mechanical resonance, is 

Q - 2ir energy storage 

energy dissipated per cycle 

Multiplying the numerator and denominator of Eq. (2) by the frequency, 
and remembering that the product of energy dissipation per cycle times 
frequency is the power loss, we have 

peak energy storage o)Ws 

Q ~ ^ _ (3) 

average power loss Pl 


where Ws is the peak energy storage and Pl is the time-average power loss. 

In order to show that Eqs. (1) and (3) are equivalent, multiply the 
numerator and denominator of Eq. (1) by where I is the amplitude 
of the current flowing in the inductance. This gives 


Q = 


y2Lp 



( 4 ) 


where Ws = is the peak energy storage in the inductance and Pl 

— is the time-average power loss. 

Let us now apply the definition given by Eq. (3) to derive an expression 
for the Q of resonant and antiresonant lines. The final expression for Q 
is the same regardless of whether we choose an open-circuited or a short- 
circuited line operating at resonance or antiresonance. 

Consider an antiresonant short-circuited line. The peak energy storage 
may be evaluated without serious error by assuming that the line is loss- 
less. The voltage and current at any point on the line are then in time 
quadrature; therefore the energy storage in the electric field has its maxi- 
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mum value when the energy storage in the magnetic field is zero, and vice 
versa. The peak values of the energy storage in the electric and magnetic 
fields are equal and we may choose either for the purpose of evaluating 
the Q. 

Consider the peak energy storage in the electric field. The capacitance 
of a differential length of line dx is C dx and the peak energy storage is 
dWs = y 2 {Cdx)V^, where V is the voltage amplitude. Substituting the 
voltage from Eq. (8.06-5) into this expression and integrating between the 
limits iSx = 0 and jSx = n7r/2 (where n is odd for the antiresonant line), the 
peak energy storage becomes 


Ws = 


cihZoy^ 


I 


sin^^x d(/3x) = {IrZq)^ 


( 5 ) 


where Ir is the amplitude of the current at the receiving end. 

The time-average power loss is obtained from Pl = yVI cos 6, where 

V and I are the amplitudes of the voltage and current at the input termi- 
nals, and 6 is the phase angle between V and /. The voltage and current 
at the input terminals are found by inserting = n7r/2, cosh ai « 1, and 
sinh al « al into Eqs. (8.07-4) and (8.07-5), yielding the scalar values 

V = IrZq and / = IrocIj and 6 = 0. The time-average power loss is 
therefore 

P. . (6) 

Inserting Eqs. (5) and (6) into (3), together with (31 = mr/2j Zq = a/l/C, 
and 13 = o)\^LCj we obtain an expression for the Q 



( 7 ) 


Thus, the Q is the phase constant divided by twice the attenuation con- 
stant. It is also interesting to note that if we neglect the conductance in 
Eq. (8.04-6) so that a = R/2Zoj and insert this, together with the above 
expressions for and Zq, into Eq. (7), the expression for the Q reduces to 
the familiar form Q = o)L/R where L and R are the series inductance and 
resistance per unit length of line. 

The Q is a measure of the frequency selectivity of a resonant or anti- 
resonant circuit. To show this relationship, we return to Eqs. (10.01-7 
and 8). Let co represent the angular frequency for which d = al. At this 
frequency, the input impedance is \/2 times the resonant impedance, or 
l/\/2 times the antiresonant impedance, as the case may be. Substitu- 
tion of d from Eq. (10.01-9) into the above expression yields (w — o)oJ/vc 
== a, where coq is the resonant angular frequency. From Eq. (7) we obtain 
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Q = 0/2a = wo/2ai)c; hence 

Q = 


0)0 


2(o) — O)o) 


A 

2A/ 


( 8 ) 


where /o is the resonant frequency and A/ = (co — o)o) /27r. 

The resonant and antiresonant impedances may be expressed in terms 
of the Q, by inserting I3l = n7r/2 and a from Kq. (7) into (10.01-3) and 
(10.01-4), yielding 


ZoTiir 



Z = 

4Q 

resonance 

(9) 

^ 4ZoQ 



Z = 

antiresonance 

(10) 


mr 


In general, the Q of a line is increased by increasing either the size of 
the conductors or the spacing between conductors. Increasing the size of 
the conductors decreases the skin-effect resistance, whereas increasing 

the spacing between conductors in- 



Fig. 1 . — Q of copper coaxial lines having the 
optimum ratio b/a ^ 3.6. 


creases the inductance per unit 
length of line. However, in open- 
wire lines, the radiation losses in- 
crease as the separation distance 
increases. 

For the coaxial line, the attenua- 
tion constant, as given in Table 1, 
becomes a minimum when the ratio 
b/a is 3.6. This corresponds to a 
characteristic impedance of approxi- 
mately 77 ohms. Since is inde- 
pendent of b and a, it follows from 
Eq. (7) that maximum Q likewise 
occurs when b/a = 3.6. Figure 1 is 
a plot of the Q of copper coaxial 
lines as a function of frequency for 
various sizes of lines, all having the 
optimum value b/a = 3.6. 

10.03. Lines with Reactance Ter- 
mination. — Lines are often used as 


tuned elements in vacuum-tube circuits where they are shunted by the 
interelectrode capacitances and conductances of the tube. A line may be 
tuned by means of a small variable condenser shunted across either end 
of the line. Let us observe what effect lumped reactances have upon the 
resonant and antiresonant frequencies. 
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In high-Q circuits the resistance has very little effect upon the resonant 
frequency; hence we shall confine our attention to lossless lines which are 
terminated by pure reactances. Consider the lines shown in Fig. 2, with 
lumped reactances at the sending end and Xr at the receiving end. 
In Fig. 2a the reactance Xi is assumed to be connected in scries with a 
zero-impedance generator. This is equivalent to the series L-C circuit of 
Fig. 2b, the input impedance having zero value at the resonant frequency. 
In Fig. 2c, the reactance Xi is assumed to be shunted across an infinite- 
impedance generator, this being analogous to the parallel L-C circuit of 
Fig. 2d. 



Fig. 2. — Lines with reactance terminations and their lumped-circuit equivalents. 


A condition of resonance exists when the reactances looking both ways 
at any pair of terminals, such as at ab in Fig. 2a or 2c, are equal in magni- 
tude and opposite in sign. In Fig. 2a this results in a resonant input im- 
pedance, whereas in Fig. 2b, the input impedance is antiresonant. 

The input reactance of the line alone at terminals ab is obtained from 
Eq. (8.06-4), 


/ Xr + Zq tan 
\Zo — Xr tan fil) 


( 1 ) 


Applying the above criterion, resonance or antiresonance occurs when 




A/g -f* Zq tan fil\ 
sZo — Xr tan pl) 


Solving for tan and substituting 0 we have 





/ Xi+Xr \ 
\XiXb - Zl) 


( 2 ) 

( 3 ) 


In these equations Xi and Xr take positive values for inductive reactance 
and negative values for capacitive reactance. 
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If the line is short-circuited at the receiving end, we have Xr = 0, and 
Eq. (3) reduces to 

«Z Xi 

tan - = - (4) 

Vc ^0 


and if open-circuited, Xr = oo, and 


0)1 Zq 
tan — = — 

Vc Xi 


(5) 


If there is no reactance ^t the sending end, we set Xi = 0 for the series 
connection and Xi = oo for the parallel connection. 

Resonant lines have a multiplicity of resonant and antiresonant fre- 
quencies which may be either harmonically or inharmonically related. If 
the line contains no lumped reactance, the resonant and antiresonant fre- 
quencies are harmonically related. For example, the short-circuited line 
without reactance termination at either end is resonant when tan ool/vc = 0 
and antiresonant when tan o)l/vc = =h . The corresponding resonant and 
antiresonant frequencies are given by 



or 



( 6 ) 


where n is an even integer for resonance and odd for antiresonance. The 
resonant and antiresonant frequencies are therefore harmonically related. 

In general, if the line is terminated by lumped reactances the resonant 
and antiresonant frequencies are not harmonically related. This is appar- 
ent since the frequency appears on both sides of Eq. (3). The question 
sometimes arises: how can we design a line having reactance terminations 
so as to be simultaneously resonant or antiresonant at any two or more 
specified frequencies? Such a problem might arise if we were to design 
an oscillator or amplifier to deliver a relatively large output at a harmonic 
of the fundamental frequency. The interelectrode capacitance of the tube 
constitutes a lumped reactance shunting the input end of the line, as shown 
in Fig. 2. Therefore the antiresonant frequencies will, in general, be in- 
harmonically related unless we specifically design the circuit to have har- 
monic antiresonant frequencies. 

Equation (10.03-3) shows that there are four variables which we are at 
liberty to adjust. These are the two terminating reactances, the charac- 
teristic impedance of the line, and the length of line. By proper adjust- 
ment of the four variables, it should be possible to make the circuit either 
resonant or antiresonant at four specified frequencies which may be either 
harmonically or inharmonically related. 

As a specific example, consider a short-circuited line with a capacitance 
C shunted across its input terminals. We wish to find the length of line 
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and value of G required to make the circuit antiresonant at the two angular 
frequencies coi and W 2 - For the two specified frequencies Eq. (4) becomes 


1 CO 2 Z 1 

tan — = — “ — tan — = — 

Vc 0 )iCZq Vc 0)2^^0 


(7) 


Dividing these equations gives 

tanwiZ/wc ^2 
t&nw2l/Vc wi 



Fig. 3, — Coaxial wavemeters. 


If the two frequencies are harmonically related, we have W 2 = and 
Eq. (8) reduces to 

U)ll Oill 

tan — = n tan n — (9} 

Vc Vc 

This is a transcendental equation of the form tan 9 == n tan 7i9, Solutions 
for o)il/Vc may be obtained either by Newton’s method ^ or by graphical 
methods. The length of line may then be computed from the known value 
of Oili/Vc. 

10.04. Measurement of Wavelength. — The coaxial wavemeter shown 
in Fig. 3 consists of a coaxial line which is short-circuited at both ends. 
One end contains a sliding piston which is adjustable by means of a worm 
gear. The microwave source is coupled to the wavemeter by means of a 
coaxial line which terminates in a small coupling loop inside the coaxial 

1 Doherty, R. E., and E. G. Keller, '^Mathematics in Modern Engineering,’' 
chap. 4, John Wiley & Sons, Inc., New York, 1936. 
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wavemeter. A second coupling loop is connected to a crystal detector and 
microammeter for a resonance indicator. Resonance occurs when the co- 
axial line is an integral number of half wavelengths long. The micro- 
ammeter reading has its maximum value at resonance and decreases ab- 
ruptly as the coaxial wavemeter is tuned away from resonance. A centi- 
meter scale and vernier on the dial indicate the wavelength. 

10.05. Measurement of Impedances at Microwave Frequencies. — An 
unknown impedance can be measured by connecting it to a low-loss trans- 
mission line having a known value of characteristic impedance and measur- 
ing: (1) the standing waver ratio p = 1 1/1 Vmin 1 and (2) the distance 

from the terminating impedance to the first voltage maximum or minimum. 

The standing wave ratio is a measure of the impedance mismatch of a 
line. If the line is terminated in its characteristic impedance, the stand- 
ing wave ratio is unity. The standing wave ratio increases as the terminal 
impedance becomes increasingly greater than or less than the character^ 
istic impedance, approaching infinite value for the open-circuited or shorb 
circuited line. 


For a lossless line, the voltage maximum and current minimum occur 
at the same point on the line. In Sec. 9.05 it was shown that the voltage 
maximum may be represented by 1 Vmax 1 = Vr{1 + 1 r/^ |), where 1 r/j 1 is 
the magnitude of the reflection coefficient. By a similar method, the cur- 
rent minimum can be shown to be 1 /niin 1 = (1 — | \){Vr/Zo). At the 

point where the voltage is a maximum and the current a minimum, the 


impedance is 


_ ^ 1 i ^ 

= /JQ = 

1 - rR 


where p is the standing-wave ratio given by Eq. (9.05-4). In a similar 
manner, it may be shown that the impedance at the voltage minimum 

(current maximum) is ^ 

"0 

Z = - (2) 


Now write Eq. (8.06-4) for the impedance at the point of maximum 
voltage on the line, letting x = and Z = pZo, 

_ V / 4an 0:rinax\ 

pZq = Zqx — — I ( 3 ) 

\Zo + jZr tan jSXmax/ 

Solving this for Zr and substituting p = 27r/X, we have 



X 



Sec. 10.05] 


MEASUREMENT OF IMPEDANCES 


If p, Zq, ^max? X are known, the terminal impedance may be readily 
computed from Eq. (4). A similar relationship may be derived for the 
terminating impedance in terms of the distance from to the voltage 


minimum. 


The impedance diagram can be used to evaluate an unknown load im- 
pedance. As an example, assume that the values p = 2 and x^ax/^ = 0.15 


od^ 


mm 


Fig. 4. — Use of the impedance diagram for determining an unknown impedance 

have been experimentally determined. The normalized impedance at the 
voltage-maximum point on the line, from Eq. (1), is Z/Zq = p == 2.0 + jO. 
Enter the impedance diagram at this value of impedance (point P in Fig. 
4) and observe the corresponding values of al = 0.54 and wq = 0.25. Now 
proceed in a counterclockwise direction on the constant-aZ circle to point 
Q where w = wo + (xmax/X) = 0.40 (on the “wavelengths toward the load- ’ 
scale). This corresponds to moving from the voltage-maximum point to 
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the receiving end of the line. The normalized impedance at point Q is 
Zr/Zo == 0.68 + jO.48. This is the normalized load impedance. 

Figure 5a shows a standing-wave indicator wliich is used to measure the 
standing-wave ratio at wavelengths of from approximately 5 to 15 centi- 




( 6 ) 

Fia. 5. — Standing-wave indicator and method of crystal calibration. 


meters. This consists of a sliding probe which extends a short distance 
into a slotted section of coaxial line. The probe is connected to a crystal 
detector and microammeter. This device actually measures the electric 
intensity in the coaxial line. However, the electric intensity is propor- 
tional to the voltage between conductors, hence the standing-wave indi- 
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cator may be assumed to be a voltage-measuring device. A scale on the 
standing-wave indicator is used to measure the distance between the 
terminal impedance and the voltage maximum or minimum. 

To calibrate the standing-wave indicator, the coaxial line is short- 
3ircuited at its output terminals and data are taken for a curve of micro- 
ammeter reading plotted against probe position, as shown in Fig. 5b. The 
sine-wave curve, also shown in Fig. 5b, is the curve which would be ob- 
tained if the crystal had a linear volt-ampere characteristic. The relative 
calibration curve is then obtained by plotting a curve representing the sine 
wave values as ordinates and the corresponding microammeter readings as 
abscissas. Care must be taken to couple the probe loosely to the coaxial 
line in order to avoid disturbing the standing wave on the coaxial line. 



10.06. Power Measurement at Microwave Frequencies. — It is often 
necessary to measure the power output of oscillators or amplifiers operating 
at microwave frequencies. The thermistor bridge or bolometer bridge, 
shown in Fig. 6, provides a convenient and reasonably accurate method of 
measuring power. One arm of the bridge, designated as Rt in Fig. 6, con- 
tains a resistance element which has a relatively high temperature coeffi- 
cient of resistance. This element is connected in such a manner as to ab- 
sorb the power from the microwave source whose power output is being 
measured. 

With the microwave source disconnected, the bridge is balanced and the 
milliammeter reading in the Rt branch is observed. The microwave source 
is then connected and the stubs are adjusted for maximum power trans- 
fer to Rti as indicated by a maximum unbalance of the bridge. The un- 
balance results from the fact that the value of Rt changes as the power 
dissipation in it increases. Balance is restored by decreasing the d-c power 
loss in Rt by an amount exactly equal to the microwave power dissipation 
in this resistance. This is accomplished by means of the rheostat in the 
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battery circuit. If /j is the direct current through Rt for the initial bal- 
ance and I 2 is the direct current when the bridge is balanced with the 
microwave source connected, the microwave power is Pae = (/? — I^Rt- 
The milliammeter may be calibrated to read the power in watts. 

If the element Rt is a semiconductor having a negative temperature 
coefficient of resistance, it is kno%vn as a thermistor. Negative tempera- 
ture-coefficient materials suitable for thermistors include uranium oxide, 
a mixture of nickel oxide and manganese oxide, and silver sulphide. Con- 
ducting wires are sometimes used which have a positive temperature coef- 
ficient of resistance. These, are known as bolometers or barretters. One 
commercial form consists of a straight platinum wire, 0.06 mil in diameter. 


Microwave 

generator 

1 

|Aniennoi 

Sampling 

probe 




Thermistor 

or 

Bolometer 

bridge 


Fig. 7. — Power measurement by the sampling method. 


which is mounted in a cylinder for use in standard coaxial line fittings. 
This particular element has a maximum power rating of 32.5 milliwatts 
and may be used to measure values of power as low as 10 microwatts. 

In order to minimize skin-effect errors, thermistors and barretters usually 
have very small diameters ; consequently their power rating is quite small. 
Higher power levels may be measured by inserting a calibrated attenuator 
between the source and Rt in Fig. 6. Sections of coaxial line having a 
high-loss dielectric are sometimes used as attenuators. However, the at- 
tenuation characteristics of this type of attenuator are likely to vary with 
temperature and humidity. Another type of attenuator consists of a glass 
rod upon which has been deposited a thin layer of platinum. The plati- 
nized glass rod is used as the center conductor in a coaxial line which is 
inserted between the power source and the thermistor or bolometer bridge. 

The power consumed in a load impedance may be measured by a sam- 
pling method shown in Fig. 7. In this method the power-measuring circuit 
is loosely coupled to the coaxial line which connects the microwave source 
to the load. A small fraction of the total power enters the power-measuring 
bridge, which may be of the thermistor or bolometer type. In this method, 
it is necessary to calibrate the power-measuring circuit with the given load 
impedance in order to determine what fraction of the total power is being 
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drawn off by the power-measuring circuit. A more accurate sampling 
method consists of a coaxial line containing a directional coupler, similar 
to that shown for wave guides in Chap. 18. 

10.07. Effect of Impedance Mismatch upon Power Trsinsfer. — A well- 
known power-transfer theorem states that if a variable load impedance is 
connected to a constant-voltage gen- 
erator, maximum power transfer oc- 
curs when the load impedance is equal 
to the complex conjugate of the gen- 
erator impedance. When this condi- 
tion prevails the impedances are said 
to be matched. It is sometimes help- 
ful to be able to determine the power 
sacrificed as a result of not having 
matched impedances. 

Referring to Fig. 8, let Zg = /?g + jXg be the generator impedance and 
Zl — Rl ^ JXl represent the load impedance. The scalar value of cur- 
rent is 



2,=R^+jXL 


Fig. 8 . — Generator and load. 


F. 


+ (X, + Xry 


and the power consumerl in the load is 


P = 7 ^Rl = 


F"Pl 


{R, + RlY + {X, + XlY 


( 1 ) 


( 2 ) 


If the load impedance is the only variable, the power is a maximum 
when Rl = Rg and Xl = —Xg, that is, when the generator and load im- 
pedance are conjugates. The power is then 


P = 

max 


V 

^ g 

4R, 


( 3 ) 


The ratio of the power for any load impedance to the maximum power 
is found by dividing Eq. (2) by (3), 


P 4RgRL 

= L-il (4) 

P max {R, + Ri.Y + {X, + Xi^Y 

Now divide the numerator and denominator by R^ and let R' = RL/Rg 
and X' = (Xg + Xl)//?*, giving 


P _ 42?' 

Pmax (1 + R'Y + (X'Y 


<5) 
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If we let R' and X' be the coordinate axes in a rectangular coordinate 
system, the loci representing constant values of P/Pmax are circles as shown 
in Fig. 9. This graph makes it possible to evaluate the ratio of actual 
power to maximum power for any condition of impedance mismatch. The 
procedure is to compute and X' for the particular problem. The value 



Fia. 9. — Power transfer ratio P/Pm&x for mismatched impedances. 


of P/Pmax is then obtained from Fig. 9. If the load consists of a trans- 
mission line with a load impedance at the distant end, the impedance Zl 
is the input impedance of the line. 

10.08. Power-transfer Theorem. — There is an interesting and useful 
power-transfer theorem which states that if a generator is connected 
through one or more pure reactance networks to a load, as shown in Fig. 
10, and the conditions are such that there is a conjugate impedance match 
at one pair of terminals, then there will be a conjugate impedance match 
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at every pair of terminals and maximum power will be transferred from 
the generator to the load. 

This may be readily verified by the use of Thdvenin’s theorem. If we 
break into the network at any junction, such as at ab in Fig. 10a, Th4ve- 
nin^s theorem permits us to replace the network to the left of ab by a 
generator as shown in Fig. 10b. The generator impedance in the equiv- 
alent network is equal to the impedance looking to the left at terminals 
ab, and the generator voltage Vg is the open-circuit voltage at ab. The net- 
work to the right of ab in Fig. 10a is replaced by its equivalent impedance 
Z 2 in Fig. 10b. Now assume that there is a conjugate match of impedances 



b 

(b) 

Ikj. 10. (a) Network consisting of a generator connected to a load impedance through pure 

reactance networks, and (b) equivalent circuit from Th^venin’s theorem. 

at ab in Figs. 10a and 10b. A conjugate impedance match in the circuit 
of Fig. 10b signifies that there is a maximum power transfer past the junc- 
tion ab. If there is a maximum power transfer in the equivalent circuit, 
there must likewise be maximum power transfer in the original circuit. 
Since we have maximum power flow past the junction ab in Fig, 10a, and 
there is no power lost in the reactive networks, it follows that there is a 
maximum power flow at every junction and likewise maximum power trans- 
fer to the load. Consequently, there must be a conjugate impedance match 
at every junction, since, if there were not a conjugate impedance match 
at any junction, there could not be maximum power flow past this junction. 

For most transmission lines operating at microwave frequencies, we have 
o)L )$> R and coC G; hence the lines may be treated as pure reactance 
networks. The foregoing power-transfer theorem makes it possible to 
match impedances at any point on the line between the generator and load 
and be assured of a conjugate impedance match throughout the entire 
system, resulting in maximum power transfer to the load. 

10.09. Quarter-wavelength and Half-wavelength Lines. — Transmission 
lines which are either a quarter wavelength or a half wavelength long have 
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special impedance-transforming properties. Consider the input impedance 
to a quarter-wavelength lossless line which is terminated in an impedance 
Zr, Inserting pi = 7r/2 into Eq. (8.06-4), we obtain 

y2 

The input impedance varies inversely as Zr] therefore the quarter-wave- 
length line is effectively an impedance inverter. If Zr is inductive, the 
input impedance is capacitive, and vice versa. If the load impedance is 
constant, it is possible to control the magnitude of the input impedance, 


^02 


I 

4 ^ 

Fig. 11. — Impedanco transformer consisting of two quarter-wavelength lines. 

but not its phase angle, by a proper choice of Zq. If a generator having an 
impedance Zg is connected to the input end of the line and both Zg and 
Zr are pure resistances, maximum power transfer occurs when 

Z, = |5 or Zo = (2) 

From a practical point of view, the range of characteristic impedances 
of coaxial lines is from 5 to 250 ohms, whereas that for open-wire lines is 
from 90 to 1,000 ohms. These provide the practical limits of impedance 
transformation using the quarter-wavelength line. 

Let us now see what effect variations in frequency have upon the power 
transfer. Assume that a lossless line, terminated by an impedance Zr, has 
matched impedances at the generator at the frequency for which the line 
is a quarter wavelength long. If Zg and Zr are approximately equal, the 
variation in power transfer with frequency will be relatively small. How- 
ever, if Zg and Zr differ greatly the power transfer decreases rapidly as the 
frequency departs from the frequency at which the line is a quarter wave- 
length long, and therefore the impedance transformer is highly frequency 
selective. 

Two or more quarter-wavelength sections of line having different char- 
acteristic impedances, such as shown in Fig. 11, may be used to obtain an 
impedance transformer which is less frequency selective than that of a 
single quarter-wavelength section. 
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Now consider the input impedance of a half-wavelength line which is 
terminated in an impedance Zr. Inserting fil = tt into Eq. (8.06-4), we 
obtain 

Z = Zr (3) 

Therefore, the input impedance of the half-wavelength line is equal to the 
terminating impedance, or the half-wavelength line is effectively a one-to- 
one ratio transformer. 

10.10. Single-stub Impedance Matching. — ^From a practical point of 
view, the use of the quai ter- wavelength line as an impedance transformer 
is restricted largely to the matching of resistive impedances where the fre- 
quency and impedances are constant. Stub impedance-matching systems 



are more versatile in that they may be used to match complex impedances 
and are more readily adjustable. A stub consists of an open-circuited or 
short-circuited line which is shunted across the transmission line between 
the generator and the load. One or more such stubs may be used for im- 
pedance matching. 

If a single stub is used, as sho^vn in Fig. 12, it is necessary to have both 
the length of the stub and the distance from the stub to the load adjustable 
in order to match all possible load impedances. Let us analyze this case. 
Since we are dealing with parallel circuits, it is convenient to use admit- 
tances. The characteristic admittance of the line To = V^o n^ay be as- 
sumed to be a pure conductance for a low-loss line. 

Maximum power transfer requires a conjugate admittance (or imped- 
ance) match at the generator and, likewise, a conjugate admittance match 
at points ah where the stub is connected to the transmission line. In the 
following discussion, it is assumed that the line is lossless and therefore that 
the characteristic admittance Yq is a pure conductance. If the generator 
admittance happens to be equal to the characteristic admittance, that is, 
if Fg = Fo, then the admittance looking to the left at ah is Fq and- the 
admittance looking to the right at ah (including the stub) must likewise 
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be equal to Fq for maximum power transfer. Under these conditions, there 
will be no standing waves on the line between the generator and the stub, 
although standing waves will exist on the section of line from the stub to 
the load and on the stub itself. 

If the generator admittance is not equal to Yo, then the admittance look- 
ing to the left at ah is not equal to Yo, and therefore the admittance look- 
ing to the right at ah must likewise have some value other than Fo for 
a conjugate admittance match. The section of line between the gener- 
ator and stub then serves as an impedance transformer and has standing 
waves of voltage and current along its length. It should be noted that 
the absence of standing waves on a line is not always an indication of 
maximum power transfer. 

In the following analysis, we shall assume a lossless line with = Fq- 
Maximum power transfer then requires that Yah = Fq, where Yah is the 
admittance looking to the right at ah including the stub. The admittance 
of a lossless stub is a pure susceptance. The stub is located at that point 
on the line where the real part of the admittance, looking toward the load, 
is Fq. The stub length is then adjusted so that its susceptance is equal and 
opposite to the susceptance of the line at this point, thereby canceling the 
susceptance and leaving Yah = Fq. 

The reflection coefficient equations will be used in order to gain facility 
in the use of these equations. The admittance at any point on the line 
looking toward the load (with the stub disconnected) is obtained by invert- 


ing Eq. (9.01-4) 


F 1 - 
Fo ~ 1 + 


( 1 ) 


where the reflection coefficient is given by tr = (Fq — Yr)/{Yq + Yr). 
Now let 


tr 


Fq - Yr 
Yo + Yr 


tr \e 


—j2uQ 


( 2 ) 


where | rR j is the absolute value of the reflection coefficient and — 2?^n is the 
angle. Substitution of Eq. (2) into (1), together with y = (for a lossless 


line), gives 

Y 1 - I rij _ 1 - I r/e \er^'^ 

Yo ~ 1 + 1 “ 1 + j rjj 


( 3 ) 


where ^ = 2{uo + fix) 

Using the trigonometric identity e~^* = cos f — j sin ^ and separating 
the real and imaginary terms, we obtain from Eq. (3), 


Y^ 1 - I rji ^ j2\ tr I sin ^ 

Yo 1 + 2| ra 1 cos f + 1 rij 1^ 1 + 2| ra ] cos + | ra I* 
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The stub is located at that point on the line where the real part of the 
admittance is equal to Yq, or where the real part of Eq. (4) has unit value. 
This requires that 

cos^=-lr/j| (5) 


Inserting yp — 2{uq + ^Zi), where l\ is the distance between the receiving 
end of the line and the stub, we have 


cos 2(wo + i^Zi) = — tr 


+^cos 1 - 1 rft 1^ (6) 

The values of | ri? | and Uq may be evaluated in terms of known values of 
Yq and Yr by using Eq. (2). These are then substituted into Eq. (6) 
to obtain the distance li from the load to the stub. 

From Eq. (5), we obtain sin^ = 1 — | 1^. Substitution of this, 

together with Eq. (5), into (4), yields 


L = 1 ■ M rs 

1^0 ±Vl-lr«l2 


(7) 


For a conjugate admittance match, under the assumed conditions, the 
susceptanco portion of Eq. (7) must be canceled by an equal and opposite 
stub susceptance. Assume that the characteristic admittance of the stub 
and line are equal. The normalized stub admittance must then be 


y^atu b j2\ rjt 

Yo' ~ ±Vl-|r«|=^ 

The normalized admittances of the short-circuited and open-circuited 
stubs are obtained from Eqs. (8.0G-7 and 10), 


Fstub 

2tI<> 



F„ = 

short-circuited stub 

(9) 

Y stub 

2'7rZ2 



Fo 

open-circuited stub 

(10) 


The length of stub is found by equating either Eq. (9) or (10) to Eq. (8) 
and solving for I 2 . 

The position of the stub and its length may also be determined from 
standing-wave measurements on the line. With the stub disconnected, 
the maximum and minimum voltages are observed and the distance from 
the load to the first voltage maximum is obtained. Equation (9.06-4) is 
then used to obtain the value of | | and Eq. (9.05-7) yields uq. These 

values may then be substituted into Eqs. (6) and (8) and the values of h 
and I 2 are then determined as outlined above. 
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Example. A generator having an internal impedance Zg == 75 ohms is connected to 
a load impedance Zr ^ 250 ohms by means of a transmission line having a character- 
istic impedance of 75 ohms. The wavelength of the impressed signal is X ~ 20 cm. 
Find the position and length of a short-circuited stub which will yield maximum power 
transfer to the load. 



Fig. 13. — Graphical solution of single-stub impedance matching. 

Consider first the analytical solution. The admittances are To = = 0.0133 

mhos and Yr = \/Zr — 0.004 mhos. Substitution of these values into Eq. (2) yields 

tr = I r« I = 0.537 

or I r/j I ~ 0.537 and uq = 0. Inserting these values into Eq. (6), we obtain 

^ ^ cos-* (-0.637) 

X 47r 

There are a multiplicity of values of Zi which satisfy this equation. These values differ 
by a half wavelength and any one of the values may be used. The shortest distance 


Sec. 10.11] DOUBLE-STUB IMPEDANCE MATCHING 

corresponds to the second-quadrant angle of 121.5° or 2.12 radians. This gives 


197 


- = 0.169 h = 3.38 cm. 

X 

The length of the stub is found by equating (8) and (9) and substituting | r/z | = 
0.537, yielding 

27r/2 

cot — - = 1.264 
X 

Again we find a multiplicity of solutions differing by a half wavelength. The shortest 
stub is 

h 

- = 0.1065 h = 2.13 cm. 


Now consider the graphical solution. We enter the polar diagram at the normalized 
load admittance Yr/Yq = 0.3 + jO (point Po in Fig. 13) and observe that = 0.30 
(on the al circles) and teo = 0 (on the ^Wavelengths toward the generator*^ scale). As 
we move back toward the generator, the admittance point moves in a clockwise direc- 
tion on the constant-aZ circle. At Pi we intersect the unity conductance circle and at 
the corresponding point on the transmission line we place the stub. At this point the 
admittance is Fi/Fo = 1 4- il.26 and we have w\ = 0.17. The distance h from the 
load to the stub is determined by Zi/X wi — wo ^ 0.17. 

The stub must provide a normalized susceptance of —1.26 mhos. Let us now deter- 
mine the length of stub. At the short-circuited end of the stub we have Y/Yq = oo. 
Entering the diagram at this point (Qo in Fig. 13), we observe that Wq — 0.25. Moving 
in the clockwise direction around the constant-aZ circle we stop at the susceptance 
Ys/Yo == —il.26. The corresponding value of w' is w' = 0.356. Thus, the stub length 
is obtained from Z 2 /X ^ w' -- Wq ^ 0.106. The values of Zi/X and Z 2 /X obtained by the 
graphical method are in agreement with the analytical solutions. 


10.11. Double-stub Impedance Matching. — In order to match variable 
load impedances using the single stub, it is necessary to vary the length 
of the stub as well as its position with respect to the load impedance. The 
stub position may be varied by inserting a telescoping *4ine stretcher’ ' 
between the load and the stub. A more convenient impedance transform- 
ing system consists of two or more adjustable stubs spaced approximately 
a quarter wavelength apart as shown in Fig. 14. 

Let us assume that Yg — Yq, To obtain maximum power transfer, it 
is then necessary to adjust the lengths of the stubs so that the admittance 
looking to the right at ab is equal to Fq. Stub 1 serves to make the con- 
ductance part of the admittance at ah equal to Fq; and stub 2 is then ad- 
justed to cancel the susceptance portion of the admittance at ah. 

Consider the graphical solution of the double-stub impedance trans- 
former. Assume that the admittance Ycd at points cd in Fig. 14 (with 
both stubs disconnected) corresponds to point Pq in Fig. 15. Connecting 
stub 1 adds a pure susceptance, causing the admittance point to mov^e on 
the constant-conductance circle to a new position Pi which is determined 
by the length of the stub. If the stubs are a quarter wavelength apart, 
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the admittance Yah (with stub 2 disconnected) is at point P 2 in Fig. 15, 
which is halfway around the diagram from Pi on the same al circle. In 
order to obtain the conditions necessary for matched admittances, the 
length of stub 1 should be such that point P 2 falls on the unity conductance 
circle. With stub 2 connected and adjusted to cancel the susceptance at 
P 2 , the admittance point moves from P 2 to P 3 . The latter point corre- 
sponds to F/Fq = 1 +j0, which is the requirement for matched admittances. 

The double-stub transformer will not match all possible load admittances, 
"iluis, if the load admittance and position of the stub are such as to place 



Fig. 1G. — Coaxial and open-wire tapered lines. 


Po on any conductance circle greater than unity (so that Po falls inside the 
unity conductance circle), it is then impossible to obtain matched admit- 
tances using two stubs which are spaced a quarter wavelength apart. The 
range of admittances which can be matched by this method is increased 
somewhat by spacing the stubs a little less than a quarter wavelength 
apart. Triple-stub impedance transformers are sometimes used where ac- 
curate impedance matching is required. 

10.12. The Exponential Line.^ — Tapered lines, which are several wave- 
lengths long, such as those shown in Fig. IG, provide a gradual impedance 
transformation over the length of the line. This type of impedance trans- 
former is less frequency selective than the quarter-wavelength line or the 
stub transformers. An exponential line is a tapered line in which the char- 
acteristic impedance varies exponentially along the line. 

As a point of departure, let us write the differential equations of the trans- 
mission line similar to Eqs. (8.02-3 and 4), but with the distance x measured 

^ Wheeler, H. A., Transmission Lines with Exponential Taper, Proc. I,R.E., vol. 27 
pp. 66-71; January, 1939. 
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from the sending end. For a lossless line these are 


dV 

dx 

—jo)LI 

(1) 

dl 

dx 

-jwCV 

(2) 


where the inductance L and capacitance C per unit length of line are now 
functions of the distance x. 

We now assume that the tapered line is terminated in such a manner 
as to prevent reflections at the receiving end. For this condition, there 
will be outgoing waves of voltage and current but no reflected waves. 
Assume that the outgoing wave of voltage has a variation with x given by 

V = (3) 

where Fs is the amplitude of the sending-end voltage and e”*® represents 
an exponential voltage transformation resulting from the line taper. The 
constant 5 will be referred to as the voltage transformation constant. 

If the voltage is transformed by an amount we would expect that 
the current would be transformed by the inverse amount, or by an amount 
Hence the current is represented by 

I = (4) 

where Is is the sending-end current amplitude. 

The voltage and current given by Eqs. (3) and (4) are in time phase at 
any point on the line and the power flow is 

P = V2\V\\l\ = y2VsIa (5) 

The power is independent of distance x. 

Let us now determine what conditions are required to obtain the assumed 
voltage and current distribution. The impedance at any point along the 
line is the ratio of voltage to current. Dividing Eqs. (3) and (4), we have 

Z = y = (6) 

where Zs = Vs/Is- Equation (6) shows that the impedance is transformed 
by the factor which is the square of the voltage transformation. 

Substitution of the voltage from Eq. (3) and the current from (4) into 
(1) and (2) gives 


(5 + MZse-^^ 

= jwL 

(7) 

1 

T 


(8) 
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and solving for ^ 


52 + ^2 ^ co^LC 


18 = Vco^LC - 52 



(9) 

( 10 ) 


The phase constant may be cither real or imaginary, a condition similar 
to that encountered in filter networks. For large values of co, the phase 
constant, given by Eq. (10), is real and the voltage and current waves 
propagate without attenuation (although they are transformed owing to the 
taper of the line). This corresponds to the pass band in conventional filter 
theory. For values of w below a certain critical value, is imaginary and 
the voltage and current, as given by Eqs. (3) and (4), are both attenuated 
with distance along the line. This corresponds to the attenuation band in 
filter theory. Hence the exponential line has properties similar to those of 
an impedance-transforming high-pass filter. 

Cutoff occurs when /3 is zero, or from Eq. (10), when 


C*)(* — y — 

vlc 


( 11 ) 


where o)c is the cutoff angular frequency and Vc = 3 X 10® meters per second 
is the velocity of light. Equation (11) shows that a high transformation 
constant d results in a correspondingly high cutoff frequency. 

The inductance and capacitance variation along the line are determined 
by the form of voltage and current distribution. Returning to Eq. (7) 
and writing this for the sending end (a; = 0), we obtain (5 + jff)Zs == j<j>Ls 
where Ls is the inductance per unit length at the sending end of the line. 
Dividing this into Eq. (7), gives 



A similar procedure applied to Eq. (8) yields 

^ = e- 


( 12 ) 


(13) 


where Cs is the capacitance per unit length at the sending end. 

If we define the characteristic impedance at any point on the line by the 
relationship Zq == V^L/C, Eqs. (12) and (13) give 
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Finally, let us evaluate the terminal impedance Zr which is necessary 
to prevent reflections. By dividing Eqs. (7) and (8), and substituting 
Zs = from Eq. (6), we obtain 


Z = 




(5 -j0) 


S+jP 


(15) 


Rationalizing Eq. (15) and separating real and imaginary terms, we obtain 


Z 


-M 


p 


+ 


js 


V 8^ + 


) 


(16) 


Substitution of 


32 + ^2 = u^LC = - 32 = 32 - 1 j 

from Eqs. (9) and (11) into Eq. (16) gives 




(17) 


Equation (17) is an expression for the impedance (ratio of voltage to cur- 
rent) at any point on the exponential line. The impedance at either the 
transmitting or receiving end of the line is obtained by inserting the values 
of L and C at the corresponding end of the line into Eq. (17). This gives 
the impedances which are required to terminate the line so as to prevent 
reflections. 

If the impressed frequency is much greater than the cutoff frequency, 
then Eq. (17) reduces to Z = ^ L/C, i.e.j the impedance at any point on 
the line is equal to the characteristic impedance at that point. For maxi- 
mum power transfer, the generator and receiver impedances should then 
be approximately equal to the characteristic impedances at their respective 
ends of the line. In general, the condition w a?c is satisfied if the expo- 
nential line is several wavelengths long. 

As the impressed frequency approaches cutoff the imaginary term in- 
creases. At cutoff the impedance is Z = jV L/C, The j signifies that 
the impedance is a pure reactance; hence there is no power flow. 

Figure 17 is a plot of the voltage-transformation term and the 
impedance transformation term against bx. 


Example. An exponential line is desired to transform between resistive impedances 
Zg =» 450 ohms and Zr = 75 ohms at a wavelength of X = 10 cm. Find the length of 
coaxial line and the equation for the taper. 

Inserting the values of Zg and Zr into Eq. (6), we obtain 

^ = e-“' = 0.167 
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Referring to Fig. 17, we obtain U =* 0.9. It is desirable to choose a length of line such 
that a>»wc. Inserting wc from Eq. (11), the inequality becomes Bvc which 
may also be written 5 27r/\. A value of 5 equal to 10 per cent of 27r/X would yield 

an impedance Z, which differs from Zo by less than 1 per cent. In order to obtain a 
reasonable length of tapered line, assume a value of 6 = 0.06. From the value of hi 
given above, we obtain Z = 15 cm. 



&X 

Fia. 17. — Plot of voltage and impedance transformation factors against hx. 


The characteristic impedance of the line at the sending end should be approximately 
450 ohms and that at the receiving end, approximately 75 ohms. To obtain the equa- 
tion for the exponential taper, write Eq. (6) in the form Z/Zs = Inserting 

the characteristic impedance of a coaxial line from Table 1, Chapter 8, for Z, and 
Zs — 450 ohms, we obtain 


138, h 
450 a 


g- 26 z 


or 

logio - = 3.26e-®'** 
a 


where a and b are the radii of the inner and outer conductors, respectively. 
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10.13. Filter Networks Using Transmission-line Elements.^ — Various 
types of filters may be constructed using transmission-line elements. In 
general, filter networks of this type are band-pass filters with multiple-pass 
bands due to the multiple-resonance properties of the component lines. 

If the filter contains no lumped reactances, the resonant and antiresonant 
frequencies of the line elements are harmonically related and therefore the 
multiple-pass bands occur at harmonic intervals on the frequency scale. 
If lumped reactances are used, the multiple-pass bands, in general, will be 
inharmonically related. 




Fig. 18. — Band-pass filter and equivalent circuit 


Consider the simple T filter shown in Fig. 18a. In the pass band, this 
may be represented by the equivalent circuit of Fig. 18b. The lengths h 
and I 2 may be adjusted so that the series arms are resonant and the shunt 
arm is antiresonant at the mid-frequency in the first pass band. Let Jm 
represent this mid-frequency. At even harmonics of fm the series arms are 
antiresonant and the shunt arm is resonant. This condition corresponds 
to maximum attenuation of the impressed signal. At odd harmonics of 
Jrn the same conditions prevail as at the frequency Consequently, the 
pass bands are centered at odd harmonics of whereas the attenuation 
bands are centered at the even harmonics. 

^ Mason, W. P., and R. A. Sykes, The Use of Coaxial and Balanced Transmission 
Lines in Filters and Wide-Band Transformers for High Radio Frequencies, Bell System 
Tech. J.y vol. 16, pp. 275-302; July, 1937. 
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Figure 19a shows another type of band-pass filter using two resonators. 
These are joined by a transmission line which is effectively a quarter wave- 
length long at the mid-frequency of the first pass band. The resonators 
are tuned by adjustable plungers so as to be resonant at the mid-frequency 
of the pass band. In general, the multiple pass bands for this type of 
filter are not harmonically related since the capacitance between the end 
of the plunger and the bottom wall of the resonator is effectively a lumped 
reactance. Figure 19b shows the equivalent circuit for this type of filter. 
The width of the pass band is determined, in part, by the effective Q of 
the loaded resonators. 
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Fig. 19. — Band-pass filter and equivalent circuit. 


Low -pass and high-pass filters may be constructed as shown in Fig. 20. 
The inductive reactances consist of short-circuited lines which are less than 
a quarter wavelength long. 

A rigorous analysis of filters of the type shown in Figs. 18 to 20 is quite 
laborious. However, several useful relationships may be obtained by 
analogy with equivalent lumped-parameter networks. For example, the 
cutoff frequencies of low-pass and high-pass filters with lumped elements 
are fc = llity/hC and = l/47rVLC, respectively, where L and C are 
as shown in Figs. 20b and 20d.‘ The image impedance of the low-pass 
filter at zero frequency or the high-pass filter at infinite frequency is 
Zk = VZiZa, where Zi is the total series impedance and is the total 

‘ Evebitt, W. L., “Communicatim Engineering,” 2d ed., chap. 6, McGraw-Hill Book 
Company, Inc., New York, 1937. 
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shunt impedance of the lumped-parameter filter. The attenuation con- 
stant OL for the lumped-parameter filter, in the attenuation band, is given by 
cosh a = 1 1 + Z 1 / 2 Z 2 [. These relationships may be used as first approx- 
imations in the design of filters such as those described above. It is helpful 
to construct experimental filters with elements which can be adjusted to 
give the desired characteristics. The dimensions obtained from the ex- 
perimental filter are then used in the design of the actual filter. 


Shunf Series 
capacifance, inductance 



Series 

Insulation, capacitance 






I ^ 


2 ^ 


\- Shunt 
inductive 
stub 


(c) 






(b) 

LOW PASS 



(d) 

HIGH PASS 


Fig. 20. — Low-pass and high-pass filters and their equivalent circuits. 


In order to illustrate the methods of analysis of distributed-parameter 
filter networks, let us consider the band-pass filter shown in Fig. 18a. It 
is assumed that the transmission elements are lossless. The image imped- 
ance Zk for the network as a whole is given by 

Zk = ZocZac ( 1 ) 

where Zoc is the impedance looking into terminals db with terminals 
cd open-circuited, and Zsc is the impedance at ab with terminals cd short- 
circuited. The image impedance is the impedance which should be used 
to terminate the network in order to prevent reflection. It corresponds to 
the characteristic impedance in transmission-line theory. If the two series 
branches in Fig. 18a are identical, the network is symmetrical and the image 
impedance at ab is equal to that at cd. If the series branches are unequal, 
the network is unsymmetrical and the image impedances at ab and cd 
are unequal and the network is then an impedance-transforming filter. 
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The propagation constant F = a' + i/3' for the entire filter network con- 
tains an attenuation constant a' and a phase constant /3'. The propagation 
constant is related to the open-circuited and short-circuited impedances by 


cosh r = 



( 2 ) 


We may replace F by a' + jff' and expand the liyperbolic cosine to obtain 


cosh (a' + i/3') = cosh a' cos 13' + j sinh a' sin (3) 

For a (lissii)aii()nless filter, a' is zero in thc‘ pass band and /S' is either zero 
or TT radians in the attenuation band. Ecpiation (3) then reduces to 



Fig. 21. — Block diagram representing the band-pass filter of Fig. 18a. 


cosh F = cos jS' in the pass band and cosh F = zh cosh a' in the attenuation 
band. In the band-pass filter, the pass band lies in the region defined by 
-1 < cosh F < + 1. 

Let us now evaluate the image impedance and propagation constant for 
the filter shown in Fig. 18. A block diagram of this filter is shown in Fig. 
21. Admittances will be used since we are dealing with parallel circuits. 
Consider first the admittance at terminals ab with cd short-circuited. The 
admittances Yi and Y 2 in Fig. 21 are 

Yi = —jYoi cot Pk 

Y 2 = -‘jYo 2 cot PI 2 (4) 

The admittance Yi + Y 2 terminates the input branch of the filter. The 
input admittance of a lossless line terminated in an admittance Yr may 
be obtained by writing Eq. (8.06-4) in terms of admittances, yielding 


/ Yr + jTotan/3r v 
\Fo +jYR ism pi) 


(«) 
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Substituting = Fi + F 2 , where Fi and F 2 are given in Eq. (4), we 
obtain the admittance at ab with cd short-circuited, 


Y.C = jToi 


FoiCtan/SZi — cot/3Zi) — Fo2cot/3Z2 
2Foi "F Fo 2 tan /SZi 


( 6 ) 


Let us now find the input admittance at ah with cd open-circuited. With 
cd open-circuited, the admittances Fi and F 2 are 


^1 = jFoi tan )3Zi 
' F 2 = — jFo 2 cot / 3 Z 2 


(7) 


By substituting Fr = Fi •+■ F 2 into Eq. (5), with the equations for Fi 
and F 2 as given by Eq. (7), we obtain the open-circuited admittance 


Foe = jYoi 


(foi - 


2Foi tan pli — F 02 cot fil 2 


Foi tan^ fill + Fo 2 cot fil 2 tan fih 


) 


( 8 ) 


To obtain Zk and cosh F, substitute Zsc = l/F^c and Zqc = I/Fqc, where 
Ysc and Foc are given by Eqs. (6) and (8), into Eqs. (1) and (2). Expressing 
the final result in terms of impedances, we obtain, after considerable 
manipulation. 


Zk = Zi 


01 


4 


+ (Zoi tan fili/ 2 ZQ 2 tan fil<^ 


(Zqi cot fili/ 2 Z ()2 tan fih^ 


(9) 


cosh r = cos 2fili + 


Zqx sin 2fili 
2 Zq 2 tan fil 2 


( 10 ) 


Now consider the special case in which li = U, hence fill = fil 2 . Equa- 
tion (10) may be written 


cosh r == 




^01 \ ^01 

+ — ^)cos2)5i + — ^ 
2Z02/ 2 Zo 2 


( 11 ) 


The mid-frequency of the pass bands occurs when the series branch is 
resonant and the shunt branch is antiresonant. In Sec. 8.06 it was shown 
that this occurs when fil = nir/2 where n is an odd integer. Inserting 
fi — <jo/vc into this expression, the mid-frequencies are found to be 

0)ml tlx nVc 

— = — OT fm = — n is odd 

Vc 2 4Z 

where Vc — 3 X 10® meters per second is the velocity of light. The con- 
dition that fil ~ nx/2, where n is odd, also corresponds to cosh r = — 1, 
as is evident by substitution of fil = nx/2 into Eq. (11). 
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Cutoff occurs when cosh F = 1 . Equation ( 11 ) then becomes 


cos 2fil = 


1 - (Z01/2Z02) 
1 + {Zoi/2Zq2) 


( 12 ) 


Comparing this with the identity cos 2pl = (1 — tan^ fil)/ (1 + tan^ pi), we 
obtain 


0)cl 

tan — = 
Vc 



03c = 


-1 

— tan 
I 



( 13 ) 


The two cutoff frequencies for each band correspond to the positive and 
negative signs in Eq. ( 13 ). The width of the pass band decreases as the 
ratio Z01/2Z02 increases, approaching zero band width as Z01/2Z02 — > «>. 



Fig. 22. — Attenuation characteristic of the filter shown in Fig. 18a. 


From a practical point of view, the largest attainable ratio is of the ordei 
of Z01/2Z02 = 100 , corresponding to a minimum pass-band width of 20 pei 
cent. In the attenuation band we have cosh F = cos a\ A plot of a' 
as a function of pl for various values of Z01/2Z02 is shown in Fig. 22 . 
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The image impedance at the mid-frequency is obtained by inserting 
= mr/2 (where n is odd) into Eq. (9), yielding 





^01 

2Zq2 


(14) 


Now consider another special ease in which it is assumed that Zo\ = 2Zo2- 
Equation (10) then becomes 

,»i. r - (,5, 

sin /3/2 


The mid-frequency for this filter occurs when cosh V — 0, or when 
I3(2li + I 2 ) = ri7r/2, where n is even. Inserting ^ — o^/vc into this expres- 
sion, we obtain 


fr 


nvc 

4(2/i + I 2 ) 


n is even 


(16) 


Cutoff frequencies occur when cosh r == ±1, corresponding to 


fn = 


4(Zi + h) 

The image impedance at the mid-frequency is 




(17) 


/ / t /2 \ f>/i + 

Zk = ^01 \ ~ tan ( ) tan - ( 

^ \1 + I 2 / 21 J 12 \1 + Z 


+ Z 2 /Z 1 \ 

+ I2/2I1) J 


(18) 


For narrow bands the image impedance is approximately Zk = (4Zi/ 7rZ2)Zoi- 
The band width of this type of filter decreases as I 2 is made smaller. 
By making I 2 very small, it is possible to obtain a band-pass filter with a 
very narrow pass band. 


PROBLEMS 

1 . A lossless line is terminated in a pure resistance which is not equal to the character- 
istic impedance of the line. Prove that the standing wave has its maximum and 
minimum values at the receiving end and at integral multiples of quarter-wavelength 
distances from the receiving end. Derive an expression for the standing-wave ratio 
for this case. Will the voltage be a maximum or a minimum at the receiving end? 

2 . A tuned circuit for an oscillator consists of an open-circuited line containing two differ- 
ent sizes of coaxial line as shown in Fig. 23. Derive an expression for the input imped- 
ance at terminals ah assuming that the lines are lossless. What are the conditions for 
antiresonance at ah? Show that the antiresonant frequency can be varied by varying 
the lengths h and Z 2 , but keeping Zi -f h constant. (Note: This is the principle used 
in tuning the lighthouse-tube oscillator shown in Fig. 6b, Chap. 5.) 
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3. A silver-plated coaxial line has dimensions a = 0.5 cm and h * 2.0 cm and is to be 
used at a frequency of 700 megacycles. Assume that the dielectric is lossless. 

(а) Compute the attenuation constant and Q of the line. 

(б) Evaluate the input impedance of a quarter-wavelength short-circuited section of 
hne and a quarter- wavelength open-circuited section of line. 

(c) Compute the data and plot a curve of the scalar value of input impedance as a 
function of frequence in the vicinity of the antiresonant impedance for the short- 
circuited line. 

4. A line having a characteristic impedance of 75 ohms is terminated in an unknown 
impedance which is to be measured. The maximum and minimum voltages on the 
line are found to be 120 volts and 25 volts, respectively, with the maximum voltage 
point 30 cm from the terminal impedance. The frequency is 300 megacycles. 

(а) Compute the value of the terminal impedance and check this value using the 
impedance diagram. 

(б) Find the length and position of a single stub which will match the impedance to 
the line. 



6. It is desired to construct an oscillator which will operate at 500 megacycles and deliver 
an appreciable amount of third harmonic in its output. A short-circuited coaxial 
line, having a characteristic impedance of 75 ohms, is used for the tuned circuit. 
This is shunted at its input end by the grid-plate capacitance of the tube which has 
a value of 1.5 X 10“^^ farad. Determine the length of line and additional shmit 
capacitance which should be added at the input end of the line in order to make it 
simultaneously antiresonant at 500 and 1,500 megacycles. 

3. The input circuit of a microwave receiver consists of a half-wavelength dipole antenna 
coupled to a coaxial line which is 2}^ wavelengths long. The line is terminated by a 
crystal detector. A short-circuited stub is placed near the receiving end in order 
to assure maximum power transfer to the detector and to increase the selectivity of 
the input circuit. The antenna impedance and the characteristic impedance of the 
line are both 72 ohms. The frequency selectivity of the circuit for crystal resistances 
of 150 ohms and 1,000 ohms are to be compared. The input circuit is tuned to a 
wavelength of 20 cm. The impedance diagram is to be used in the following 
calculations. 

(а) Find the length of stub and its position for matched impedances at \ = 20 cm. 

(б) Tabulate the values of complex impedance of the line at the antenna terminals 
(with the antenna disconnected) at wavelengths of X = 20 ± 0.5fc cm, where k 
is an integer from 1 to 10. Plot a curve of the scalar value of input impedance 
against wavelength. 

(c) Assume that the antenna can be replaced by a generator having an internal 
impedance of 72 ohms. Using the impedances of part (6) and the power diagram 
of Fig. 9, plot curves of P/Fmax against wavelength for the two cases considered. 

(d) What conclusions can be drawn regarding the relative selectivity of the two 
systems? 
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7. Show that the power in a load impedance is given by 

p __ I l^max I I l^min | 

Zo 

where | Fmax | and | Vinin | are the maximum and minimum voltages on the transmis- 
sion line supplying the load. This relationship is valid regardless of the magnitude 
or phase angle of the load impedance. 


c 


Zqi Zo? Zoi Zq? 


1 L 




Jr 


I*. — [ — \ — — ■»[«. — \ — >[•-- 


I-—. 


Fig. 24. 


8. The system shown in Fig. 24 is a band-pass filter. The lengths I are all a half 
wavelength long in the middle of the pass band. Assume that Zr = 50 ohms, 
Zqi =« 50 ohms, and Z 02 = 200 ohms. The wavelength at the middle of the pass 
band is 10 cm. Using the impedance diagram, 

(а) Find the input impedance of the system at wavelengths of X = 10 db 0.3A; cm 
where k is an integer from 1 to 10. 

(б) Using the input impedances obtained in part (a) and the power diagram of Fig. 9, 
obtain the corresponding values of P/Pmax- Plot a curve of P/Pmax against 
wavelength. 

9, Design a symmetrical coaxial-line filter of the type shown in Fig. 18a to have a mid- 
frequency of 1,500 megacycles and a bandwidth of 5 megacycles. The image imped- 
ance is Zr = 150 ohms at the mid-frequency. Plot a curve of a against pi for the 
filter. 



CHAPTER 11 


TRANSMITTING AND RECEIVING SYSTEMS 

The fundamental processes involved in the transmission and reception 
of signals at microwave frequencies are essentially the same as those at 
ordinary radio frequencies. At the transmitter, the carrier may be gener- 
ated by any one of the various types of microwave oscillators previously 
described, or it may be derived from a crystal oscillator followed by a 
chain of frequency multipliers. The carrier is modulated and the signal 
is then either impressed directly upon the transmitting antenna or it may 
be amplified by one or more successive stages of amplification before being 
radiated. Either amplitude, phase, or frequency modulation can be used. 
A new type of modulation, known as pulse-time modulation, also offers in- 
teresting possibilities at microwave frequencies. 

Superheterodyne receivers are commonly employed in microwave sys- 
tems. The input usually contains a frequency-selective circuit followed 
by a mixer. In the mixer, the incoming signal is heterodyned against a 
signal generated by a local oscillator to obtain the difference frequency. 
This difference frequency is amplified in one or more tuned stages of 
intermediate-frequency amplification after which it is detected and ampli- 
fied in an audio- or video-frequency amplifier. 

At microwave frequencies, difficulty is often encountered in maintain- 
ing a high degree of frequency stability of the carrier oscillator at the 
transmitter and of the local oscillator at the receiver. Various automatic 
frequency-control systems have been devised for the purpose of stabilizing 
these oscillators. Another difficulty arises owing to the fact that the band- 
widths of the micro\vave circuits and the tuned circuits in the intermediate- 
frequency amplifier are usually relatively large. Consequently these cir- 
cuits admit a large amount of noise, resulting in a low signal-to-noise ratio. 
Certain types of microwave oscillators, particularly magnetrons, generate 
relatively high-noise voltages. These considerations favor the types of 
modulation in which the signal may be more readily separated from the 
noise, such as frequency modulation or pulse modulation. 

A typical low-power microwave transmitting and receiving system, em- 
ploying a frequency-modulated klystron oscillator and a superheterodyne 
receiver, is shown in the block diagram of Fig. 1. At the transmitter the 
klystron is frequency modulated by impressing the modulating voltage 
on its anode. Parabolic reflectors are used for directional transmission 
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Fig. 1. — Microwave communication system employing frequency modulation. 
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and reception. The local oscillator at the receiver consists of a reflex 
klystron oscillator, the output of which is combined with the incoming 
signal in the crystal mixer to obtain the intermediate frequency. The 
remaining portions of the receiver are similar to those of an ordinary 
frequency-modulation receiver. 

11.01. Propagation Characteristics. — Long-distance radio communica- 
tion is made possible by the reflection of radio waves from the ionosphere. 
The ionosphere consists of the upper atmosphere of the earth (from approxi- 
mately 50 kilometers up), which is ionized principally by the passage of 
ultraviolet radiation from the sun through the rare atmosphere. The ioni- 
zation has a tendency to become stratified, forming reflecting layers, the 
effective heights of which vary with the time of day, season of the year, 
sunspot activity, and other factors. Each layer has a more-or-less sharply 
defined cutoff frequencjy. At frequencies below the cutoff frequency the 
radio waves are reflected, whereas above the cutoff frequency they travel 
through the ionized layer without appreciable reflection. The low fre- 
quencies are reflected from the lower layers and the higher frequencies 
from the higher layers. The cutoff frequency for any one layer varies 
with the conditions of the ionized atmosphere. 

Radio waves in the frequency band above 30 megacycles are seldom 
reflected from the ionosphere layers, and reflections above 150 megacycles 
are almost nonexistent. At still higher frequencies spurious reflections 
sometimes occur from the troposphere, which is that region extending from 
the earth's surface up to the ionosphere layer. These reflections are 
attributed to discontinuities in the dielectric constant at boundaries of air 
masses having different atmospheric characteristics. Occasionally the con- 
ditions are such as to form atmospheric ‘‘ducts" which have the properties 
of guiding the waves. These conditions make it possible to carry on 
microwave communication over distances exceeding the horizon distances. 
At the higher frequency end of the microwave band and in the infrared 
spectrum there are well-defined narrow absorption bands in which molecular 
absorption occurs. Communication over any appreciable distance in these 
absorption bands is virtually impossible. 

Ground reflections or reflections from neighboring buildings may cause 
partial reinforcement or cancellation of the received signal, depending upon 
the relative phases of the direct and reflected waves at the receiver. In 
the transmission of television signals, these reflections may produce objec- 
tionable “ghost" images at the receiver. In general, it is desirable to 
locate the transmitting and receiving antennas as high as possible, with a 
clear line-of-sight path between the two antennas. 

The power at the transmitter required to produce a given signal strength 
at the receiver can be greatly reduced by the use of directionaLradiating 
systems. Consider a microwave transmitter with a total radiated power 
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of Pt watts. If the power is radiated uniformly in all directions and there 
is no reflection or scattering of the waves, the power density (power per 
unit area perpendicular to the direction of propagation of the wave) at a 
distance r from the transmitter is Pr/47rr^. 

If a half-wavelength dipole antenna is used, the power is not uniformly 
radiated in all directions. The power density at any point in a plane 
perpendicular to the antenna, passing through the center of the antenna, 
is then taken as 


SPt 


( 1 ) 


The power absorbed by a half-wavelength dipole, used as a receiving 
antenna, corresponds to that in the equivalent area Ad = SX^/Stt; hence 
the power at the receiver is 

/3X V 


If the transmitting antenna has a power gain of Gt as compared with a 
dipole antenna and the receiver is nondirectional, the receiver power is 


Pr 



(3) 


If the receiver also has a directional antenna with a power gain G/^, 
receiver power is 


Pr = 



PtGtGr 


the 


(4) 


Solving for the transmitter power, we obtain 



Hence, the transmitter power required for a given signal strength at the 
receiver varies inversely as the product of the gains of the transmitting 
and receiving antennas. 

The power gain of a parabolic antenna may be approximated by the 
ratio of the effective absorption area of the parabola to that of the dipole. 
Let Ap be the area of the mouth of the parabola. The effective absorption 
area can be taken as approximately 0.65.4p, where the factor of 0.65 allows 
for the directional characteristics of the dipole antenna. Dividing this 

1 Slater, J. C., '^Microwave Transmission,’^ p. 244, McGraw-Hill Book Company, 
Inc., 1942. 

* Jenks, F. a., Microwave Techniques, Electronics, vol. 18, pp. 120-127; October, 1946 
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effective area by given above for the dipole antenna, the gain of the 
parabola is 

^irAp 

= X 1^2- (6) 

A typical parabola at a wavelength of 10 centimeters has an area of 

6.000 square centimeters, resulting in a power gain of 327. If we compare 
two systems, one using dipole antennas at the transmitting and receiving 
ends and the other using dipole antennas with parabolic reflectors, we find 
that the power output of the first system would have to be approximately 

100.000 times the power output of the second system in order to produce the 
same signal strength at the receiver. Hence, transmitters which are de- 
signed for general coverage require considerably greater power output than 
those designed for point-to-point communication. 

TRANSMITTING SYSTEMS 

11.02. Amplitude, Phase, and Frequency Modulation.^ — Modulation 
is a process by which a high-frequency carrier wave is varied in accordance 
with the instantaneous value of the modulating voltage. In amplitude 
modulation, the envelope of the modulated wa\x has the same waveform 
as the modulating signal, as shown in Fig. 2a. In phase and frequency 
modulation, the amplitude of the modulated wave is constant, but its 
phase is shifted with respect to the unmodulated carrier, as shown in Fig. 
2b. A phase shift is also accompanied by an instantaneous frequency shift; 
hence both the phase angle and the frequency of the modulated wave 
deviate with respect to those of the unmodulated carrier. 

A modulated wave is approximately sinusoidal and may be represented by 

V = F cos (wc^ + <t>) (1) 

where V is the amplitude of the wave, coc is the angular frequency of the 
unmodulated carrier, and <i> is a phase angle. In amplitude modulation, 
Wc and <f) are constant but F varies in accordance with the modulating 
signal. For sinusoidal modulation, we let F = T^o(l + sin where 
via is the amplitude-modulation factor and is the angular frequency of 
the modulating voltage. Inserting this value of into Eq. (1) and setting 
</» == 0, we have 

V = Fo(l + Ma sin 0 ),nt) cos COct (2) 

which may be expanded into 

^aVo 

V = Fo cos o)ct H — [sin (wc + o)Tn)t — sin (coc — (3) 

^ Everitt, W. L., Frequency Modulation, Elec. Engineering, vol. 59, pp. 613-625 
November, 1940. 
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The amplitude-modulated wave therefore consists of a carrier wave and 
two side bands, the side bands having angular frequencies and 

Wc — Ww If the modulating voltage is nonsinusoidal, it may be analyzed 

.^odubting voltage 


Modulation.^ 





Fia. 2. — (a) Amplitude>modulated wave, and (b) phase- or frequency-modulated wave. 

by Fourier series into sinusoidal components which are harmonically re- 
lated. Each frequency component produces its corresponding side bands. 

In phase modulation, the amplitude V in Eq. (1) is constant, but the 
instantaneous phase angle <t> varies in direct proportion to the modulating 
voltage; hence we let 


^ = wip sin (i)mt 


( 4 ) 
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where nip is the phase-modulation index, representing the maximum phase- 
angle deviation from the unmodulated carrier in radians. Let the instan- 
taneous voltage be represented by 

V = Fo sin (ct)/c + <i>) (6) 

and insert <!> from Eq. (4), to obtain 
V = Fo sin {o)ct + nip sin 0),^) 

— F'()[sin oif^t cos (jnip sin cos o)ct' sin (^nip sin 0] (6) 

The terms sin (nip sin o},nt) and cos (wp sin comt) may be represented by 
the following series containing Bessel functions 

sin (Mp sin o),J) 

= 2[Ji(mp) sin o3„^t + J^(mp) sin + J simp) sin dc^rnt H ] 

cos (mp sin o),nt) 

= Jo(mp) + 2 [J 2 (mp) cos 2o>,nt + J^imp) cos H ] 

Inserting these into Eq. (6), we have 
V = Fo{Jo(^p) sin 03ct + /i(mp)[sin (coc + — sin (co^ — co^)^] 

+ J 2 (mp)[sm (o)c + 2o),n)t + sin (coc — 2o)m)t] (7) 

+ «/3('^?j))[sin (wc + — sin (cOc — S(A)m)t] 

+ ... 


Equation (7) shows that there is an infinite number of side bands having 
angular frequencies coc ± nco„i, where n takes integer values.^ However, 
if mp (the maximum phase-angle deviation) is small, the side-band ampli- 
tudes diminish rapidly with increasing order of side-band frequency. The 
relative side-band amplitudes for a phase-modulated signal with modulation 
frequencies of 2,000 and 10,000 cycles per second and a maximum phase 
deviation of = 4 radians are shoAvn in Figs. 3a and 3b. 

A change in phase angle <l> is also accompanied by a change in instan- 
taneous frequency. To show this, we return to Eq. (5) and let 6 = cact + 
The instantaneous angular frequency is 


03 


dd d<i> 

— H — “ 

dt dt 


If we now insert (i> from Eq. (4) into (8), we obtain 

W = Wc + mpO)m cos 0)mt 


( 8 ) 

( 9 ) 


^ Curves of Jn(nip) as a function of mp are given in Fig. 2, Chap. 16. 
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The maximum deviation of the angular frequency is rripOim- Hence, in 
phase modulation, the maximum phase deviation is independent of the 
modulating frequency, whereas the maximum angular frequency deviation 
varies directly vrith the modulating frequency. 

Frequency modulation is similar to phase modulation, except that the 
maximum frequency deviation is proportional to the amplitude of the 
modulating signal but is independent of its frequency. For sinusoidal 
modulation, the instantaneous angular frequency may be represented by 

0) = o)c +27r m/ cos co„i( (10) 

where mj is the maximum frequency deviation in cycles per second. The 
phase angle <\> may be obtained by equating (8) and (10), yielding 


2Trmf cos oirnt dt = — sin 

fni 


( 11 ) 


Inserting this value of into Eq. (5), we obtain the equation of the fre- 
quency-modulated wave, 


V 


. \ 

o)ct H sin ccnit ) 

fm / 


( 12 ) 


Comparing Eqs. (6) and (12), we find that these are identical except 
for the substitution of ni//fm for nip. Consequently, Eep (7) may also be 
used as an expression for the frequency-modulated wave by the substitu- 
tion of m//ffn for nip. 

The maximum phase-angle and frequency deviations for phase and fre- 
quency modulation may be summarized as follows: 



Maximum phase- 

Maximum fro- 


angle deviation 

quency deviation 

Phase modulation 

rrip 


Frequency modulation 

vy 

fm 

mf 


In phase modulation, the maximum phase deviation is independent of 
the modulating frequency, whereas in frequency modulation, the maximum 
frequency deviation is independent of the modulating frequency. It should 
be noted that both nip and nt/ vary directly with the amplitude of the 
modulating signal. 
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Let us now compare the bandwidth of phase- and frequency-modulated 
signals. Assume that both the phase- and frequency-modulation systems 
have the same maximum frequency deviation at a modulating frequency of 
fm = 10,000 cycles. Hence, when = 10,000 cycles, we have nip == 
and the side-band components, as expressed in Eq. (7), are identical 
for phase modulation and frequency modulation. These are represented 
by the bar graphs in Figs. 3a and 3c. 


fm= 10,000 cycles 
mp=4 radioins 
mf = mpfm 

=40,000 cycles per sec. 


fn,=2000 cycles 
mp=4 radioins 

IDf = mpfm 

=8000 cycles per sec. 



[ fm= 10,000 cycles 
{ mp=4 radians 

mf=mpf,^ 

j - 40,000 cycles per sec 


FREQUENCY MODULATION 

Fig. 3. — Comparison of sidebands in phase and frequency modulation. The maximum 
frequency deviation is assumed to be the same for both types of modulation at a modulating 
frequency of /,« « 10,000 cycles. 

In the case of phase modulation, as the modulating frequency decreases, 
nip remains constant and therefore the amplitudes of the side bands remain 
constant. However, as the modulating frequency decreases, the side bands 
move in closer to the carrier as shown in Fig. 3b. Consequently the effec- 
tive bandwidth for phase modulation varies with the modulating frequency. 
We may look at this in another way. In phase modulation, the maximum 
frequency deviation is /^Wp. Since this varies directly with it is clear 
that the maximum frequency deviation and hence the bandwidth both vary 
directly with the modulating frequency. 




fm=2000 cycles 
mp=mf/frTi =20 radians 
iTif = 40,000 cycles per sec. 
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Now consider the bandwidth required for frequency modulation. In 
frequency modulation, we substitute nif/fm for nip in Eq. (7). As the 
modulating frequency decreases, the side bands again move in closer to 
the carrier, but at the same time nif/fm increases; hence the number of 
significant side bands increases as shown in Fig. 3d. We find, therefore, 
that in frequency modulation, the effective bandwidth is substantially con- 
stant for all modulating frequencies. This conclusion can also be reached 
by noting that in frequency modulation, the maximum frequency deviation 
nif is independent of the modulating frequency. 

It is apparent from the foregoing discussion that the effective band- 
width varies directly with for phase modulation but is independent of 
fm for frequency modulation. The signal-to-noise ratio in either type of 
modulation is proportional to the bandwidth. Hence, for a given amount 
of frequency space, in general, frequency modulation results in a higher 
signal-to-noise ratio and is therefore preferred. 

11.03. Methods of Producing Amplitude Modulation. — Amplitude mod- 
ulation may be obtained by impressing the modulating voltage upon either 
the grid or the plate of a class C triode oscillator or amplifier. The modula- 
tion of an oscillator presents difficulties in that the carrier frequency shifts 
during the modulation cycle, thereby resulting in poor frequency stability. 
Also, oscillators will usually operate successfully over a limited range of grid 
or plate voltage ; hence it is difficult to obtain a high percentage of modula- 
tion. The carrier frequency may be stabilized either by the use of auto- 
matic frequency control or by the use of compound modulation. In 
compound modulation the modulating voltage is impressed upon two 
electrodes simultaneously in such a manner as to tend to produce frequency 
changes in opposite directions, thereby maintaining constant carrier 
frequency. 

In plate modulation, the class C stage is adjusted so that its radio- 
frequency output voltage varies directly with the plate-supply voltage over 
the range of modulation desired. When the modulating voltage is im- 
pressed upon the plate, the envelope of the modulated wave then has the 
same waveform as that of the modulating voltage. For 100 per cent modu- 
lation, the modulating power required is 50 per cent of the d-c plate power 
supplied to the class C stage during unmodulated conditions. The modu- 
lator must therefore be designed to deliver the necessary power output. 

In grid modulation, the class C stage is adjusted for optimum operation 
at the least negative grid voltage which will be obtained during the modula- 
tion cycle. For undistorted modulation, the radio-frequency output volt- 
age should vary linearly with grid voltage over the range of the modulating 
voltage. 

Several systems of absorption modulation have been proposed as a means 
of producing amplitude modulation at microwave frequencies. In this type 
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of modulation, the modulating voltage varies an auxiliary load impedance 
which is coupled to the microwave oscillator or amplifier. The variations 
in load impedance result in corresponding variations in power absorption. 
The power delivered to the transmitting antenna is the difference between 
the power output of the oscillator or amplifier and that absorbed in the 
auxiliary load impedance. Hence, variations in power absorbed in the 
auxiliary load impedance result in inverse variations in power delivered 
to the antenna, thereby producing amplitude modulation. The auxiliary 
load can consist of a vacuum-tube circuit with the modulating voltage 
applied to the grid. The output of this modulator stage is coupled to the 
microwave system in such a way as to absorb microwave power in inverse 
proportion to the modulating voltage.^ 

11.04. Methods of Producing Phase and Frequency Modulation. — The 
frequency of most microwave oscillators can be varied over a range of 
several hundred kilocycles or more by varying the potential of an electrode 
in the oscillator. Frequency modulation can therefore be obtained by im- 
pressing the modulating voltage upon an electrode which is frequency sensi- 
tive to voltage. In order to produce undistorted modulation, it is necessary 
that the frequency vary linearly with the modulating voltage, while the 
power output remains constant. The linear frequency-voltage relationship 
is more important than constant power, since the limiter stage in the 
receiver serves to smooth out any amplitude variations which might occur. 
In most microwave oscillators, relatively large frequency deviations are 
produced by small changes in voltage, hence the modulating voltage can be 
relatively small. 

The principal difficulty encountered in phase- or frequency-modulation 
systems is that of stabilizing the average frequency of the oscillator. 
Several automatic-freciuency-control systems have been devised to stabilize 
the oscillator frequency without interfering with the modulation process. 
These are described in the following section. 

An arrangement for frequency modulating a klystron oscillator is shown 
in Fig. 1. The modulating voltage is in series with the d-c resonator poten- 
tial. Figure 14, Chap. 6 shows how the fi'equency and power output vary 
as a function of resonator potential. The power output is maintained rea- 
sonably constant over a relatively wide frequency range by tuning the 
resonators to slightly different frequencies. 

The reflex klystrons can be frequency-modulated by inserting the modu- 
lating voltage in series with the reflector potential. The oscillator is then 
adjusted to obtain a linear frequency deviation as a function of the modulat- 
ing voltage. 

^ Rodbr, Hans, Analysis of Load Impedance Modulation, Proc. I.R,E, vol. 27 
pp. 386-395; June, 1939. 
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Another method of producing either phase or frequency modulation at 
microwave frequencies is to modulate a class C amplifier or oscillator at 
ordinary radio frequencies and use a chain of frequency multipliers to 
obtain the desired microwave frequency. It is then possible to use either 
a crystal-controlled oscillator, or an oscillator which has been stabilized 
by any one of the conventional automatic-frequency-control systems. 
Since a relatively high-frequency multiplication is required, the phase-angle 
or frequency deviation at the oscillator can be quite small. The final 
multiplier stage can be a klystron with a multiplication ratio as high as 
15 in a single stage. This can be followed by a klystron power amplifier 
which delivers the required power output. 



Fia. 4. — Armstrong method of producing frequency modulation. 


The Armstrong method of producing frequency modulation at radio fre- 
quencies is represented in the block diagram of Fig. 4. This method is 
essentially a modified phase-modulation system. In Sec. 11.02, it was 
shown that in phase modulation the phase-angle deviation is independent 
of the modulating frequency, whereas in frequency modulation, it varies 
inversely with the modulating frequency. Hence, phase modulation can 
be readily converted into frequency modulation by merely inserting an 
R-C circuit into the audio-frequency channel, such that the output of this 
circuit varies inversely with the modulating frequency. 

In the Armstrong system, the output of a crystal oscillator and the 
modulating voltage are both impressed upon the grids of a balanced modu- 
lator. The output of the balanced modulator contains the side bands corre- 
sponding to amplitude modulation but it does not contain the carrier. 
The carrier voltage, from the crystal oscillator, is shifted through a phase 
angle of 90 degrees and combined with the side bands from the balanced 
modulator. 
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In order to show how this process yields phase modulation, let us com- 
pare Eqs. (11.02-3 and 7). Assume that the maximum phase-angle devia- 
tion mp is small in Eq. (7). We then have Jo(wp) « 1, Jiirrtp) is propor- 
ticmal to nip, and all higher-order side bands are negligible and can therefore 
be discarded (see Fig. 2, Chap. 15). The principal distinction between 
Eq. (11.02-3) for amplitude modulation and (11.02-7) for phase modulation, 
then, is that the carrier-frequency term is a cosine term in the first equation 
and a sine term in the second. Amplitude modulation can therefore be 
converted into phase modulation by shifting the carrier through a phase 
angle of 90 degrees with respect to the side bands. This is exactly what is 
done in the Armstrong method. In this method it is necessary that rrip 


Reactance Oscillator 



be less than one-half radian, in order to minimize distortion. By inserting 
the R-C circuit mentioned above into the audio-frequency channel, the 
modulation can be converted into frequency modulation. 

As an example, assume that a crystal oscillator is operating at a fre- 
quency of 5 megacycles and is multiplied to a frequency of 3,000 mega- 
cycles, requiring a multiplication ratio of 600:1. If a maximum frequency 
deviation of 200 kilocycles is required at the 3,000-megacycle frequency, 
the corresponding maximum frequency deviation at 5 megacycles is 
rrif = 200/600 = 0.333 kilocycles. The corresponding phase-angle devia- 
tion for a modulating frequency of 1,000 cycles is nip == nif/o)m, = 0.0532 
radians. 

The reactance-tube method of producing frequency modulation, shown 
in Fig. 5, consists of an oscillator with a reactance-tube circuit shunted 
across the tuned circuit of the oscillator. A reactance-tube circuit has 
the property of drawing a current which is approximately 90 degrees out 
of phase with the voltage across its terminals; hence it has tha character- 
istics of a reactance. With the proper circuit constants, the effective 
reactance will be proportional to the transconductance of the tube. By 
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using a tube whose transconductance varies linearly with grid voltage and 
impressing the modulating voltage upon the grid, the effective reactance 
can be made to vary in direct proportion to the modulating voltage. This, 
in turn, produces an oscillator frequency deviation which is directly propor- 
tional to the modulating voltage, thereby producing frequency modulation. 
It is necessary to provide automatic frequency control for this system in 
order to stabilize the average carrier frequency of the reactance-tube 
modulator. 

11.06. Automatic Frequency Control of Microwave Oscillators. — The 

purpose of automatic-frequency-control systems is to stabilize the frequency 
of an oscillator without interfering with the modulation process. Two 
principal methods are used: (1) comparison of the frequency with that 
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Fig. 6. — Block diagram of an automatic-freciuency-control system. 


of a standard oscillator and (2) comparison of the frequency with the 
resonant frequency of a standard tuned circuit. In either case, the fre- 
quency deviation is detected in a comparison circuit which feeds back an 
error voltage of the proper magnitude and polarity to correct the frequency 
of the oscillator. 

The first method is illustrated by the block diagram of Fig. 6. In this 
system, the frequency of the microwave oscillator is compared with the 
output of a crystal-oscillator and frequency-multiplier chain. The differ- 
ence frequency is amplified in a band-pass intermediate-frequency amplifier 
and detected in the frequency discriminator circuit. The discriminator 
circuit, shown in Fig. 12, has no output voltage as long as the impressed 
frequency (the intermediate frequency) is the same as the resonant fre- 
quency of the discriminator circuit. However, if the impressed frequency 
should deviate from this value (due to a frequency drift of the oscillator), 
the discriminator has an output voltage whose polarity and magnitude 
depend upon the direction and amount of frequency drift, respectively. 

This error voltage from the discriminator circuit is impressed upon an 
electrode in the oscillator which is frequency-sensitive to voltage. By 
designing the discriminator circuit so as to have a long-time constant in 
comparison with the audio frequencies, it is possible to correct for slow 
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frequency drifts without interfering with the modulation. The bandwidth 
of the feedback circuit and the loop gain of this circuit determine the 
degree of frequency stabilization. 

Another system of automatic frequency control is shown in Fig. 7. The 
microwave oscillator is frequency modulated by a ^‘sensing^^ oscillator. 
The output of the microwave oscillator is impressed upon a high-Q resonator 
which is used as a reference frequency standard. If the microwave fre- 
quency is the same as the resonant frequency of the standard resonator, the 
output of the resonator contains an amplitude-modulated wave which has 




Fig. 7. — Block diagram of an automatitvfrpquciicy-coutrol f^ystem. 


twice the frequency of the sensing oscillator as shown in Fig. 7b. If the 
frequency of the microwave os(;illator is cither above or below the resonant 
frequency, the output of the resonator is amplitude-modulated with a modu- 
lation frequency equal to that of the sensing oscillator, as shown in Fig. 7c 
and 7d. There is a phase difference of 180 degrees in the amplitude- 
modulation envelopes, depending upon whether the impressed frequency is 
higher or lower than the resonant frequency of the standard resonator. 
The resonator output is detected and amplified, and the phase of the de- 
tected signal is compared with the voltage of the sensing oscillator in order 
to determine whether the microwave frequency is above or below the 
resonant frequency. The phase-detector circuit feeds back an error voltage 
which corrects the oscillator frequency. It is of course necessary to main- 
tain accurate temperature control of tlie standard resonator. The micro- 
wave oscillator can be amplitude-modulated in the customary way without 
interfering with the frequency-control system. 
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If the automatic-frequency-control system is to regulate the frequency 
of high-power oscillators, it may be necessary to feed the error voltage into 
a servomechanism which tunes the oscillator to maintain constant frequency. 


RECEIVING SYSTEMS 

11.06. Signal-to-noise Ratio in Receivers.* — The noise in microwave 
systems includes noises generated in the transmitter and receiver, and noises 
due to natural and artificial static. The most prominent of these are the 
noises generated in the receiver. These consist of: (1) noises due to the 
thermal agitation in resistances, including the radiation resistance of the an- 
tenna, (2) shot noises resulting from statistical fluctuations of electron emis- 
sion, (3) secondary emission effects, and (4) miscellaneous noises. The 
noise voltages in the first three categories are more or less uniformly dis- 
tributed over the entire frequency spectrum; hence the noise admitted by 
the tuned circuits in the receiver is proportional to the effective bandwidth 
of these circuits. 

The mean square noise voltage due to thermal agitation in a resistance is 
En = AKTRq Afy where K = 1.37 X 10“"^^ joule per degree Kelvin is Boltz- 
manns constant, Rq is the resistance, T is the temperature in degrees Kelvin, 
and A/ is the bandwidth. If we consider as being the noise voltage in 
the receiving antenna due to the random motion of particles in space, then 
Rq is the effective resistance of the antenna. 

Now consider the antenna as a generator, having an internal resistance 
/2o and internal voltage En which is working into matched impedances, f.e., 
the load impedance is assumed to be jBo* The noise power delivered to 
the load is then Ni = E^/4i?o. Substitution of E^ from our previous rela- 
tionship gives the noise power 

Ni = KT Af watts (1) 

Although the equivalent temperature of space is not known, the value 
T = 290 degrees Kelvin (63 degrees Fahrenheit) has been suggested as a 
reasonable value. The noise power per cycle of bandwidth is then Ni = 
KT = 4 X watt per cycle. 

The signal power Pi at the input terminals of the receiver was given by 
Eq. (11.01-4). Dividing this by Eq. (1), we obtain the signal-to-noise 
power ratio at the receiver input terminals 

Pi _ ^ V Pt^^tGr 
¥i ~ \ W KT Af 

^ Friib, H. T., Noise Figures of Radio Receivers, Proc. IM.E.f vol. 32, pp. 419-422 
July, 1944. 
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Additional noises are generated in the receiver. In order to account for 
these, a noise figure is defined as the ratio of the signal-to-noise ratio at 
the input terminals to the signal-to-noise ratio at the output terminals, 
assuming matched impedances at both the input and output terminals. 
Let No he the noise power output, and Pq be the signal power output for 
matched impedances. The noise figure F is then given by 


J, f, JV. 

Po/JVo AT, 

or the signal-to-noisc ratio at the output terminals is 


(3) 


n ^ I Pi 
No F Ni 


(4) 


Substituting P,/N, from Eq. (2) into (4), wc obtain an expression for the 
signal-to-noise ratio at the output terminals, 

Pq 1 / 3X PtGj'Gj} ^ 

Wo~F VStt^/ KT a/ 

The noise figure is always greater than unity since Pq/Nq is less than 
Pi/Ni. A noise figure of unity would correspond to an ideal receiver, i.c., 
one which introduces no noise itself. This noise figure must be determined 
experimentally, since its value depends upon all of the noises generated in 
the receiver. In the design of communication systems it is customary to 
set a minimum signal-to-noise ratio wdiich can be tolerated. The com- 
munication system must then be designed so as to produce a signal-to- 
noise ratio at the output terminals Avhich exceeds this minimum value. 
Equations (4) and (5) show that the signal-to-noise ratio at the output 
terminals varies inversely as the noise figure. Hence, a reduction in 
receiver noises thereby decreasing the noise figure is just as beneficial as a 
proper lionate increase in power output at the transmitter. 

11.07. Frequency Converters. — The converter or mixer circuit is usually 
an integral part of the tuned input system, such as that shown in Fig. 1. 
In order to obtain a high degree of frequency selectivity of the input cir- 
cuit, the crystal or diode impedance should differ appreciably from the 
antenna impedance. The stub matching system then produces an imped- 
ance match over a narrow range of frequencies and the input circuit is 
frequency selective. 

In superheterodyne receivers there are two frequencies, equally spaced 
above and below the local oscillator frequency, which produce the same 
difference frequency. One of these is an undesired signal known as the 
image frequency. Another undesired signal which sometimes appears in 
the receiver is one having a carrier frequency equal to the intermediate fre- 



230 


TRANSMITTING AND RECEIVING SYSTEMS 


[Chap. 11 


quency of the receiver. The rejection of these two unwanted signals must 
occur in the tuned circuits preceding the converter. The undesired signals 
may be reduced by the use of tuned amplifier stages preceding the con- 
v^erter. At frequencies above approximately 1,000 megacycles, tuned 
amplifiers have low gain and low signal-to-noise ratio; hence they are 
not often used. 

The frequency converter may be represented by the equivalent circuit 
of Fig. 8a. The incoming signal c* and the local oscillator signal cq are 
mixed in the crystal mixer which is assumed to have the ideal character- 
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Fig. 8. — Crystal converter and characteristics. 


istic shown in Fig. 8b. The output circuit is tuned to the difference fre- 
quency and is assumed to have negligible impedance at the frequency of the 
incoming signal. 

In the customary operation of the converter, the local oscillator voltage 
Co is made considerably greater than the signal voltage in order to reduce 
distortion. For this condition, the conductance of the crystal at any instant 
of time is dependent upon the local oscillator voltage. If the local oscillator 
voltage is = Eq cos coq^, the instantaneous conductance of the crystal can 
be represented by the Fourier series 

gf = ao + Ui cos wo< + a 2 cos H an cos ncoo^ 

ao 

= ao + ^^ an cos nwo^ (1) 

n»l 

where the coefficients are determined by the shape of the conductance char- 
acteristic of the mixer. 

If we assume that the crystal resistance is high in comparison with the 
impedance of the other circuit elements, the current will be determined by 
the impedance of the crystal and may be represented by 

ih = 


( 2 ) 
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Now assume that the incoming signal is an unmodulated sine wave, given 
by Gg = Eg sin oigt. Inserting this expression for Gg and the conductance 
from Eq. (1) into (2), the crystal current becomes 


n*= 1 


lb = aoEg sin Wgt + \ n cos ruaot sin o)gt 
which may also be written 

2 


(3) 


ib = aoE, sin 03gt H + sin (co^ — no)o)t] (4) 


The final term in Eq. (4) contains the intermediate-frequency term. 
The output circuit may be tuned to an}^ one of the frequencies — nwo. 
Thus, conversion can take place with the fundamental frequency of the 
local oscillator (n = 1), or any harmonic of the fundamental frequency, 
corresponding to higher integer values of n. If the incoming signal includes 
modulation side bands, then the intermediate frequency would likewise 
include side-band terms having angular frequencies (cog — ncoo + o)m) and 
(ojs — ncoo — 

Equation (4) shows that the amplitude of the intermediate-frequency 
current of frequency (cos — no)o) is Ijy = anEs/2. The conversion con-- 
ductance for the ?ith harmonic of the local oscillator fre(iuency is defined 
as this current divided by the signal voltage, or 


IlF 0>n 



(5) 


The value of may be obtained from the familiar expression for the 
coefficients of Fourier series, 

1 

dn = - \ U cos no)ot d{o)ot) (6) 

TT Jo 


where g is the conductance of the mixer. Since the value of g varies with 
the local oscillator voltage, (/ is a function of coqL 
The output voltage at the intermediate frequency is 

E/f = IifZl (7) 


where Zl is the impedance of the output circuit at the intermediate fre- 
quency. The conversion gain is defined as the ratio of the output voltage 
at the intermediate frequency to the signal voltage. From Eqs. (5) and 
(7) we obtain the conversion gain 


Ejf __ dnZL 

e7"^T“ 


( 8 ) 
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Thus far, the analysis holds for a mixer element having any form of 
ib characteristic. Let us now evaluate the conversion gain for the 
ideal rectification characteristic of Fig. 8b. The conductance g = dib/dcb 
is constant for positive values of voltage eh and zero for negative values. 

If a negative bias is placed on the tube, the variation of conductance 
with time is as shown in Fig. 9. The conductance is zero until becomes 



Fig. 9. — Conversion characteristic as a function of time for a crystal or diode mixer. 

positive, then it suddenly rises to the value g — dib/dei, and is constant at 
this value until Ch turns negative. If the conduction angle is from — 
to ^ 1 , the value of an in Eq. (6) becomes 

g 

= — I cosnwo^d(cooO 

TT J-01 


= — sin nBi (9) 

Trn 


Inserting Eq. (9) into (8), we obtain the conversion gain 

E/f __ gZL sin ndi 
Ea m 

Maximum conversion gain occurs when n = 1 and 6i = 7r/2, t.e., when 
the intermediate frequency corresponds to co* — coq and there is no bias 
voltage on the mixer. The value of conversion gain for this condition is 

E/f gZL 


TT 


( 11 ) 
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The conversion conductance q/t for this ideal condition is about one-third 
of the conductance of the crystal mixer. The conversion conductance for 
higher harmonics is considerably smaller. 

In order to obtain a high conversion gain, therefore, conversion should 
take place with the fundamental of the local oscillator frequency, the load 
impedance Zl at the intermediate frequency should be as large as possible, 
and there should be no bias voltage on the mixer. If the output circuit is 
broadly tuned, the value oi Zl decreases and the conversion gain is like- 
wise reduced. 

11.08* Intermediate-frequency Amplifiers. — In general, both the volt- 
age gain and the signal-to-noise ratio of tuned amplifiers vary inversely 
with the bandwidth. Therefore the objective in intermediate-frequency 
amplifier design is to obtain minimum bandwidth consistent with faithful 
amplification of the signal. Certain types of modulation, such as that used 
in television, pulse modulation, and wide-band frequency modulation, re- 
quire amplifiers having a relatively large bandwidth in order to reproduce 
the signal faithfully. 

Wide-band amplification may be obtained by the use of: (1) double- 
tuned circuits which are tuned to the same frequency but overcoupled, 
(2) double-tuned circuits with primary and secondary tuned to slightly 
different frequencies, (3) the use of stagger tuning in which successive 
stages are tuned to slightly different frequencies, or (4) low-Q tuned circuits. 

In the first method, two circuits are tuned to the same resonant frequency 
and are overcoupled. This produces a voltage-gain curve which has two 
peaks, one on either side of the resonant frequency with a dip midway 
between the two peaks. As the coefficient of coupling increases, the peaks 
separate farther apart and the dip at the center becomes more pronounced. 
In order to flatten out the over-all gain curve, the succeeding intermediate- 
frequency amplifier stage can be critically coupled so that its gain curve 
has a single peak midway between the peaks of the preceding stage. This 
method requires high-Q circuits. 

Stagger tuning of successive stages, t.c., tuning the various stages to 
slightly different frequencies, produces approximately the same effect as 
overcoupling. 

Low-Q tuned circuits offer an alternative method of obtaining wide-band 
amplifier characteristics. The low Q is sometimes obtained by shunting 
the tuned circuit by a resistance. For a given effective bandwidth, the 
voltage gain of the low-Q amplifier is less than that of the overcoupled 
amplifier. Also, the overcoupled circuit has a higher attenuation outside 
the pass band. However, the low-Q system is considerably easier to adjust 
in production. 

11.09. Amplitude-modulation Detectors. — In simple types of micro- 
wave receivers, the signal may be fed directly into a crystal detector. The 
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detected sigiial is then amplified by audio- or video-frequency amplifiers. 
In superheterodyne receivers, diode detectors are commonly used to detect 
the amplitude-modulated signals. 

Amplitude-modulation detectors may be broadly classified into two 
categories: (1) square-law detectors and (2) linear detectors. The square- 
law detector operates on the principle that the detection characteristics 
of most detectors are not linear, but rather, are more nearly parabolic. 
The output voltage then contains frequencies corresponding to the sum 
and difference of the input frequencies. The difference frequency contains 
a voltage proportional 'to the original modulation voltage. The square- 



(a) (5) 

Fig. 10. — Inteniiediate-frequciicy amplifier used as a limiter. 


law detector is essentially a small signal detector, since its characteristic 
approximates a parabolic (square-law) curve for only a limited range of 
operation. 

In the linear detector, rectification of the wave takes place because of 
the rectifying properties of the detector. The envelope of the rectified 
current has the same waveform as the modulation voltage. An R~C circuit 
is used to take out the radio-frequency components, leaving a wave having 
the same waveform as the original modulation voltage. Linear detectors 
are essentially large-signal detectors. 

11.10. Limiters and Discriminators in Frequency-modulation Receiv- 
ers. — In frequency-modulation receivers, the incoming signal is reduced to 
a constant amplitude by a limiter stage before detection. This serves to 
reduce the noise voltage which appears largely as amplitude modulation 
in the signal. 

An intermediate-frequency amplifier using a pentode with a low plate 
voltage may be used as a limiter. If a relatively large grid-driving voltage 
is used, the operating point varies between Pi and P 2 on the load-line 
characteristic in Fig. 10b and the amplitude of the output voltage is sub- 
stantially constant. The tuned circuit in the output serves to provide a 
sinusoidal output voltage, thereby eliminating waveform distortion. Fur- 
ther limiting action may be obtained by using a pentode with a remote cutoff 
characteristic and inserting a parallel resistance-capacitance combination in 
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the input circuit, as shown in Fig. 10a. Rectified grid current flows through 
the R-C circuit, producing a negative bias voltage. The bias voltage in- 
creases with an increase in signal strength, causing a reduction in the trans- 



R*F Input voltage 


Fig. 11.— ' Characteristic of the limiter stage. 

conductance of the tube. The voltage gain of the stage then varies 
inversely with input voltage, thereby giving a constant output voltage. 
Figure 11 shows how the intermediate-frequency output voltage varies 
with input voltage for a typical limiter. 



Fig. 12. — Discriminator circuit and characteristics. 
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A typical discriminator circuit for the detection of frequency-modulated 
signals is shown in Fig. 12. This consists of a tuned circuit which is con- 
nected to two diodes in such a manner that the output voltage is dependent 
upon the difference between the rectified currents passed by the two diodes. 

In the circuit of Fig. 12, assume that the impedance of the R-C circuit is 
negligible at the intermediate frequency. The voltage across the two 
diodes is then 'Edi = Ei -|- Eq and Ed 2 = Ej -j- Eq, where Ej and Eg 
are each one-half of the voltage of the tuned circuit. If the impressed 
frequency is equal to the resonant frequency of the discriminator tuned 
circuit, the voltage relationships are those shown in the first diagram of 
Fig. 12c. The diodes then have equal impressed voltages and pass equal 
rectified currents. Since the currents flow in opposite directions in the 
load resistance, the output voltage is zero. If the impressed frequency 
differs from the resonant frequency of the discriminator, the diode voltages 
and diode currents are unequal, and there will be a net output voltage. 
The output voltage plotted against frequency is shown in Fig. 12c. An 
ideal discriminator would have a linear variation of output voltage with 
frequency. 
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PULSED SYSTEMS— RADAR 

In pulsed systems the transmitted wave consists of a succession of carrier 
pulses, each of very short duration. These are interspaced by relatively 
long time intervals during which there is no transmitted signal. 

Prior to the war, pulsed systems were used, to a limited extent, to measure 
the height of the ionosphere layers and in a few experimental radar units. 
However, most of our present-day knowledge of pulsing systems and tech- 
niques can be attributed to the intensive wartime effort devoted to the 



Fig. 1. — Rectangular pulse. 

research and development of radar systems. Despite the fact that our 
present knowledge of pulsed systems is of comparatively recent origin, 
they have found widespread application throughout the field of communica- 
tion and undoubtedly many interesting and useful applications will be 
discovered in the future. 

12.01. Fourier Analysis of Rectangular Pulses. — Consider the rectangu- 
lar pulse shown in Fig. 1. Let to be the pulse duration, f be the repetition 
rate (number of pulses per second), and Vm be the peak value of the pulse. 
In the Fourier series analysis of the rectangular pulse, the fundamental 
frequency component is the pulse repetition rate /. Let co = 27r/ be the 
angular frequency. The Fourier series for the instantaneous voltage v of 
the wave of Fig. 1 contains only odd harmonic cosine terms, or 

ao 

V = n +'^Vn COS noit 
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( 1 ) 
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where n is any odd integer and F„ is the amplitude of the harmonic. The 
angular duration of the pulse is from — w<o/2 to «<o/2. The average value 
of voltage is 



( 2 ) 


By the customary method of evaluating the Fourier series coefficients, 
we obtain the amplitude of the nth harmonic, 


V 


Vm 

— r I COS no>l <l{ut) = sm 

TT J-wlo /2 wn 2 


(3) 



The ratio of the nth harmonic voltage to the average is found by dividhig 
Eq. (3) by (2), yielding 

F„ sin (mito/2) sin x 
~ = 2 ^ — ^ = 2 (41 

Fo TtMto/2 X 

where x — nw<o/2. The curve of sin x/x as a function of x is plotted in 
Fig. 2. This curve may be used to determine the ratio VnIVo for any 
harmonic component. 

Now assume that the pulse duration is very small in comparison with 
the time interval between pulses. For the fundamental frequency com- 
ponent, we have w = 1 ; also x = «<o/2 is very small. The corresponding 
value of sin x/x, from Fig. 2, is approximately unity. Hence, Eq. (4) 
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shows that the fundamental frequency component has an amplitude equal 
to twice the average value. In order to observe how rapidly the amplitudes 
of the harmonics decrease with the order of the harmonic, let us find the 
harmonic which has an amplitude equal to 0.707 of the fundamental ampli- 
tude. Referring to Fig. 2 we observe that sin x/x has a value of 0.707 
when X = no)t[y/2 = 1.46 radians. Solving for n we obtain 

2.92 

n = ( 5 ) 

co/o 

The effective bandwidth nf will be defined as the bandwidth which 
includes all harmonic components having magnitudes greater than 0.707 
of the fundamental. Multiplying both sides of Eq. (5) by /, we obtain 
the bandwidth as 

0.465 

nf = cycles per second (6) 

^0 

Hence, the effective bandwidth for pulses of very short duration varies 
inversely with the pulse duration but is independent of the repetition rate. 

As an example, assume that a rectangular pulse has a duration of 1 micro- 
second and a repetition rate of 1,000 pulses per second. We then have 
to = 10“"^ second and/ = 1 ,000 cycles per second. The bandwidth is then 
nf = 0.465/10“"® = 465,000 cycles per second. If the rectangular pulse 
is used to modulate a carrier wave, the various harmonic components pro- 
duce amplitude-modulation side bands with frequencies above and below 
the carrier frequency; hence the total effective bandwidth is twice the value 
given above, or 930,000 cycles. 

The foregoing example shows that an extremely large bandwidth is 
required to transmit and receive pulses of very short duration. If the 
transmitting and receiving circuits have insufficient bandwidth to pass the 
significant harmonic components, then the pulse will be rounded off, 
thereby altering the waveform. The effective bandwidth may be reduced 
by using a rounded or triangular-shaped pulse. However, in many 
applications a steep wavefront is required in order to trigger circuits at 
a definite instant of time. In such cases the larger bandwidth must be 
tolerated. 

12.02. Radar Principles. — Radar systems are used to locate a target 
and to determine accurately its position in space with respect to the radar 
unit. Pulsed waves are used as a means of determining the distance from 
the radar unit to the target, this distance being known as the range. The 
radar transmitter sends out pulsed waves which are partially reflected from 
the target. A small portion of the reflected energy returns to the receiver. 
Since the waves travel through space with a velocity equal to the velocity 
of light, the time interval between the transmission of a pulse and the lecep- 
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tion of the reflected pulse is directly proportional to the range. Each 
microsecond of time delay corresponds to an increase in range of 164 yards. 

In most radar systems the transmitter and receiver are assembled as a 
unit, with a single antenna serving both the transmitter and receiver. 
Highly directional antenna systems are usually used; hence the azimuth 
and elevation of the target may be determined by the position of the 
antenna when the reflected signal is a maximum. The range, azimuth, 
and elevation determine the position of the target with respect to the radar 
unit. In some applications, such as ship detection, it is not necessary to 
know the elevation. 

Several standard scanning systems have been devised to enable the radar 
unit to search over a relatively large area. One of these is a circular 
scanning system in which the antenna revolves slowly and the radiated 
beam sweeps out a circular path. This supplies range and azimuth infor- 
mation only. In another system, the circular motion is combined with a 
slow vertical tilting motion so that the beam follows a helical path. A 
typical system might have a circular sweep at the rate of 6 revolutions per 
minute, with 4 degrees of vertical tilt for each revolution. This scanning 
system makes it possible to determine range, azimuth, and elevation. 

Still another scanning system uses a conical sweep. This is obtained 
by using a dipole antenna and a parabolic reflector. The dipole antenna 
is a short distance from the focal point of the parabola and is rotated in a 
small circle which has the focal point at its center. This causes the 
radiated beam to sweep out a conical path with a cone angle which is 
dependent upon the distance between the dipole antenna and the focal 
point of the parabola. In some radar units, the antenna is equipped with 
motor drive and servomechanism control which permits the antenna to 
automatically track the target. 

At the receiver, the range, azimuth, and elevation information usually 
appear on one or more cathode-ray oscilloscopes. Several types of sweep 
circuits have been devised in order to translate the information into a form 
which can be quickly interpreted. The simplest arrangement is the type 
A scope which has a saw-tooth wave applied to the horizontal deflection 
plates to provide a linear horizontal time axis. The pattern on the oscillo- 
scope is as shown in Fig. 3a, the distance between the transmitted and 
reflected pulses being directly proportional to the range. 

The type J oscilloscope, shown in Fig. 3b, has the outgoing and reflected 
pulses superimposed upon a circular trace. The angle between the two 
pulses is proportional to the range. 

The PPI (plan-position indicator) oscilloscope, of Fig. 3c, has a trace 
which starts from the center of the oscilloscope, each time that a pulse 
is transmitted, and moves radially outward. A circular motion is super- 
imposed upon the radial sweep so that the complete path resembles a wagon 
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wheel with a very large number of spokes. The output of the radar receiver 
is impressed ui)on the grid of the oscilloscope, thereby controlling the beam 
current in the oscilloscope beam. A bright spot on the screen denotes a 
reflection. When used with the circular-scan antenna, the radial distance 
from the center of the oscilloscope screen to a bright spot (denoting a 
reflection) is proportional to the range of the target and the angular posi- 
tion is proportional to the azimuth. 

The type B oscilloscope is similar to the PPI oscilloscope except that 
rectangular coordinates are used instead of polar coordinates. The 
cathode-ray beam starts at a base line each time that a pulse is trans- 



Fig. 3. — Oscilloscope traces for radar systems. 


mitted and moves vertically during the interval between pulses. The 
vertical distance is proportional to range and the horizontal distance is 
proportional to azimuth. 

12.03. Specifications of Radar Systems.^ — The specifications of a radar 
system, i.c., the power output, pulse repetition rate, pulse duration, type 
of antenna, receiver sensitivity, etc., must necessarily be governed by the 
use for which the particular system is intended. The following are some 
general principles which affect the choice of these specifications. 

First, consider how the maximum range varies with transmitter power. 
In Sec. 11.01, it was shown that the power density of a wave radiated from 
a transmitting antenna varies inversely as the square of the distance. A 
small portion of this power is intercepted by the target and is reradiated 
into space. The power density in the reradiated wave likewise varies as 
the inverse square of the distance. Consequently the power received by 
the radar receiver varies as the inverse fourth power of the range. Because 
of this inverse fourth-power relationship, a relatively large increase in trans- 
mitter power results in a disproportionately small increase in maximum 
range. For example, in order to double the maximum range of a radar 
system, it is necessary to increase the transmitter power by a factor of 2^ 
or 16 times, assuming that all other factors are held constant. In general; 

1 Schneider, E. G., Radar, Proc, I,R.E., vol. 34, pp. 528-580; August, 1946 
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the maximum range is determined by the transmitter power, directivity 
of the antenna system, receiver sensitivity, and signal-to-noise ratio at the 
receiver. 

Now consider the factors affecting the choice of pulse duration and pulse 
repetition rate. Since, in pulsed systems, the transmitter is usually in 
operation for a very small fraction of the total time, it is possible to obtain 
very high values of peak power without exceeding the safe average plate 
dissipation of the transmitter tubes. If we assume that the efficiency of a 
tube is the same for pulsed operation as for continuous- wave operation, 
the ratio of pulsed power output (peak value) to continuous-wave power 
output for the same average plate dissipation is 

P 7’ 

^ pulsed 

Pcy> “ ^0 ^ ^ 

where to is the duration of the pulse and T is the time interval between 
the beginning of one pulse and the beginning of the next succeeding pulse. 
For example, consider a system in which the pulse is 1 microsecond long 
and the repetition rate is 1,000 pulses per second {T = 10“^ second). We 
then have PpuUed/Pcw = 10”^/ 10*”® = 10^, or the safe peak power output 
available from the pulsed system is approximately 1,000 times the safe 
power output with continuous operation. The same average power is 
obtained in both cases. 

From a casual observation, it would appear that the maximum range of 
a radar unit can be increased by decreasing the pulse duration and propor- 
tionately increasing the transmitter power output. However, if we investi- 
gate the conditions at the receiver, our conclusions are somewhat different. 
At the receiver, the bandwidth required to amplify the pulse without dis- 
tortion varies inversely with the duration of the pulse. Hence, a shorter 
pulse requires a larger bandwidth which also results in an increase in noise 
voltage. The minimum discernible signal at the receiver is one whose 
voltage is approximately equal to the noise voltage; in other words, one 
which corresponds to a signal-to-noise ratio of approximately unity. 

Thus, the shorter pulse makes higher peak power possible, but it also 
necessitates a larger bandwidth at the receiver, which increases the receiver 
noise. Consequently, the signal-to-noise ratio at the receiver is approxi- 
mately the same for a short pulse with high peak power as for a long pulse 
with low peak power, assuming the same average power in both cases. 
We therefore conclude that, for a given average power output, the maximum 
useful range of a radar unit is independent of the pulse width. However, if 
the radar system is used for short ranges, a short pulse is required in order 
that the transmitter be off and the receiver fully recovered when the 
reflected signal arrives at the receiver. 
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If the radar system is intended for long-distance detection, a low pulse 
repetition rate is required, since the time interval between pulses must be 
sufficient to allow the reflected pulse to return before the next succeeding 
pulse is sent out. On the other hand, in order to have a good signal at the 
receiver, at least five pulses must hit the target each time that it is scanned. 
This may be accomplished by using a slow scanning speed or a high pulse- 
repetition rate. Pulse-repetition rates of typical radar systems range from 
200 to 4,098 pulses per second and the pulse duration varies from 0.25 to 
30 microseconds. 



Fig. 4. — Block diagram of SCR 584 radar system. 


12.04. Typical Radar System. — simplified block diagram of the SCR- 
584 radar unit is shown in Fig. 4. This system was designed to direct the 
fire of antiaircraft batteries. It uses a pulsed magnetron transmitting tube 
operating at a wavelength of 10 to 11 centimeters and delivering a peak 
power output of 300 kilowatts. The pulse repetition rate is 1,707 pulses 
per second and the duration is 0.8 microseconds. When searching for a 
target the antenna describes a helical path at the rate of 6 revolutions per 
minute. The unit is equipped to automatically track a target, in which 
case conical scanning is used. The angular accuracy is ±0.06 degree and 
the range accuracy is ±25 yards. 

The timing unit, shown at the extreme left, contains a quartz-cryStal 
oscillator, frequency-dividing circuits, and pulse-shaping circuits. This 
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timing unit initiates the transmitter pulse and also serves to synchronize 
the oscilloscope as well as to provide marker pulses for accurate ranging. 
In the transmitter circuit, the timing circuit triggers a multivibrator at the 
beginning of each pulse. The multivibrator circuit contains an artificial 
transmission line, known as a delay line, which controls the duration of the 
pulse. 

The modulator circuit, shown in Fig. 5, contains a condenser which is 
charged to a high voltage (22 kilovolts) during the period between pulses. 
This condenser is discharged by a modulator tube. The grid of the modu- 
lator tube is normally biased beyond cutoff but is driven into the positive 


Pu/se n § 

from—^ § 

mulfivibmfor §i 




1 . 

High 

-^voltage 


Fig. 5. — Simplified diagram of a pulse-modulator circuit. 


region by the pulse from the multivibrator. This causes the condenser 
to discharge through the magnetron and the modulator tube. The high 
voltage impressed upon the magnetron causes it to oscillate at its natural 
frequency. The microwave power obtained from the magnetron is im- 
pressed upon the antenna. 

The T-R (transmit-receive) box, shown in Figs. 4 and 6, serves to prevent 
the transmitted pulse from entering the receiver, without interfering with 
the reception of the reflected pulse. It contains a T-R tube, a tunable 
resonant cavity, and provision for coupling the input and output circuits 
to the cavity. The T-R tube has two conical metallic electrodes with the 
apexes separated a short distance apart. The tube is enclosed in a glass 
envelope and contains a slight amount of water vapor. The transmitter 
pulse causes a spark discharge in the T-R tube which detunes the resonant 
cavity. This introduces a very high attenuation between the transmitter 
and receiver circuits. At the conclusion of the transmitted pulse, the T-R 
tube deionizes and the passage is clear for the reflected signal to pass through 
the T-R box to the receiver. 

The receiver contains a crystal mixer, a local oscillator consisting of a 
reflex klystron, seven stages of intermediate-frequency amplification, a 
detector, and video amplifier stages. One channel of the receiver output 
is impressed upon two type J oscilloscopes which are used in a range- 
indicating system. One oscilloscope has a range of 32,000 yards for coarse 
adjustment and the other 2,000 yards for fine adjustment. The operator 
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adjusts a range handwheel so as to keep the reflected pulse on a hairline 
on the oscilloscope, and this handwheel circuit feeds the range information 
into the data transmission system. 

Another receiver channel is used to automatically position the antenna. 
The antenna uses a conical scanning system when tracking a target, and the 
antenna is positioned so that the reflected pulses are equal throughout the 
entire cycle of conical scan. If the antenna position is slightly in error. 



the reflected signals arc unequal during different portions of the conical 
scan. An error signal is then fed into the servomechanism which operates 
to correct the position of the antenna. 

The third receiver channel goes to the PPI oscilloscope which also 
receives trigger pulses from the timing unit. 

12.06. Pulse-time Modulation.^’ ^ — Several communication systems have 
been devised which use pulsed waves. In such systems the pulses occur 
at an inaudible repetition rate, or at such a rate that the pulse frequency 
can be separated from the modulating signal by suitable filters. The 
modulating voltage can be made to vary: 

1. The height of the pulse. 

2. The duration of the pulse. 

3. The repetition rate. 

4. The timing of the pulse with respect to a standard marker pulse. 

Pulse-time modulation uses the fourth method. In this system, a num- 
ber of messages can be transmitted on a single carrier frequency. Figure 7 
shows the pulse arrangement for a five-channel system. Each frame con- 
tains one marker pulse and five channel pulses (one for each communica- 

^ Grieg, D. D., and A. M. Levine, Pulse-Tinie Modulated Multiplex Radio Relay 
System, Elec, Commun.f vol. 17, pp. 1061-1066; December, 1946. 

* Lacy, R. E., Two Multichannel Microwave Relay Equipments, Proc, I.R.E., vol. 35, 
pp. 66-70; January, 1947. 




246 


PULSED SYSTEMS— RADAR 


[Chap. 12 


tion channel). The modulating voltage of any one channel varies the 
timing of the corresponding pulse with respect to the marker pulse. A 
positive modulating voltage produces an advance in pulse time, whereas a 
negative modulating voltage retards the pulse. The time displacement 
of a pulse from its mean position is proportional to the amplitude of the 
modulating voltage, while the number of cycles of deviation per second is 
equal to the frequency of the modulating signal. 

A typical ^stem uses a marker pulse which is 4 microseconds long and 
channel pulses which are approximately 1 microsecond long. A 15-micro- 
second time interval is reserved for each pulse, which allows for a time 

Marker Mean position Marker 



variation of ±6 microseconds with a 2-micro8econd interval between adja- 
cent channels. The recurrence rate for the entire frame is 8,000 per second. 
The audible signal produced by the frame recurrence rate is removed in the 
output by low-pass filters. 

Despite the fact that a large number of messages can be transmitted on a 
single carrier frequency, it appears that pulse-time modulation requires 
more frequency space than either amplitude or frequency modulation. 
This is due to the high harmonic content of the pulses. Pulse-time 
modulation, however, may have the advantage of a higher signal-to-noise 
ratio, particularly in systems involving a chain of relay stations. In 
such systems, the total distortion is the cumulative distortion of all of the 
relay stations in the relay link. In pulse-time systems, the relay stations 
contain multivibrator circuits which are triggered by the incoming pulse. 
In order to introduce distortion, a relay station would have to alter the 
timing of a pulse. This can easily be guarded against. In general, the 
relay stations of pulse-time systems can be much simpler than those of 
amplitude- or frequency-modulation systems, since a large number of chan- 
nels can be amplified by a single chain of multivibrators. 



CHAPTER 13 


MAXWELL’S EQUATIONS 

The experimental and theoretical researches of Coulomb, Ampere, Fara- 
day, and others during the last part of the eighteenth century and first of 
the nineteenth century laid the foundation for an understanding of the 
basic principles of electric and magnetic phenomena. Coulomb experi- 
mented with the forces of attraction and repulsion between charges, 
Ampere demonstrated that magnetic effects are produced by an electric 
current, and Faraday showed that an electromotive force is induced in 
a conductor moving through a magnetic field. 

Previously, Newton had explained gravitational forces in terms of an 
‘‘action-at-a-distance” philosophy which had at first appeared incredulous 
but later gained widespread recognition. It was quite logical, therefore, 
for the early experimenters to accept this point of view as an explanation 
of the electric and magnetic forces which they experienced. However, 
Faraday’s discovery that the capacitance of a condenser is dependent upon 
the nature of the dielectric, led him to suspect that an electric field exists 
in the dielectric of the condenser. Since the new field theory was in con- 
tradiction to the deeply rooted action-at-a-distance theory, a lively con- 
troversy ensued. 

Maxwell, in a series of brilliant mathematical contributions, skillfully 
welded the electromagnetic-field concepts into a unified pattern. His 
introduction of the displacement current and the assumption that this 
produces a magnetic field led him to the prediction of electromagnetic wave 
phenomenon. Since his theoretical velocity of propagation proved to be 
very nearly equal to the velocity of light. Maxwell concluded that light 
itself is an electromagnetic-wave phenomenon. He visualized an all- 
pervading ether in which the electromagnetic waves propagate as a dis- 
turbance. Although the ether concept has since been discredited. Max- 
well's fundamental concepts of electromagnetic-field theory remain as the 
foundation of our present-day concepts. 

13.01. Fundamental Laws. — The four laws commonly referred to as 
Maxwell's equations include Faraday's law of induced electromotive force. 
Ampere's circuital law, Gauss's law for the electric field, and Gauss's law 
for the magnetic field. In rationalized mks units, these are 

£Edl = - — ( 1 ) 

J Ot 
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JH^dl = i 

(2) 

II 

(3) 

^B-ds = 0 

(4) 

with the supplementary relationships 


D = S 

(5) 

E = fiU 

(6) 


Faraday^s law states that the emf induced in a closed path, such as 
that shown in Fig. 1, is equal to the rate of change of magnetic flux linking 
the path. No restriction is imposed as to the nature of the medium. Thus, 



the path over which the electric intensity is integrated may be in a con- 
ductor, in a dielectric, or in free space. 

Amp^re^s circuital law, Eq. (2), states that the line integral of magnetic 
intensity around a closed path is equal to the current linking the path. 


The line integral 



•dl is known as the magnetomotive force. 


Amp^re^s 


law is illustrated in Fig. 2, in which the dotted-line path indicates the path 
of integration and i is the current flowing in the conductor. Maxwell 
showed that the current i must include not only the conduction (or con- 
vection) current, but also the displacement current. The displacement cur- 
rent is necessary in order to explain electromagnetic-wave phenomenon in 
free space or in dielectrics where the conduction and convection currents 
txiay be negligible. 



Sec. 13.02] 


THE CURL 


249 


Equation (3) is Gausses law which was discussed in Sec. 2.04. This 
states that the net outward electric flux through any closed surface is 
equal to the charge enclosed by the surface. In electrostatic fields the 



Fig. 2. — An illustration of Amporc’s circuital law. 

electric flux lines begin and end on charges. In time-varying fields, how'* 
ever, the electric flux lines can exist as closed loops. 

Gauss’s law for the magnetic field, Eq. (4), states that the net outward 
magnetic flux through any closed surface is zero. This is equivalent to 
stating that magnetic flux lines are always continuous, and thus form closed 
loops. 

In rationalized mks units, E is in volts per meter, D in coulombs per 
square meter, q in coulombs, and i in amperes. Among the magnetic- 
field quantities, we have H in ampere turns 
per meter, <t> in webers, and B in webers per 
square meter. The permittivity is given by 
€ = co€r, where cq = 8.85 X 10“^^ farad per 
meter is the permittivity of free space and 
€r is the relative permittivity (or dielectric 
constant). Similarly, we have = /zoMr, 
where mo = 4x X 10“^ henry per meter is 
the permeability of free space and Hr is the 
relative permeability. The relative perme- 
ability of nonmagnetic materials may be 
taken as unity. 

13.02. The Curl. — Maxwell’s equations 
become exceedingly powerful tools when ex- 3.— An iiius^ation of Gauss’s 

pressed in differential-equation form. The 

differential-equation forms of Faraday’s and Ampere’s laws are stated in 
terms of the curl of a vector. Let us therefore derive an expression for 
the curl, as applied to Faraday’s law. In Eq. (13.01-1), the electric in- 
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tensity E may be interpreted as the force on unit positive charge placed 

in the field, and the integral ^E-dl then becomes the work done by the 

field in moving unit positive charge around a closed path (the path of 
integration). 

Now consider the work done in carrying unit charge around the perimeter 
of the differential area shown in Fig. 4. The differential area is assumed 

to be oriented parallel to the yz 
plane. Let dw be the work done in 
carrying unit charge around the 
closed path abcda. We shall define 
curL E by the relationship 

_ dw 

curL E = lim 1 (1) 

dydz -*0 dy dz “ 

Thus, curU E is the work done in 
y carrying unit charge around the 
perimeter of the differential area, 
divided by the area. Dividing by 
the area gives us the work per unit 
area. However, it should be noted 
Fia. The derivation of curix E, that the curl is Computed for a 

vanishingly small area and is there- 
fore a point function. curL ^ is a vector, having a direction perpen- 
dicular to the area dy dz. 

Let E = Exl + Ey2 + Ejk be the electric intensity at the center of the 
differential area. The electric-intensity components at the sides of the 
differential area are then 











The work done in moving unit charge around the closed path may be 
obtained by multiplying the electric intensity (or force on unit charge) 
times distance of travel. Thus, referring to Fig. 4, the first and second 




Sec. 13.02] 


THE CURL 


251 


expressions in Eq. (2) are multiplied by dy and dz, respectively, while the 
third and fourth are multiplied by —dy and —dz^ respectively. Adding 
these four terms to obtain the work done in carrying unit charge around the 
closed path, and simplifying, we obtain 


dw = 

\dy dz / 

Substitution of Eq. (3) into (1) gives, for curb E 

dz / “ 


- /dE, 
curb E = ( 

\dy 


(3) 


(4) 


The differential area could also have been oriented parallel to the xz 
and the xy planes to obtain two other curl components, 


1 ^ dEz\ _ \ I ^Ex\ - 

curl„£ = (- —-jj curl,S = (- ~]k 

\ dz dx / \ dx dy J 


(5) 


Equations (4) and (5) give the three components of a resultant vector quan- 
tity symbolized by curl E. Adding the components, we obtain 


curl E 




dE, 




( 6 ) 


If Ave take the differential operator V given by Eq. (2.03-2) and perform 
the operation V X E, using the cross-product rule outlined in Sec. 2.01, 
the resulting expression gives the terms on the right-hand side of Eq. (6). 
The curl may therefore be Avritten in the determinental form 


lib 


curl E = V X E = 


d d d 
dx dy dz 
Ex Ey Ez 


(7) 


Expressions for the curl in cylindrical and spherical coordinates are given 
in Appendix III. In expanding these determinants, the second-row differ- 
entials operate on the third-row quantities. 

Thus far we have been concerned with the derivation of a mathematical 
expression for the curl. Let us now use Faraday^s law to relate curl E 
to the magnetic-field quantities. We first write Eq. (1) in the form 


dwl = curb E dy dz (8) 

The work dw is the value of the line integral ^E*dl around the differential 
area. According to Faraday ^s law, Eq. (13.01-1), this must be equal to 
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the negative time rate of change of magnetic flux through the differential 
area. The magnetic flux through differential area is <t> = dy dZj where 
Bx is the x-directed component of magnetic flux density. Hence, Faraday^s 
law yields 


curia; E dy dz — 


curh E = 


dt 

dBx 

dt 


dy dz I 


In a similar manner, we may obtain cur^ E = ( — d^y/d^)Jand curl^ E == 
(—dBz/dt)k. The whole curl, obtained by adding the component curls, 
is therefore 

— SB 

curl E V X E = (9) 

dt 

where 

B ^ Bxl + By! + B,k 

Equation (9) is the differential equation form of Faraday^s induced-emf 
law. Each component of the curl was defined as the work done by the field 
in moving unit charge around the perimeter of a differential area, divided 
by the area — or briefly, the work per unit area. The three orthogonal 
orientations of the differential area at any one point in space yield the three 
curl components, the whole curl being the vector sum of the three compo- 
nents. There is always a particular orientation of the differential area, 
such that the curl computed for this area gives the whole curl without 
bothering with the components. This occurs when the differential area is 
oriented in a direction normal to the direction of the magnetic flux-density 
vector E. 

13.03. Useful Vector-analysis Relationships. — The divergence theorem 
and Stokes’s theorem are two vector-analysis relationships which facilitate 
the derivation of the differential equation form of Maxwell’s equations. 
Let us therefore consider these relationships. 

The divergence theorem may be written 




( 1 ) 


This states that the surface integral of a vector X is equal to the volume 
integral of the divergence of X, 

In order to visualize a physical interpretation of the divergence theorem, 


let us assume that the vector Z is a flux density. The quantity J^X-d$ 


is then the net outward flux through the given surface. In Sec. 2.05; 
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the divergence of I. was defined as the net outward flux through a differential 
volume, divided by the volume. Now consider a volume of any size, which 
we divide into a very large number of differential volume elements. In 
computing the divergence for the differential elements, we find that part 
of fhe flux flows out of one element and into an adjacent element. This 
flu:: produces equal and opposite contributions to the divergences of the 
respective elements. In summing up all of the divergences, therefore, we 
find that the flux which is common to adjacent 
elements cancels. The only flux which does 
not cancel is that through the outer surface of 
the volume. Hence, the summation of the 
divergences throughout the entire volume gives 
the net outward flux through the bounding 
surface. 

Stokes’s theorem may be expressed as 


^I-dl = J(V 


X A)-ds 


( 5 ) 



Fig. 


5. — An illustration of 
Stokes’s theorem. 


This states that the line integral of the vector 
A around a closed path is equal to the surface 
integral of the curl over any surface bounded 

by the closed path. _ 

To simplify the physical interpretation, let us replace the vector A by 

the electric intensity E, The integral ^E-dl may be interpreted as the 


work done by the field in moving unit charge around a closed path. Refer- 
ring to Fig. 5, let us divide the area shown into a large number of differ- 
ential area elements. The curl of any element may be considered as the 
work done in moving unit charge around the differential element, divided 
by the area of the element. We note that the differential elements have 
interior sides which are common to two adjacent elements and exterior 
sides bordering on the perimeter. In evaluating the work of two adjacent 
elements, the common side is traversed in opposite directions. When these 
two works are added, the net work done in carrying the unit charge along 
the common side is zero. Thus, in summing the curls for the entire area, 
we find that the work done along the paths which are common to two 
differential elements cancels. The only sides which contribute any net 
work are those bordering on the perimeter. The work done in carrying 


the unit charge along these sides is ^ S • dl. Hence, the summation of the 

infinitesimal contributions over the given area is equal to the line integral 
over the perimeter of the area. 


254 


MAXWELUS EQUATIONS 


[Chap. 13 


Two additional vector analysis identities will aid in the physical and 
mathematical interpretation of the field equations. The first of these states 
that the curl of a gradient is always zero, that is 

V X (VF) = 0 (3) 

This relationship may be used to point out certain limitations in com- 
monly used field equations. In Eq. (2.03-3), the electric intensity was 
expressed as £ = — VF. If this is inserted into Eq. (3), there results 
V X = 0. This is not in agreement with Eq. (13.02-9) except for the 
special case where dB/dt = 0. Since Eqs. (3) and (13.02-9) are always 
valid, we conclude that the relationship E — —VF, as well as its counter- 
part F == — ^E'dlj and Poisson's equation, which was derived from the 

gradient relationship, are valid only when dBfdt = 0, i.e.j in stationary 
fields. 

A field in which the curl is everywhere zero is known as an irrotational 
field. The foregoing discussion may be generalized by the following vector- 
analysis theorem : A vector field may be expressed as the gradient of a scalar 
potential only if the field is irrotational. 

The second useful vector-analysis identity states that the divergence 
of the curl of a vector quantity is always zero, or 

V-(V X I) = 0 (4) 


A useful corollary of this identity states that if the divergence of a vector 
field is everywhere zero, the vector field may be expressed as the curl of 
another vector. A vector field which has zero divergence is known as a 
solenoidal field. We shall find that magnetic fields are solenoidal fields. 

13.04. Maxwell’s Equations in Differential-equation Form. — Let us 
now use the divergence theorem and Stokes's theorem to obtain the differ- 
ential-equation form of Maxwell's equations. Returning to Faraday's law, 
Eq. (13.01-1), and applying Stokes's theorem, Eq. (13.03-2), we obtain 

fE dl = J(V XE)-ds= - ^ (1) 


The magnetic flux may be expressed as the surface integral of flux density, 
thus <j> = \B-ds. Inserting this into Eq. (1) and interchanging the order 

d a 

of differentiation and integration, we obtain 




• ds 


( 2 ) 
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Both sides of Eq. (2) are integrated over the same surface area, hence we 
may equate the integrands, yielding the curl equation 

_ dB 

VXI--- (3) 

This is identical to Eq. (13.02-9). 

The differential equation form of Ampere's law may be obtained by a 
similar procedure. Combining Eqs. (13.03-2), written in terms of magnetic 
intensity, and Eq. (13.01-2), we get 




•ds = i 


(4) 


The current may be expressed as the surface integral of current density, 
thus i = Inserting this into Eq. (4), we have 

Jjv X n)-ds ^Jj-ds (5) 


Again the integration of both sides of the equation is over the same surface 
area; hence the integrands may be equated to obtain the curl equation 
for the magnetic field, 

V XH = J ( 6 ) 

The current density J includes the conduction current density and dis- 
placement current density as expressed by Eq. (3.02-5). When this is 
substituted into Eq. (6), there results 

— — dD 

V X ^ = 7c + — (7) 

dt ^ ' 


The differential equation form of Gauss’s law may be derived by the use 
of the divergence theorem. Combining Eqs. (13.01-3) and (13.03-1), we 
obtain 


= J^(V-S) dr 


( 8 ) 


Electric charge can be expressed as the volume integral of charge density. 


thus q 


■f: 


Qt dr. Inserting this into Eq. (8), we obtain 
^ {V-3)dT =J'gTdT 


(9) 


Both sides of this equation are integrated over the same volume, hence, 
upon equating integrands, we obtain the divergence equation 

V-D = qr 


( 10 ) 
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A similar procedure applied to Eq. (13.01-4) yields the divergence equa- 
tion for the magnetic field, 

VB = 0 ( 11 ) 

The foregoing relationships are summarized in Table 3 at the end of this 
chapter. 

13.05. The Wave Equations.— The curl equations (13.04-3) and (13.04-7) 
contain electric and magnetic quantities in each equation. These two equa- 
tions may be solved as simultaneous equations to obtain two explicit equa- 
tions, one containing the electric intensity and the other containing the 
magnetic intensity. These are known as the wave equations. They arc 
more convenient than the curl equations for the solution of many types 
of electromagnetic-field problems. 

Before proceeding with the derivation of the wave equations, let us state 
a useful vector-analysis identity for the curl of the curl of a vector quantity. 
This may be written 

V X V X ^ = -V^I + V(V-I) (1) 

Now take the curl of both sides of Eq. (13.04-3) thus, 


V X V X E = 


an 

-nV X — ^ = 

at 


-m-(vx/7) 

dt 


The step in going from the second to the third form of Eq. (2) amounts to 
interchanging of the order of differentiation. 

Now substitute Eq. (1) for the left-hand side of Eq. (2), and Eq. (13.04-7) 
for V X on the right-hand side. In place of Jc, we write Jc = cE, thus 
obtaining 

r dE a^Ei 


r dE 

-V^E + V(V*^) = -/X (T — 

L dt 


In most ^plications, the space-charge density is zero; hence Eq. (13.04-10) 
gives V-E = 0. Equation (3) may then be written 


/ dE d^E\ 


This is the wave equation for the electric field. A similar expression may 
be derived for the magnetic field by taking the curl of both sides of Eq. 
(13.04-7) and substituting Eqs. (1), (13.04-3), and (13.04-11). This yields 
the wave equation for the magnetic field, 


^ an a^n^ 
< at ae } 


The use of the wave equations will be considered in the following chapter 
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13.06. Fields with Sinusoidsl Time Variation. — The principal electro- 
magnetic-field equations can be simplified for fields with sinusoidal time 


variation. We shall assume a time variation of the form e^“‘. The time 
derivatives may then be written dE/dt = jwE and d^Eldf = 

Making these substitutions in Eqs. (13.04-3 and 7) and (13.05-4 and 5), 
we obtain the curl equations and wave equations 

V X E = —joinE (1) 

V X E = (<r -|- j(0f)E (2) 

V'^E = juix(a + jo3t)E = y^E ( 3 ) 

V^n = jo}e)H = y^n (4) 

where 

y = V'jo3ix{<T + juf) = a + ( 5 ) 


The quantity 7 is a property of the medium known as the intrinsic 
propagation constant. It is analogous to the propagation constant of the 
transmission line. In general, 7 is complex, its real part being the attenua- 
tion constant a and imaginary part the phase constant /J. 

13.07. Power Flow and Poynting’s Vector.— The energy density stored 
in an electromagnetic field can be represented by ‘ 


where }/^fE^ is the energy density of the electric field and is the 

energy density of the magnetic field. In mks units the energy density is 
in joules per cubic meter. 

Let us now consider the concept of Poynting’s vector, which we shall 
have frequent occasion to use in evaluating the power flow. We start 
by taking the divergence oi E X E. A vector-analysis identity yields 

V-{E XE) = E-{\7 XE) - E-{V XE) ( 2 ) 

Substitution of Eqs. (13.04-3 and 7) for V X E and V X ^ in Eq. ( 2 ) yields 


v-(E xE) = ~^E • 


dE 

dt 


-E ■(^crE+.^ 


dt/ 


(3) 


The dot product of a vector with itself is equal to the scalar quantity 
squared, that is, E-M = Also, we may write 


dE _ 1 d{E-lE) 1 d{EY 
dt 2 dt ^ 2 dt 


‘ Frank, N. H., ''Introduction to Electricity and Optics,” pp. 52-134, McGraw-Hill 
Book Company, Inc., New York, 1940. Equations given in this reference are in unra- 
tionalized units and therefore differ from the above equations by a factor of 47 r. 
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A similar expression may be written for the magnetic intensity. Inserting 
these into Eq. (3), we obtain 

-V-iExH) (4) 

di 2 



Fig. 6. — Poynting’s vector is perpendicular to E and //. 


The vector quantity E X H in the first term of Eq. (4) is known as the 
Poynting vector ^ thus 

& = ExU (5) 

Poynting’s vector may be interpreted as the power-density flow per unit 



Fia. 7. — Application of Poynting’s vector. 


area. It is represented by a vector 
which is perpendicular to the E and 
n vectors. 

Divergence is the net outward flow 
per unit volume, hence —V iExH) 
represents the net inward flow of 
power per unit volume. Part of this 
power contributes to an increase in 
the energy storage in the electric and 
magnetic fields, while part of it is lost 
owing to imperfect conductivity of the 
medium. The quantity d/dt 
+ on the right-hand side of 

Eq. (4) is the time rate of change of 
energy storage in the field. There- 
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fore, this term represents that portion of the power which contributes to 
an increase in energy storage. The second term on the right-hand side 
represents the power loss due to imperfect conductivity. Thus, Eq. (4) 
states that the net inward power flow per unit volume is equal to the rate 
of change of energy density stored in the field plus the loss per unit volume 
due to imperfect conductivity. 

We may obtain an expression for power flow through any surface by 
integrating the left-hand side of Eq. (4) over the volume enclosed by the 
surface and applying the divergence theorem. Representing the total 
power flow by p, we have 

p=J'v(Exff)dT = ^jExff)-ds ( 6 ) 

Hence the total power flow through any closed surface is equal to the sur- 
face integral of the normal component of Poynting's vector over that sur- 
face. As an example, the power radiated by the antenna of Fig. 7 may 
be computed by integrating the normal component of Poynting^s vector 
over the surface enclosing the antenna. 

13.08. Boundary Conditions. — In order for a given electromagnetic 
field distribution to exist, it must: (1) be a solution of MaxwelFs equations 
and (2) satisfy certain boundary conditions for the given physical system. 
Let us therefore consider these boundary conditions. 

First, consider the tangential components of electric intensity on either 
side of a geometrical surface which is the interface between two different 
mediums as shown in Fig. 8. Assume that a unit charge is carried a short 
distance Az parallel to the boundary at the surface in medium 1 as shown 
in Fig. 8, then an equal distance along the surface in medium 2, to return 
to the starting point. The work done in carrying the charge around the 
closed path is 

= (Et 2 — A'a) Az (1) 

From Faraday ^s law, we have = —d<f>/dL Since the two paths are 

assumed to be an infinitesimal distance apart, the magnetic flux linking the 
path is vanishingly small, and — 0. Equation (1) therefore yields 

Eti = Et2 ( 2 ) 

or, the tangential components of electric intensity are continuous across 
the boundary. 

Gausses law enables us to establish a relationship between the normal 
components of electric flux density at the boundary. Consider a small 
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surface enclosing an incremental boundary area As, as shown at the bottom 
of Fig. 8. If the surface charge density is q^y the charge enclosed is qs As. 
Gausses law then yields 


§. 


or 


D ds = (Dn2 — Dnl) As = qs As 


I^n2 I^nl — qs 


(3) 

Therefore, the discontinuity in the normal component of electric flux density 
is equal to the surface charge density. In most problems with which we 


Medium I 


^Medium 2 


I 

K * 




-t2 


Medium 1 

H.,!! 

'-i-" 

JcAi 




->D, 


m 




Medium 2 


Hz 


^n2 


Fig. 8. — Boundary conditions for 
the electric field 


Fig. 9. — Boundary conditions for 
the magnetic field. 


will be concerned, we may assume that = 0; hence Dn 2 = Dni or 
Enl/En2 = € 2 / 61 . 

To obtain a relationship for the tangential components of the magnetic 
field, we use Ampfere^s law. The magnetic intensity II may be interpreted 

as the force on a fictitious unit magnetic pole, and thus, is the 

work done in carrying the unit pole around a closed path. If such a pole 
is carried a distance Az parallel to the boundary at the surface of medium 1 
and an equal distance in the opposite direction in medium 2 to return to 
the starting point, the work done becomes 

(Hn - Ht2) Az 


(4) 
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Applying Ampere^s law, we have yR-dl = i, where i is the current 

flowing through the area enclosed by the line integral. Since Ha and Ht 2 
are assumed to be an infinitesimal distance apart, the area is vanishingly 

small and, in the limit, we have = 0. Thus, Eq. (4) yields 

Ha = Ht 2 . There is one important exception to this statement. In the 
theoretical case of a perfect conductor (a = oo), an infinitely thin current 
sheet can flow on the geometrical surface of the conductor. This current 
flows in a direction perpendicular to //<. The current per unit length of 
surface will be referred to as the surface current density^ Thus, the 
surface current flowing through the infinitesimal area between Ha and 
Ht 2 of height A 2 is Jg Az, and Eq. (4) yields 

Ha - Ht2 = Js (5) 

The discontinuity in the tangential component of magnetic intensity is 
therefore equal to the surface current density. In all cases except that of 
a perfect conductor, the surface current density is vanishingly small, and 
we have Ha = Ht 2 - 

Applying Gausses law for the magnetic field in a manner similar to that 
for the electric field, we obtain 


Bnl = Bn2 (6) 

Thus, the boundary conditions may be summarized as follows: 

1. The tangential components of electric intensity are continuous across 
the boundary. 

2. The normal components of electric flux density differ by an amount 
equal to the surface charge density. 

3. The tangential components of magnetic intensity differ by an amount 
equal to the surface current density. The surface current density is 
vanishingly small and may be assumed to be zero in all cases except that 
of a perfect conductor. 

4. The normal components of magnetic flux density are equal. 

Tables 3 and 4 summarize a number of the more important electro* 

magnetic field relationships given in this chapter and in Chap. 14. 



Table 3. — Principal Electromagnetic Field Equations 
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'magnetic intensity' 


Table 4. — Additional Relationships 
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Skin-effect resistance ~ (14.07-4) 
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PROBLEMS 

1. Given a vector A — (x^ -f 

(а) Evaluate V X ^ 

(б) Evaluate the surface integral J (V X A)'d^ over a surface in the xy plane bounded 
by the four lines x = 0^ y — hj x = and y ^ 0, 

(c) Evaluate around the perimeter of the rectangle. 

(d) Show that Stokeses theorem J* (V X A)- ds = ^A-dl applies. 

2. Prove the relationship V X (VF) ~ 0 using rectangular coordinates. 

3. Prove that V X (V X Ay = — V^A + V(V • Z) using rectangular coordinates. 

4. Prove that V'{A X B) B (V X A) — A*(V X B) using rectangular coordinates. 

6 . Derive the wave Eq. (13.05-5) for the magnetic intensity H. 

6. Write MaxwelFs equations in differential equation form and the wave Eqs. (13.05-4 
and 5) for the following special cases: 

(a) Stationary electric and magnetic fields 

(b) A lossless dielectric medium (with time-varying fields) 

(c) A good conductor (with time-varying fields) 

7. A long coaxial line has a d-c generator at one end and a load resistance at the other 
end. The conductors are assumed to have finite conductivity, but the dielectric 
between conductors is assumed to be lossless. On an enlarged view of the coaxial 
line, show by means of arrows the directions of the electric intensity, magnetic 
intensity, and Poynting^s vector in the dielectric between conductors and in each of 
the conductors. Explain the mechanism of power flow along the line and of power 
loss in the conductors in terms of your diagram. How would you compute the power 
flow down the line and power loss in the conductor if the field intensities were known? 

8. In deriving the wave equations, the space-charge density in the interior of the 
medium was assumed to be zero. The question arises as to whether or not this 
assumption is valid in the interior of metals where there is a plentiful supply of free 
charges. To investigate this, write Eq. (13.04-7) in the form V X ^ aE -{- 
€{dE/dt). Now take the divergence of both sides of this expression and use Eqs. 
(13.03-4) and (13.04-10) to obtain a differential equation involving the space-charge 
density Qr os a. function of time. The solution of this equation yields Qr = 

The constant c may be evaluated by assuming that at zero time the space-charge 
density is ^ro- 

Carry through the foregoing derivation and obtain the expression for as a 
function of 57-0 time. Show that the space-charge density decreases at an 
exponential rate which is independent of any applied fields. The relaxation time 
is the time required for qr to decrease to 1/e of its original value. Compute the 
relaxation time for silver, letting <r = 6.14 X 10^ mhos per m and t = 8.85 X 10“^^ 
farad per m. Compare this relaxation time with the period of a 3,000-megacycle 
wave. Is the assumption of g,- 0 justified when deriving the wave equation for 

metals? 

9. Show that at the boundary of an imperfect conductor, the tangential magnetic 
intensity is equal to the current flowing through a section of conductor of unit height 
and infinite depth (in a direction perpendicular to the boundary surface). Explain 
what happens to the electric and magnetic fields in the conductor and the current 
and current density as the conductivity approaches infinity. 

10. Show that if the boundary conditions are satisfied for either the electric intensity 01 
the magnetic intensity, and the fields satisfy Maxwell's equations, then the boundary 
conditions for the other intensity are automatically satisfied. 
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PROPAGATION AND REFLECTION OF PLANE WAVES 

We can conceive of electromagnetic waves as being initiated by the 
motion of charged particles. The particle motion produces a disturbance 
in the field which, under proper circumstances, can take the form of an 
electromagnetic wave propagating outward from the source with a velocity 
equal to the velocity of light. 

Maxwelks equations show that a time-varying electric field produces a 
magnetic field and, conversely, that a time-varying magnetic field produces 
an electric field. By virtue of this interrelationship, the electric and 
magnetic fields can propagate each other in the form of an electromagnetic 
wave. Although the wave is initiated by the motion of charged particles, 
once the wave starts on its journey, we may consider it to be detached from 
the charged particles at the source. The propagation characteristics of the 
wave are then determined solely by the electrical characteristics of the 
medium through which the wave travels. 

If a small antenna is isolated in space and is radiating energy, the 
radiated waves are essentially spherical. A spherical wave is one in 
which the equiphase surfaces are concentric spheres. These equiphase 
spheres expand as the wave travels outward from the source. To an 
observer who is situated at a remote distance from the antenna, the wave 
would appear substantially as a uniform plane wave, since he is able to 
observe only a very limited portion of the wavefront. This is analogous 
to the observer on the surface of the earth who sees the earth^s surface as 
a plane, since he is able to view only a small portion of the total surface. 

In this chapter we shall consider the propagation characteristics of 
uniform plane waves in various mediums and the reflection of plane waves 
at boundary surfaces. We shall find that the expressions for the electric 
and magnetic intensities may be written in a form similar to the expres- 
sions for voltage and current on transmission lines. In fact, it is poswsible 
to carry over most of our methods of transmission-line analysis and apply 
them directly to problems dealing with plane-wave propagation and 
reflection. 

14.01. Uniform Plane Waves in a Lossless Dielectric Medium. — Ih 

order to illustrate the use of Maxwell’s equations, let us consider the ele- 
mentary case of a uniform plane wave in a homogeneous dielectric medium. 

265 
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The dielectric is assumed to be lossless; hence we have o* = 0. It is also 
assumed that the electric intensity is polarized in the x direction, as given 
by J? = Exh and that the wave is traveling in the y direction. The magnetic 
intensity is perpendicular to both the electric intensity and the direction 
of propagation of the wave; therefore we have H = Hzk. Since a uniform 
plane wave has no variation of intensity in a plane normal to the direction 
of propagation of the wave, we have d/dx = d/dz — 0. 

With the assumptions stated above, the wave equations for the electric 
and magnetic intensities^ Eqs. (13.05-4 and 5), reduce to 



a^E^ 

( 1 ) 


= 2 

dy^ 

at^ 


a^H, 

( 2 ) 



ay^ 

dl^ 


Cvomparison of these equations with Eqs. (8.01-7 and 8) shows a similarity 
between the expressions for wave propagation in a lossless dielectric and 
wave propagation along lossless transmission lines. 

A solution of Eqs. (1) and (2) is of the form 

= Ah (< + ^) + Ef2 {t - (3) 

The function /i[< + {y/v^] represents a wave traveling in the —y direction, 
whereas / 2 [< — {y/Vc)] represents a wave traveling in the -\-y direction, both 
waves having a velocity Vc- The functions fi and /2 are determined by the 
waveform of the signal radiated from the source. 

In a homogeneous medium, there can be an outgoing wave but no reflected 
wave. Either one of the terms in Eq. (3) may be used to represent the 
outgoing wave. In order to be consistent with the following discussion, 
we shall assume that the outgoing wave is traveling in the —y direction. 
For a sinusoidal time variation, the outgoing wave of electric intensity 
may be represented by 

Ex = (4) 

The magnetic intensity is obtained by inserting Eq. (4) into the curl 
equation (13.06-1). For the assumed conditions, the curl equation reduces 
to 

— = jcomH. (5) 

dy 

Substitution of Eq. (4) gives 

= St = JIe^ 


( 6 ) 
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To obtain the velocity of the wave, we may substitute Eq. (4) into (1) 
above, yielding 


Vc 



(7) 


For a los sless dielectric modiuin, the velocity is e qual to the veloci ty of 
light iiTthe given medium. In free space, the velocity is Vc == 3 X 10® 
meters per second. 



Plane 

wave 

source 



The ratio of electric intensity to magnetic intensity for an outgoing wave 
is defined as the intrinsic impedance of the medium and is designated by 
the symbol rj. Dividing Eq. (4) by (0), we have, for a lossless dielectric 
medium. 



The intrinsic impedance of a medium is analogous to the characteristic 
impedance of a transmission line. Later we shall derive a more general 
expression for the intrinsic impedance. 

Equations (4) and (fi) represent the electric and magnetic intensities of 
a wave which travels in the —y direction with a velocity equal to the 
velocity of light. The electric and magnetic intensities are in time phase 
but in space quadrature. The instantaneous values of Ex and Hz may be 
evaluated by taking the real part of Eqs. (4) and (6) as explained in the 
footnote of Sec. 8.02. If E' is real, the real parts of these equations are 
Ex = E' cos o)[t + (y/Vc)] and Hg = (E'/ri) cos o)[t + (y/vc)]. These equa- 
tions may be used to plot the electric and magnetic intensities as functions 
of either distance or time. Figure 1 shows the intensities as a function of 
distance, with time held constant. The Poynting vector, representing power 
density, is perpendicular to E and H and is therefore in the — j/ direction. 
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14.02. Uniform Plane Waves— General Case. — The preceding section 
dealt with plane-wave propagation in a lossless dielectric medium. Let 
us now consider the more general case of uniform plane-wave propagation 
in any homogeneous isotropic medium. 

Again we assume an electric intensity in the x direction and a magnetic 
intensity in the z direction, with the wave traveling in the y direction. 
A wave in which the electric and magnetic intensities are both per p endicular 
to the direction of propagation is known as a transverse electromagnetic wave 
(TEM wave). The intensities are assumed to have -no variation in the xz 
plane, and a time variatibn of the form e^"^^ is assumed. The wave equation ^ 
(13.06-3 and 4) then become 


dy^ 

(1) 

-TT = 
dy^ 

(2) 

where 7 is the intrinsic propagation constant given by 

T = 'V ji^y{(T + jo>t) 

(13.06-5) 

We may write the solution of Eq. (1) in the form 

E, = 

(3) 


To obtain the magnetic intensity, substitute Ex from Eq. (3) into the cui l 
equation (13.06-1), or into the simplified form, Eq. (14.01-6), giving 

(4) 

For convenience, we write Eq. (4) in the form 

H, = H'ne^y + (5) 

where 

HfR and H'k= 

jo)fi 

By comparing Eqs, (3) and (4) with (8.02-10 and 11), we again observe 
a similarity between the relationships for plane-wave propagation and those 
for waves on transmission lines. 

In the following discussion, it will be assumed that the outgoing (or 
incident) wave travels in the —2/ direction and that the reflected wave 
travels in the +y direction. This convention will enable us to write the 
equations for plane-wave propagation in a form identical to that of the 
transmission-line equations. According to this convention, the first terms 
in Eqs. (3) and (4) represent outgoing waves, whereas the second terms 
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represent reflected waves. The intrinsic impedance of a medium was previ- 
ously defined as the ratio of electric intensity to magnetic intensity for an 
outgoing wave. Upon applying this definition to Eqs. (3) and ( 5 ), we 
obtain the ratio of electric to magnetic intensity for either the outgoing or 
the reflected wave 


_ 

Hl~ y 


( 6 ) 


If we had derived the magnetic intensity by inserting Eq. (3) into 
(13.06-2) instead of (13.06-1), a relationship similar to Eq. ( 4 ) would 
have resulted, but with t/ = 7 /( 0 - + jo}e). Therefore the i ntrinsic imped- 
ance for TEM waves m^ be represented by Either of the relationships 


jojjj, ^ 7 

7 <r + 


( 7 ) 


14.03. Intrinsic Impedance and Propagation Constant. — The intrinsic 
impedance and intrinsic propagation constant are properties of the medium. 
They are analogous to the characteristic impedance and propagation con- 
stant, respectively, of transmission lines. The expressions for these quanti- 
ties may be simplified for the special cases where the medium is ( 1 ) a lossless 
dielectric or ( 2 ) a good conductor. 

First, however, let us rewrite the complete expressions for ready reference 


jo)fJL 7 / 

V = — = — — — = 

7 (T + J0)e ^<T + J0)€ 

7 = + jeoe) = a +jp 


(14.02-7) 

(13.06-5) 


Consider now the case of a lossless dielectric medium, for which we 
have (T = 0. The intrinsic impedance and propagation constant then reduce 
to 



( 1 ) 

^ € 

7 = 

( 2 ) 


Th e intrins icj mpedance of a lossless dielectr icJs, of theimtur e of a p nr^ 
resistanc e and has a value of 376. 6 oh ms for free space. Equation ( 1 ) 
reseinbles t he fa miliar form of the characteristic impedance of a lossless 
line, Zo = V"l/ C. Since all dielectric mediums have approximately the same 
permeability (fiQ = 4x X 10"“^) and there are no known dielectrics having 
permittivities appreciably less than that of free space, it follow s that the 
intrinsic impedance of free space is about the maxi mum attainable value 
Tor known dielectric materials. 
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The intrinsic propagation constant of lossless dielectrics is imaginary; 
consequently, we have a = 0 and /3 = a>VjU€. These relationships also 
have their counterpart in the lossless transmission line where we find a = 0 
and /3 = o)\/ LC. The wavelength and phase velocity for plane waves are 


^ 27r 27r 

Vc = f\ = 

V IXt 


(3) 

(4) 


Now consider the special case in which the medium is a good conductor. 
In a good conductor we find that <r ^ toe. This is valid over the entire 
range of frequencies extending from the audio frequencies through the 
microwave frequencies. As an example, consider silver, having a conduc- 
tivity of O' = 6.14 X 10^ mhos per meter. While the permittivity of metals 
is not accurately known, the evidence indicates that it is of the same order 
of magnitude as the permittivity of free space. Assuming that e = eo, we 
find that even at the relatively high frequency of 10^^ cycles per second, 
the value of we is of the order of co€ = 5 as compared with o = 6.14 X 10^. 
It is therefore apparent that we can assume that o- coe for good conductors. 
Equations (13.06-5) and (14.02-7) then reduce to 


7 


= Vi 


Jo)fX(r 



V = 


4 


(j)U 



(5) 

( 6 ) 


The attenuation constant, phase constant, wavelength, and phase velocity 
may be obtained from Eq, (5) as follows: 


/coua 

2t /'T 

X = _ = 2x (8) 

v=fX = J— (9) 

Mcr 

The intrinsic impedance of conductors is extremely small in comparison 
with that of most dielectric mediums. This indicates a low ratio of electric 
to magnetic intensity in conductors. Equation (6) shows that the electric 
intensity leads the magnetic intensity by a time phase angle of 45 degrees 
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in conductors. The attenuation and phase constants have equal values in 
good conductors. 

Some idea of the properties of a wave in metal may be obtained by evalu- 
ating the intrinsic impedance, wavelength, phase velocity, and attenuation 
constant in silver at a frequency of 100 megacycles. At this frequency, 
the intrinsic impedance of free space is 77 == 376.6 ohms, whereas that of 
fdlver is rj = 0.0025 + yO.0025 ohm. The wavelength and phase velocity 
in free space are X = 3 meters and Vc = 3 X 10® meters per second, respec- 
tively. In contrast with these values, we obtain for silver X = 0.004 
centimeter and v = 4 X 10 ’^ meters per second. Thus, the wavelength 
and phase velocity in a conductor are very much smaller than the corre- 
sponding values in free space. The attenuation constant is o: = 15.7 X 10^ 
nepers per meter or 136 X 10^ decibels per meter, which represents an 
extremely high attenuation. The wave is therefore attenuated to a negligi- 
ble value in a distance of a few thousandths of a centimeter. 

14.04. Power Flow. — Poynting’s vector, Ip E X By may be used to 
evaluate the instantaneous value of power density in an electromagnetic 
wave. In the plane-wave example of the preceding article, the intensity 
vectors are mutually perpendicular and the scalar value of Poynting's vector 
may therefore be written (P = EH. 

Since we will be dealing largely with fields having sinusoidal time varia- 
tion, it will be convenient to have an expression for the time-average power 
density. While we could derive vSiich a relationship on rigorous grounds, the 
same results may be more readily obtained by analogy with transmission- 
line equations. The time-average power flow at any point on a transmis- 
sion line is Pay — /^VI cos 6, where Y and I are peak values and 6 is the 
time phase angle between V and 1. By analogy, the time-average power 
density in a uniform plane wave is (Pav = E \ \H \ cos dy where | E ] and 
I H I are the peak values of the electric and magnetic intensities, and B 
is the time phase angle between E and H. This may also be shown to be 
equivalent to 

(Pav = H Re m^) (1) 

where E and 11 are complex values, and //* is the complex conjugate of H, 
The complex conjugate is formed hy reversing the sign of the phase angle. 
Thus, if A = \Aq \e^^, we have A* = \ Aq The symbol Re in Eq. ( 1 ) 

signifies that the real part of the bracketed term, is to be retained and the 
imaginary part is to be discarded. 

For an outgoing wave only, we have E/H = rj. Replacing E in Eq. ( 1 ) 
by tiH, we obtain 

1 I 

= - Re h Re ( 17 ) 

2 2 

The later form follows from the fact that HH* = ] II |^. 


( 2 ) 
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For a lossless dielectric medium, we have r; = '\^ix/e and Eq. (2) reduces 

Iff IS \E 


to 


Ti' 2 


For a good conductor, we have »; = (1 + j)\^ un/2a and Eq. (3) becomes 

ffp 


^av — 


Ljj, 

Vo/r 


(4) 


Equations (2), (3), and (4) are the most convenient forms to use for 
evaluating the time-average power density. In these equations \ E j and 
1 H I are peak values of the intensities. 

14.05. Plane-wave Reflection at Normal Incidence.^* ^ — ^When an elec- 
tromagnetic wave, traveling in one medium, impinges upon a boundary- 
surface between two mediums having different intrinsic impedances, a 
partial reflection occurs at the boundary between the mediums. This 
results in a reflected wave traveling back toward the source in the first 
medium, and a transmitted wave in the second medium. In the first 
medium the incident and reflected waves combine to produce a standing 
wave. If the two mediums have approximately the same intrinsic imped- 
ances, most of the wave energy is transmitted into the second medium 
and the reflected wave is relatively small. Conversely, if the intrinsic 
impedances differ greatly, the transmitted wave is small, and the reflected 
wave is relatively large. The standing-wave ratio in the first medium 
(ratio of maximum to minimum standing wave of electric intensity) may 
be used as a measure of the degree of impedance mismatch. 

Consider a uniform plane wave which is normally incident upon a plane 
surface between two mediums, designated by the subscripts 1 and 2 in 
Fig. 2. Both mediums are assumed to be infinite in extent in all directions 
except at the boundary surface. This surface is chosen to coincide with 
the plane 2 / = 0 in Fig. 2. The mediums are assumed to be homogeneous 
but they may be conducting, semiconducting, or insulating. The incident 
wave travels in the —y direction and contains the propagation term 
while the reflected wave travels in the + 2 / direction with a propagation 
term The transmission-line analogue consists of a line having 

parameters Zoi and 71 terminated by a second line which is infinitely long 
and which has the parameters Z 02 and 72 . 

' ScHELKTJNOFF, S. A., The Impedance Concept and Its Application to Problems of 
Reflection, Refraction, Shielding, and Power Absorption, Bell System Tech. vol. 17, 
pp. 17-48; January, 1938. 

* ScHELKUNOFF, S. A., Electromagnetic Waves,” D. Van Nostrand Company, Inc., 
New York, 1943. 
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The electric and magnetic intensities in medium 1 are given by Eqs. 
(14.02-3 and 4). With the substitution of Eq. (14.02-6), these may be 
written 

= AV" + (14.02-3) 


TJ -y.y *-^R 

tiz = — e 

Vi Vi 


(14.02-4) 


where and ‘'■r® tfi® incident and reflected wave intensities, re 
spectivoly, at the surface y = 0. 




(b) 

Fig. 2. Intensities of a normally incident plane wave and the transmission-line analogy. 


Referring to the transmission-line in Fig. 2b, the impedance terminating 
line 1 is the characteristic impedance of line 2, or Zo 2 - Likewise, in Fig. 2a, 
the wave impedance which terminates medium 1 is the intrinsic impedance 
of medium 2, or 772 . The same conclusion can be reached by applying the 
boundary conditions of Sec. 13.08. These require that the tangential com- 
ponents of E and H be equal on either side of the boundary. Consequently, 
the ratio E/ H must be the same on either side of the boundary. The wave 
in medium 2 is an outgoing wave only; hence / if z == > 72 - Therefore, 
to satisfy the boundary conditions, we must have, at the boundary in 
medium 1, Er/Hr = / if J = 772 , where Er and Ur are the resultant 
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electric and magnetic intensities at the surface in medium 1 (the sum of the 
incident and reflected-wave intensities). Thus, the impedance terminat- 
ing medium 1 is the intrinsic impedance of medium 2. 

At the boundary surface in medium 1 y = 0, Eqs. (14.02-3 and 4) be- 
come Er = EfR + Efn and Hr => (1/vi) i^R - ^r)- Substituting Hr = 
ER/ri 2 into the second of these equations and solving them for Hr and 
EfR we obtain 



Upon inserting these into (14.02-3 and 4), we obtain the intensity equations 



These equations are similar to the transmission-line equations (8.02-16 
and 17). They may be expressed in hyperbolic form similar to Eqs. 
(8.02-21 to 23), as follows: 


Ex = Er\ 

^cosh yiy + “ sinh yiyj 

(4) 

Er , 
Hx = —\ 
V2 

[ cosh yiy + ^ sinh yiyj 

\ m I 

(5) 


We now define a wave impedance Z as the ratio of the resultant electric 
intensity to the resultant magnetic intensity, at any given point. This is 
analogous to the impedance at any point on a transmission line, 


Ex _ / V2 + m tanh y^y' 

11 X Viji -1- J ?2 tanh 7 ij/, 


( 0 ) 


In writing the equations for the intensities in medium 2, we recall that 
the tangential electric intensities are equal at the boundary. Since Er 
is the tangential intensity in medium 1, it must also be the surface intensity 
in medium 2. Therefore the intensities in medium 2 are 


Hx = Ers'^”' 

(7) 

jf" El 

V2 

(8) 
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The reflection coefficient ^ tr is defined as the ratio of the electric intensity 
of the reflected wave to that of the incident wave at the boundary surface, 
or Tr = Eir/E!r, Inserting the values of E!r and Ffn from Eq. (1) yields 



^2 — 

V2 + m 


( 9 ) 


It is also convenient to define a transmission coeflicient as the ratio of 
electric intensity in medium 2 to the electric intensity of the incident wave 
in medium 1, both being taken at the reflecting surface, or rr = ErIE^r. 
Replacing E'r by Eq. (1), we obtain 


Er 


2^2 

^2 + 7?1 


( 10 ) 


The transmission coefficient enables us to evaluate the electric intensity 
in medium 2 in terms of the electric intensity of the outgoing wave in 
medium 1. 

The expressions in reflection coefficient form, analogous to Eqs. (2) to 
(6), are 

E:, = Ene'^^^il + ( 11 ) 

^ ( 12 ) 

Vl 


Z 


/ I + 

Hz \1 - 


(13) 


14.06. Normal-incidence Reflection from a Conductor. — As a special 
case of the foregoing relationships, let us assume that medium 2 is a perfect 
conductor. The intrinsic impedance of a perfect conductor is zero and there 
can be no electric or magnetic fields inside the conductor. The reflection 
coefficient is = — 1 and the transmission coefficient is = 0, indicating 
total reflection of the incident wave. The boundary conditions require that 
the electric intensity Er be zero. However, the magnetic intensity Hr at 
the boundary in medium 1 is not zero. In Eqs. (14.05-4, 5, and 6) we sub- 
stitute Er = 0 and 772 = 0. To eliminate the indeterminant, we use 
Hr = ER/ri2, yielding 

Ez = Hrvi sinh yiy (1) 

Hz = Hr cosh yiy (2) 


Z = 


El 

Hz 


= 7ji tanh yiy 


(3) 


‘ In optics the reflection coefficient is taken as the ratio tr = Hr/Hr. This reflec- 
tion coefficient is equal in magnitude to that of Eq. (9) but has opposite sign. The 
definition given by Eq. (9) is consistent with the definition of the reflection coefficient for 
the transmission line. 
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These equations are similar to those of the short-circuited line discussed 
in Sec. 8.07. The curves of | VIIrZq | and | I/Ir ] in Fig. 7 may be used 
to represent \ Ex/Hrtji | and | Hz/Hr |, respectively. The impedance 
curves of Fig. 8, Chap. 8, also represent the wave impedance ratio Z/rjiy as 
given by Eq. (3). 

If medium 1 is lossless and medium 2 is a perfect conductor, we have 
7i = and the hyperbolic functions in Eqs. (1) to (3) reduce to trigo- 
nometric functions, yielding 

Ex = jllRm sin fiiy (4) 

Hz = Hr COB fiiy (5) 

Z = jm tan fiiy (6) 

The incident and reflected waves combine in such a manner as to produce 
the standing waves shown in Fig. 3. The electric and magnetic fields have 



Fig. 3. — Standing waves produced by reflection from a perfect conductor. 


a sinusoidal time variation and the values plotted in Fig. 3 represent the 
peak values of the sine wave. The electric and magnetic intensities are 
in time quadrature as well as in space quadrature. 

At the conducting surface Er is zero, while Hr is a maximum, having a 
value of twice the magnetic intensity of the incident wave. The magnetic 
field is terminated by a current flowing on the geometrical surface of the 
conductor (for a perfect conductor). This current flows in a direction 
perpendicular to the magnetic intensity. The value of the surface current 
density, as given by Eq. (13.08-5), is = Hr. 

The standing wave of electric intensity has its maximum values at dis- 
tances y = n\/ 4: from the reflecting surface, where n is an odd integer. 
Nodal values of electric intensity occur at distances of y = nX/4, where 
n is an even integer. 

14.07. Depth of Penetration and Skin-efifect Resistance. — If the con- 
ducting medium has finite conductivity, a very small portion of the energy 
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of the incident wave enters the conductor. The remaining energy is 
reflected at the surface of the conductor. The wave entering the conductor 
is rapidly attenuated as it travels inward from the surface, the intensities 
being attenuated by the factor ^ Consequently, the electric and 

magnetic intensities decrease to a value of l/e, or 36.8 per cent of the surface 
value at a depth for which a 2 y = 1. This particular value of y is known as 
the depth of penetration or skin depth, and is represented by the symbol 52- 
From Eq. (14.03-7) we obtain 


1 

52 = - = J — 
0^2 


( 1 ) 


In silver at a frequency of 100 megacycles, the depth of penetration is 
§2 = 0.637 X 10“^ meter. Thus, ija good conductors at microwave fre- 
quencies, the wave is attenuated to a negligible value within a few thou- 
sandths of a centimeter. 

The transmission coeSicient enables us to evaluate the intensities in the 
conductor in terms of the electric intensity of the incident wave. Since 
we have iji rj 2 , the transmission coefficient, from Eq. (14.05-10), becomes 
tt = and the electric intensity at the surface in either medium is 


and the magnetic intensity is 


2^2 w 


m m 


(2) 


The time-average power density entering the surface of the conductor 
is obtained from Eep (14.04-4), thus 


IIr\^ K 
2 ^ 2^2 


(3) 


In an a-c circuit, the resistance may bo defined by the relationship 
= pR/2, or R = 2Pav//^, where Pav is the time-average power con- 
sumed in the resistance and I is the peak value of current flowing through 
the resistance. The skin-effect resistance for the plane conducting surface 
may be defined in a similar manner by the relationship 61 9 = 2(Pav//^, 
where (Pav is the power density as given by Eq. (3). The current I is the 
peak value of the current flowing through a cross section of the conductor 
taken parallel to the yz plane in Fig. 2, with unit length in the z direction 


^ A wave traveling in the direction will contain the attenuation term e”"®*'. A 
wave traveling in the —y direction has an attenuation term c®*', but the sign of y 
reverses. Consequently, the intensities may be considered to be attenuated by* an 
amount for either direction of travel. 
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and infinite thickness in the y direction. This current is equal to the surface 
value of the magnetic intensity, or / = Hr. Inserting this value of current, 
together with (Pav from Eq. (3), into the equation for (Rs above, we obtain 


= 



1 

^ 2^2 


(4) 


where 62 is the depth of penetration. The quantity 620-2 may be viewed 
as the conductance of a slab of conductor of unit length, unit width, and 
depth equal to 62. The skin-effect resistance is the reciprocal of this con- 
ductance. It is also interesting to observe that the intrinsic impedance as 
given by Eq. (14.03-6) may be written in the form rj 2 — (1 + The 

real part of the intrinsic impedance is the skin-effect resistance. 

14.08. Normal-incidence Reflection from a Lossless Dielectric. — If 
both mediums are lossless dielectrics having different permittivities, 
partial reflection occurs at the boundary surface. The reflection and trans- 
mission coefficients are obtained by substituting 7/2 = ^^^2/^2 and 7]\ = 
^ \i\lt\ into Eqs. (14.05-9 and 10). Since dielectric materials are non- 
magnetic, their permeabilities are equal. The reflection and transmission 
coefficients then become 


_ V(«iA2) - 1 


( 1 ) 


Hr 2 

■Ek 1 + V « 2/<1 


( 2 ) 


The reflection coefficient is zero when €1/62 = 1, that is, when the two 
dielectric mediums have the same permittivities. As the ratio departs 
farther from unity value, the reflection coefficient increases and the trans- 
mission coefficient decreases, indicating increasing reflection at the bound- 
ary surface. 

14.09. Multiple Reflection and Impedance Matching. — Problems deal- 
ing with multiple reflection at normal incidence may be analyzed by the 
foregoing methods. As an example, consider the arrangement shown in 
Fig. 4, consisting of three different mediums, represented by subscripts 1, 
2, and 3. Let us evaluate the wave impedance at the surface between 
mediums 1 and 2. In the transmission-line analogy, this impedance corre- 
sponds to the impedance looking to the left at points a6, in Fig. 4b. At 
this point we have the impedance looking into transmission line 2 termi- 
nated by an infinitely long line 3. Equation (14.05-6) may be modified 
to express the equivalent wave impedance in Fig. 4a, thus 

^3 “h ^72 tanh 72^2 
^2 *4" Vs tanh 72/2 
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This is the wave impedance terminating medium 1. The reflection and 
transmission coefficients at the surface between mediums 1 and 2 are 
obtained by substituting the value of Z from Eq. (1) into Eqs. (14.05-9 
and 10), thus 

Z — ifi 


2Z 

z + Vl 


( 3 ) 


An interesting application <jf multiple reflection is that of matching the 
wave impedances of two different dielectric mediums. In our transmi.ssion- 
line theory wc found that unequal generator and load impedances could be 





Plane 

wave 

source 


oo 






U- 12 -I 

(b) 

Fig. 4. — Multiple reflection and the transmission-line analogy. 


matched, if they are both resistances, by inserting a quarter-wavelength 
section of line, having the proper value of characteristic impedance, be- 
tween the generator and load. This results in an impedance match at the 
generator and maximum power transfer from the generator to the load. 
In a similar manner, a slab of dielectric, which is a quarter- wavelength thick, 
with properly chosen intrinsic impedance, may be inserted between two 
different dielectric mediums to obtain a match of the intrinsic impedances. 
For an impedance match, there will be no standing waves in medium 1 and 
maximum power will be transferred from medium 1 to medium 3, despite 
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the fact that the two mediums have different intrinsic impedances. The 
absence of standing waves in medium 1 may be attributed to the fact that 
there are two reflected waves in this medium which are equal in amplitude 
but 180 degrees out of phase, thereby canceling each other. The two re- 
flected waves originate at the surfaces between mediums 1 and 2 and be- 
tween mediums 2 and 3. 

Another way of viewing this is that medium 2 serves as an impedance 
transformer, which is chosen so that medium 1 is terminated in a wave 
impedance equal to its intrinsic impedance. The impedance terminating 
medium 1 is expressed by Eq. (1). Since medium 2 is a lossless dielectric, 
we may replace tanh 72^2 by j tan P2h- If medium 2 is a quarter-wavelength 
thick, we have ^ 2 h = V2 and Eq. (1) reduces to Z = ril/m- For an 
impedance match, we must have Z = 171, or 


This is similar to Eq. (10.09-2) for the quarter-wavelength line used as 
an impedance transformer. Replacing 771, 772, and 773 by their respective 
values for a dielectric medium, we obtain 


€2 


/miM3 
^ €l€3 


(5) 


Since the permeabilities arc all equal, this may be written 



Hence, the permittivity of medium 2, required for maximum power trans- 
fer, is the geometrical mean between the permittivities of mediums 1 and 3. 

14.10. Oblique-incidence Reflection— Polarization Normal to the Plane 
of Incidence. — The foregoing discussion has dealt with the reflection of 
uniform-plane waves impinging upon a plane boundary surface at normal 
incidence. Let us now consider plane-wave reflection at oblique incidence. 

Consider the reference axis shown in Fig. 5. The boundary surface 
between the two mediums is assumed to coincide with the plane ?/ = 0. 
Poynting^s vectors for the incident, reflected, and refracted waves are 
assumed to lie in the yz plane, this plane being referred to as the plane 
of incidence. Two special cases are considered: (1) the electric intensity 
normal to the plane of incidence, as shown in Fig. 5, and (2) the electric 
intensity parallel to the plane of incidence. These will be referred to as 
waves polarized normal to the plane of incidence and polarized parallel 
to the plane of incidence, respectively.^ Later, in the treatment of wave 

^ The direction of polarization is taken as the direction of the electric intensity vector. 
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guides, the first case will be identified as a transverse-electric (TE) wave 
and the second as a transverse-magnetic {TM) wave. 

Consider first a uniform plane wave with polarization normal to the plane 
of incidence. The general propagation term for a wave traveling with 
respect to a rectangular coordinate system is where I = cos 

m = cos By, and n = cos Bz are the direction cosines. The angles Bx, By, 
and Bz are the angles between the wave normal and the x, y, and z axes, 
respectively. 



For the incident wave of Fig. 5, we have Z = 0, m = cos ^i, = — sin Bi, 

Since the wave is traveling toward the origin, the positive sign is used in 
the propagation term. The incident wave is therefore 

Ex = Erc^^^^ ( 1 ) 

where is the electric intensity of the incident wave at the origin. 

For the reflected wave, we have Z = 0, m = cos^i, n = sin^i. This 
wave is traveling away from the origin; hence we use a negative sign, 
yielding 

El = ( 2 ) 

where E!'r is the intensity of the reflected wave at the origin. The magnetic- 
intensity components may be obtained by substituting the expression Tor 
Ex into the curl equation (13.06-1), or they may be obtained by dividing 
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the incident wave electric intensity by rji and the reflected wave by —rji. 
The resultant electric and magnetic intensities in medium I, therefore, are 

(3) 

Fj 

JJf _ ^ g-yiy cos 01^—712 sin 

JJ'f ~ ^ ^~ 7 iJ/cosdig— 7 i 2 8 infli 


A uniform plane wave at oblique incidence may be interpreted in several 
ways. We may view the wavefront as an equiphase plane having uniform 
electric and magnetic intensities over its surface. This wave impinges upon 
the boundary surface at oblique incidence, causing a plane reflected wave 
in medium 1 and a plane refracted wave in medium 2. Another equally 
valid interpretation is to view the wave as consisting of a standing wave 
in a direction normal to the boundary surface and a traveling wave moving 
in a direction parallel to the boundary surface. 

The field intensity components contributing to the normal components 
of Poynting’s vector are E^ and Hg. To obtain II g, we multiply Eq. (4) 
by cos ^ 1 , thus, 

cos 

Hz = ( 5 ) 

Vl 


A similar expression is obtained for Hy by multiplying Eq. (4) by sin 0i. 

A few simplifications will now make the eciuations for Ex and Hg resemble 
more closely the preceding equations for normal incidence. We define the 
following quantities 

^ni = Vl sec 9 1 ( 6 ) 


7 nl = 7 i <ios $1 


(7) 


Zr 


Er 

HgR 


( 8 ) 


The foregoing equations express the intensities resulting from reflection 
at oblique incidence. In these equations, Z^i is the characteristic wave 
impedance j analogous to the intrinsic impedance, and 7^1 is the propagation 
constant, both of these being taken in a direction normal to the reflecting 
surface. The wave impedance Zr in Eq. (8) is the ratio of the tangential 
components of electric and magnetic intensity at the surface, and is there- 
fore the terminating impedance in a direction normal to the reflecting 
surface. 

The values of incident and reflected intensities ifR and FfR at the origin 
are obtained in terms of Er by setting y = z — 0, with Ex = Er and Hg = 
HgR in Eqs. (3) and (5). The additional substitution of Eq. (8) yields 
-Ejj = Er/2[1 + {Zni/ZR)] and BfR = Er/2[1 — (Zni/ZR)]. Replacing 
these in the equations for Ex and Hg, we obtain 



OBLIQUE-INCIDENCE REFLECTION 


283 


Sec. 14.10] 



Comparing these with Eqs. (14.05-2 and 3), we find that the bracketed 
term in Eqs. (9) and (10) may be interpreted as a wave which is normally 
incident upon the boundary surface, with a propagation constant 7^1 and 
characteristic wave impedance Zni. 

The incident and reflected waves combine to produce a standing wave in 
a direction normal to the reflecting surface in medium 1. The term 
may be viewed as a phase-amplitude variation of the intensities in the z 
direction. 

Consider now the wave in medium 2. Boundary conditions require 
equality of tangential components of electric intensity on either side of the 
boundary. Since the tangential electric intensity in medium 1 is Er, this 
is also the tangential intensity in medium 2. In medium 2, we have 
i = 0, m = — cos and n = sin 02 , and the wave travels away from the 
origin. Therefore, the intensities are 




(11) 

Wclct 

... Er cos $2 . .... V 

^ cos 02+2 8in 02 ) 

V2 

(12) 


Zn2 = V2 sec $2 

(13) 

yielding, 

Tn2 = 72 COS $2 

(14) 

(15) 


g7n2yg--T2*8in 02 

^n2 

(16) 


It still remains to evaluate the wave impedance Zr which terminates 
medium 1. Substituting 2 / = 2 = 0 in Eqs. (15) and (16) and using Eq. 
(8), we obtain = Er/Hzr = Zn 2 . Hence, the impedance ter- 

minating medium 1 is the characteristic wave impedance of the normally 
incident components in medium 2. We may therefore substitute Zn 2 for 
Zr in Eqs. (9) and (10). The reflection and transmission coeflScients, 
similar to Eqs. (14.05-9 and 10), are 



Zn2 — Znl 
Zn2 + Zn\ 


(17) 



2 Zn2 

Zn2 + Znl 


( 18 ) 
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If medium (2) is a good conductor, then Zn 2 = 0; hence, ^ —1, and 
the angle 62 can be assumed to be zero degrees. 

14.11. Oblique-incidence Reflection — Polarization Parallel to the Plane 
of Incidence. — The treatment of the case of polarization parallel to the 
plane of incidence is similar to that of polarization normal to the plane of 
incidence except that the electric and magnetic intensities are interchanged. 
Thus, if the magnetic intensity is II xy the electric intensity components are 
Ey and Ez, The intensity components contributing to the normal compo- 
nent of the Poynting vector are Ez and Z/^. The intensity equations in 
medium 1, expressed in terms of the incident and reflected wave magnetic 
intensities at the origin Ar and Hr are 

Hx = ( 1 ) 

Inserting Hx into the curl equation (13.0(5-2), we obtain an expression for 
E. The Ez component is 

Ez = ril cos 0i( (2) 

In medium 2, we have 

00s 72 «sin ^2 

K = -V 2 cos 8211 hc''^ (4) 

where Hr = //« + i/s is the resultant magnetic intensity at the origin 

For polarization ])arallel to the plane of incidence, t he effective propagation 
constant and characteristic wave impedance in a direction normal to the 
reflecting surface are 

Znl = Vl COS di Zn2 = V2 COS $2 (5) 

Tnl = 7l COS $1 7n2 = 72 COS $2 ((5) 

The reflection and transmission coefficients are again given by Eqs. 
(14.10-17 and 18) where the impedances are given by Eqs. (5). 

The characteristic wave in ipedanc e for the wa ve polarized parallel to 
the plane of ineidene e Ls always less than the intrinsi cTmpedance of the 
medium and approaches zero value as the angle of inciden^ approaches 
90 degrees. Vpv the wave polarized no rma^o the pla ne ofmcidence^ the 
characteristic wave impedance is alwnys greater than the mtrinsic imped- 
ance an d haj^ttLeTTn utmg y as the angle of incidence approaches 

90 degrees. 

14.12. Oblique-incidence Reflection — ^Lossless Dielectric Mediums. — 

Many of the fundamental laws of optics may be derived from the foregoing 
relationships. For example, let us assume that both mediums are lossless 
dielectrics and derive SnelPs law of refraction. We start by obtaining 
expressions for Er at the boundary surface by setting y = 0 in Eqs. 
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( 14 . 10-9 and 15 ). The boundary conditions require equality of tangential 
electric intensities on either side of the boundary ; hence we have 

Equating exponents and substituting 71 = jwV^/xici and 72 =ycoV^/x2€2, 
we obtain v mi«i/m 2€2 = sin 02/sin ^1. Since the permeabilities are equal, 
the latter equation reduces to the familiar form of Snell’s law, 

sin 02 
sin 01 



where rti and 712 are the indices of refraction of mediums 1 and 2 , respec 
tively. The angle of refraction may be computed from Snell’s law if the 
angle of incidence and the permittivities are known. Snell’s law shows tha t 
t he angle between the Povnting vector and t he nor mal to the boundary sur - 
face is smallest for the medium having the highest permittivity. 

A special case of interest is that in whi^ the angle of refraction is* 
02 = 90 degrees. For this case, the Poynting vector in the second medium 
is parallel to the boundary surface and consequently no average power 
crosses the boundary surface. Snell’s law then becomes 


sin 01 



( 3 ) 


The angle 0 i for this critical condition is known as the angle of total internal 
reflection. If the incident angle is less than the value given by Eq. ( 3 ), 
the propagation constant 7^2, taken in a direction normal to the reflecting 
surface in medium 2 , is imaginary and is given by 7,^2 = iw\//x2€2 cos 02. 
The transmitted wave is then propagated without attenuation in medium 2 . 
If, however, the angle of incidence exceeds the critical angle, the propaga- 
tion constant 7^2 is real, indicating an exponential attenuation of the wave 
in medium 2 . Since medium 2 is lossless, this attenuation must be due to 
internal reflection of the wave in the second medium. 

Fresnel’s equations are frequently used in geometrical optics. They 
express the reflection and transmission coefficients in terms of the angles of 
incidence and refraction. Fresnel’s equations enable us to evaluate readily 
the intensities in the refle(;ted and transmitted waves if the intensities of 
the incident wave and angles of incidence and refraction are known. The 
reflection and transmission coefficients for either direction of polarization 
are 


tr 


Zn2 “ Z 
Zn2 + Z 
2Zn2 


nl 


nl 


( 14 . 10 - 17 ) 


■Zf»2 + Z„i 


rr = 


( 14 . 10 - 18 ) 
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If the wave is polarized normal to the plane of incidence, the impedances 
Zni and Zn2 are given by Eqs. ( 14 . 10-6 and 13 ). For a lossl ess die lectric 
medium these become Zni = sec Bi and Zn2 = sec 02- 

Substituting these into the reflection and transmission coefficient equa- 
tions and canceling out the permeabilities, we obtain 

a/€i/c 2 «ec $2 — sec Bi 

Tr = — . — 

V €i/ €2 sec B2 + sec 


€i/C 2 sec 02 

^tt = — ; ^ 

V €i/€ 2 sec 02 + sec 0 i 


SnelFs law is used to eliminate V^€i/€2, giving 

tan 02 — tan 0 i sin (02 — 0 i) 

= 

tan 02 + tan 0 i sin (02 + 0 i) 

2 tan 02 2 sin 02 cos 0 i 



tan 02 + tan Bi sin (02 + 0 i) 


( 4 ) 

( 5 ) 


In a similar manner vr and rr may be evaluated for a wave polarized 
parallel to the plane of incidence. The impedances Zni and Zn2 for this 
case are obtained from Eq. ( 14 . 11 - 5 ), yielding 


sin 201 — sin 202 tan ( 0 i — 02) 

sin 201 -}- sin 202 tan ( 0 i “f~ 02) 


( 0 ) 


2 sin 200 


sin 200 


sin 201 + sin 202 cos ( 0 i — 02) sin ( 0 i + 02) 


Equations ( 4 ) to ( 7 ) are the Fresnel equations for dielectric mediums. 
In a typical problem, the known quantities might include the angle of 
incidence, the electric intensity of the incident wave, and the dielectric 
constants of the mediums. SnelFs law may then be used to compute the 
angle of refraction 02 . The reflection and transmission coefficients may then 
be computed either by the Fresnel equations or by Eqs. ( 14 . 10-17 and 18 ). 
Having the values of vr and r^j these are used to compute the values of 
electric intensities of the reflected and transmitted waves. We are then in a 
position to evaluate the magnetic intensities and power flow in the incident, 
reflected, and transmitted waves. 

If the reflection coefficient has zero value, the wave is transmitted 
without reflection. Inspection of Eq. ( 6 ) shows that this is possible for 
the wave which is polarized in the plane of incidence if we have 0 i + 02 = 90 
degrees, since we then have tan ( 0 i -|- 02) = 00 . The corresponding angle 
of incidence is known as Brewster^ s angle or the 'polarizing angle. For this 



Sec. 14.13] 


WAVELENGTH AND VELOCITY 


287 


particular angle, we have 62 = 90° - di] hence, Snell’s law becomes 


sin di 
cos dt 


= tan di 


» ft 


Since the reflection coefiicient is zero, Eq. (14.10-17) shows that the 
impedances are matched, or Zn 2 = Zni^ 

In general, light radiation is polarized in all directions. This may be 
resolved into components polarized normal to the plane of incidence and 
components polarized parallel to the plane of incidence. If the angle of 
incidence^ equal to Brewster’s angle, the wave polarized ’parallel to the 
plane of inciden ce will tran sm itted w ithout r eflection. The reflecte d 
wave will therefore c onsist of a wave which if^polarized in a direction 
normal to the plane of i ncidence. This is a method which may be used to 
o Main polarized light . 

"^Equations [4) and (0) show that the reflection coefficient is also zero if 
6 1 = $ 2 . This simply means that the two mediums have identical electrical 
properties, and obviously there will l)e no reflection under these conditions. 

14.13. Wavelength and Velocity, — In our discussion of wave guides, we 
shall encounter several different typos of wavelengths and wave velocities. 
It is therefore advisable to clarify these concepts by taking advantage of 
the simple illustrations provided by plane-wave reflection. 

Consider a uniform plane wave traveling in a dielectric medium and 
impinging upon the surface of a perfect conductor at oblique incidence. 
The incident Avave is shoAvn in Fig. 6, the reflected wave being omitted for 
clarity. The wavelength may be defined as the distance between two succes- 
sive equiphase points on the wave at any instant of time. Applying this 
definition to the incident wave in Fig. 6, we discover that there are many 
different Avays in Avhich the Avavelength can be taken. For example, X 
is the Avavelength taken in a direction normal to the Avavefront, or in the 
direction of propagation of the incident Avave; Xn is in a direction normal 
to the reflecting plane; and Xp is parallel to the reflecting plane. Conse- 
quently, Ave must be careful to specify not only the magnitude of the Avave- 
length, but also its direction Avith respect to the direction of traA^el of the 
wave. If d is the angle of incidence. Fig. 6 shoAvs that these Avavelengths 
are related by 

X 

Xn = - (1) 

COS 9 


Xp — 


sin 9 


( 2 ) 


If we were asked to choose a single Avavelength to represent the Avave, Ave 
would in all probability select the wavelength X measured in a direction 
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normal to the plane of the wavefront. However, we shall find later in our 
studies of wave guides that this is the one wavelength which we cannot 
conveniently measure in the guide. On the other hand, it is a simple matter 
to set up standing waves which enable us to measure either Xn or Xp. 
Consequently, in the wave-guide theory we shall be largely concerned with 
the wavelengths Xn and Xp. 



Fig. 6. — Incident wave, showing wavelengths parallel to and normal to the reflecting surface 


The phase velocity may be defined for sinusoidally varying fields by the 
relationship v = /X. Any one of the three wavelengths may be used to 
determine a corresponding phase velocity. The one which is commonly 
referred to as the phase velocity in wave guides is that which is parallel 
to the reflecting surface, given by Vp == /Xp or 



where Vc is the velocity of light in the particular dielectric medium. Equa- 
tion (3) shows that Vp may exceed the velocity of light — in fact, it ap- 
proaches infinity as 6 approaches 0 radians. It would appear that this 
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is inconsisteat with the principle of relativity which states that the velocity 
of light represents the maximum attainable velocity. Referring to Fig. 6, 
we note that the velocity Vc may be determined by observing the time that 
it takes a wave particle to travel from a to 6. The distance ah divided by 
time of travel gives the phase velocity. If we had computed the velocity 
using the distance ac instead of ah, the time remaining the same, we would 
have obtained the velocity Wp, which is greater than Vc since ac > ah. How- 
ever, we might object to this procedure on the grounds that the wave 
particle actually travels from a to 6 and not from a to c. Thus, while the 
velocity Vp represents the velocity of the peak of the wave taken in the 
direction parallel to the reflecting surface, it does not represent the velocity 
of any one wave particle. Therefore the phase velocity Vp is a somewhat 
fictitious velocity. 

14.14. Group Velocity. — The discussion thus far has been restricted to 
waves having sinusoidal time variation with steady-state conditions. The 
concept of wave velocity must be modified when dealing with nonsinusoidal 
waves, such as those encountered in transients or in amplitude-modulated 
carrier waves. In general, a modulated wave may be represented by 
carrier and sideband frequencies. If the wave travels in a lossless medium, 
all of the frequency components have the same velocity and there Ls no 
attenuation. Consequently, the wave retains its original waveform. How- 
ever, if the medium is not lossless, the various frequency components have 
different velocities and rates of attenuation, and the wave changes its 
shape as it travels through the medium. We then refer to the group 
velocity^ this being the velocity of a narrow band of frequencies. 

Consider an amplitude-modulated wave of the form 

E = Eq{1 + m sin Ao)t) sin cot (1) 


= Eq sin cot + 


ttiEq 

"T” 


[cos (co — Aci;)^ — COS (co + Aco)<] 


( 2 ) 


where Aco is the angular frequency of the modulation. Equation (2) is the 
familiar expression containing the carrier and two side bands. It is assumed 
that CO ^ Ao), so that the carrier and side-band frequencies occupy a narrow 
frequency band. 

Now consider the carrier and side bands as traveling waves, the carrier 
having a phase constant p and the upper and lower side bands having 
slightly different phase constants p + Afi and p — A/S, respectively. Writ- 
ing Eq. (2) as waves traveling in the z direction, we have 

mEo 

E ^ Eq sin (cot — pz) H {cos [(co — Aco)t — (P — ^P)z)] 

2 


— cos [(co + Aco)^ — {P + Ap)z]] (3) 
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which may also be written 

E = £o[l + ^ “ Aj83)] sin (wt — fiz) (4) 

The term [1 + m sin (Acoi — A/Sz)] is the envelope of the modulated wave. 
If we were to travel along with a fixed point on the envelope, it would be 
necessary to satisfy the condition Acoi — Afiz — a constant. Choosing the 
constant as zero, we have 

Auil — A/32 = 0 (5) 

Our velocity would then be the group velocity 

2 Aco 
~ t~ A|8 

or in the limit, 

^Za) 1 

^ dp d^Jdo) 


(10 

(7) 


The second form of Kc[. (7) is usually easier to evaluate. A plane wave 
traveling through a lossless unbounded medium has a phase constant 
/3 = and the group velocity from Eq. (7) therefore becomes 

Vg = l/V^ = Vc- Hence, in a lossless medium the group and phase 
velocities are both equal to the velocity of light in the medium. In a 
medium with losses, is not ordinarily directly proportional to w and the 
group velocity therefore differs from the phase velocity. Such a medium 
is known as a dispersive medium. 

We shall find, in our study of wave guides, that it is possible for the 
group and phase velocities to differ even though the medium may be non- 
dispersive or lossless. This occurs when the group and phase velocities 
are taken in some direction other than the direction of travel of the incident 
or reflected waves. This may be shown in a somewhat superficial way by 
referring to the wave in Fig. 6. Assume that the medium is lossless and 
that the wave particle at point a has a velocity Vc in the direction of travel 
of the incident wave. The component of this velocity parallel to the reflect- 
ing wall is analogous to the group velocity in wave guides, this being 

Vg = Vc sin 6 (8) 

Combining with Eq. (14.13-3), we have, for a lossless medium 

VgVp = 

Thus, if Vp and Vg are not taken in the direction of travel of the wave, they 
are unequal even though the medium may be lossless. 
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PROBLEMS 


1 . Compute the following for sea water at a frequency of 3,000 megacycles per sec. 

Constants of sea wat er are == 0.29. 

(а) Intrinsic impedance. 

(б) Attenuation constant. 

(c) Phase constant. 

(d) Wavelength. 

(c) Phase velocity. 

(/) Depth of penetration. 

2 . Repeat Prob. 1 for polystyrene. 

3 . A uniform plane wave is normally incident upon a body of sea water. The electric 
intensity of the incident wave is 100 microvolts per m and the frequency is 3,000 
megacycles per sec. Compute the following: 

(а) The electric and magnetic intensities of the incident, reflected, and transmitted 
waves. 

(б) The time-average power densities in the incident, reflected, and transmitted 
waves. 

4 . Polystyrene has a dielectric const^ant of approximately 2.5. Compute the reflec- 
tion coefficient and transmission coefficient for a normally incident wave passing 
from air into polystyrene. What w’ould be the electrical characteristics and thick- 
ness of a material which w’’ould serve as a quarter-w'avelength transformer to obtain 
total transmission of the incident wave at a frecpiency of 1,000 megacycles per sec? 

6. The electric intensity of a w’avc in space propagating spherically outw^ard from a 
source is given by 


_ EofUnO , . , 

Ee == 


Derive the expressions for: 

(а) The magnetic intensity. 

(б) The ratio of electric; to magnetic intensity. 

(c) Poynting’s vector. 

(d) Using V'J) =0, show^ that this field is an approximation which is valid only at 
very large; distances from the source. (Tht; above intensity corresponds to the 
radiation field of an incremental antenna, Sec. 19.02.) 

6. A uniform plane wave in sjiace has its electric intensity polarized in the y direction 
and is-given by Ey = Eoey^^^'^^^K Derive expressions for the magnetic intensity and 
Poynting’s vector. 

7 . A uniform plane wave in air impinges upon a body of jiolystyrene at an angle of 
incid(;n(!e of 30®. The incident wave has an intensity of UK) microvolts per m and 
is polarized normal to the jilane of incidt'iice. 

Compute: 

(а) The angle of refraction. 

(б) The electric and magnetic intensities of the incident, reflected, and refracted 
waves. 

(c) The power densities in the incident, reflected, and refracted weaves. 

(d) Compute the normal components of power density and show that the difference 
between the normal components of incident- and reflected-wave power density 
is equal to the normal component of transmitted power density. Is this state- 
ment true for the resultant power densities? 

8. A uniform plane wave in space is incident upon a body of dielectric having cr = 5. 
The wave is polarized parallel to the plane of incidence and has an incident angle 
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of 45®. The electric intensity of the incident wave is 0.1 volt per m and the fre- 
quency is 100 megacycles per sec. Compute the following: 

(o) The angle of refraction. 

(6) The reflection and transmission coefficients by the impedance method. Check 
these values using FresneFs equations. 

(c) The electric and magnetic intensities of the incident, reflected, and transmitted 
waves. 

(d) Power density in the incident, reflected, and transmitted waves. 

9 . Find Brewster^s angle and the angle of total internal reflection for a boundary 
between free space and a dielectric, assuming that the dielectric has a relative 
permittivity of 5. 

10 . A uniform plane wave, polarized normal to the plane of incidence, impinges upon a 
copper surface with an incident angle of 50®. The electric intensity of the incident 
wave is 100 microvolts per m and the frequency is 1,000 megacycles per sec. 

(а) Compute the electric and magnetic intensities of the incident, reflected, and 
transmitted waves. 

(б) Compute the power densities in the incident, reflected, and transmitted waves. 

(c) At what depth will the intensities in the copper have a value of 1/c of the surface 
value? 

(d) Discugs the phase relationships of the incident, reflected, and transmitted waves 
at the surface. 

11 . A uniform plane wave is obliquely incident upon a plane dielectric surface. 

(а) Show that if the angle of incidence is equal to or exceeds the angle of total 
internal reflection, the normal component of time-average power density in the 
second medium is zero. 

(б) Will the relationship 7/2 = E'^'/IP" still apply in medium 2? 

(c) What are the phase relationships between the electric and magnetic intensities 
in medium 2 for tlie normal wave and for the resultant wave? 

12 . At high frequencies the skin-effect resistance may be found from the relationship 
P = Hhn^Rf where P is the time-average power dissipated in the conductor, Im is 
the peak value of current, and R is the skin-effect resistance. Consider a single con- 
ductor of radius a carrying a current 7^. Using Ampere’s law, obtain an expression 
for the magnetic intensity at the surface of the conductor. Integrate the normal 
component of Poynting's vector over the surface of unit length of conductor to 
obtain the power loss and obtain an expression for the skin-effect resistance. Verify 
the equation for the skin-effect resistance of a coaxial line in Table 1, Chap. 8. 

13 . Starting with the equations for the reflection coefficient and transmission coefficient, 
Eqs. (14.10-17 and 18), derive FresnePs equations for a wave polarized parallel to 
the plane of incidence, assuming a lossless medium. 



CHAPTER 15 


SOLUTION OF ELECTROMAGNETIC-FIELD PROBLEMS 

The general problem of the electromagnetic field might be defined as the 
solution of Maxwell’s equations to obtain the field intensity as a 
function of space and time for a given physical system. In this chapter 
we shall obtain the general solution of the wave equation in rectangular, 
cylindrical, and spherical coordinates. The general solution is a mathe- 
matical expression for the various types of waves which may exist, as 
referred to a given coordinate system. This solution contains a number of 
arbitrary constants which are evaluated in such a manner as to make the 
field satisfy the boundary conditions for the given physical system. 

A given field distribution may be expressed in any desired system of 
coordinates. However, the problem of satisfying the boundary conditions 
is greatly simplified by the choice of a coordinate system which best suits 
the boundaries of the particular physical system. For example, the field 
distribution inside of a rectangular wave guide is best expressed in rectangu- 
lar coordinates, whereas the field of a guide having circular cross section 
should be expressed in cylindrical coordinates. 

Electromagnetic fields arc produced by charges and currents. In certain 
types of problems, such as the determination of the radiation field of an 
antenna, it is necessary to express the field in terms of the currents or 
charges producing the field. In problems of this type, it is convenient to 
use scalar and vector potentials since these can be expressed in terms of the 
charges and currents. The electric and magnetic intensities are then ob- 
tained from the potential functions. 

16.01. Scalar and Vector Potentials for Stationary Fields. — In Chap. 2, 
Poisson’s equation was derived for the electrostatic field by inserting 
D = eE = —eW into the divergence equation V*Z> = g,., yielding 

V^F = - — (2.05-8) 

c 

For regions in which the space-charge density is zero, Poisson’s equation 
reduces to Laplace’s equation, 


= 0 

293 


( 1 ) 
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The expression for V^F in spherical coordinates is given in Appendix 
III. If the potential F is a function of r only, Laplace’s equation becomes: 


1 d 
dr 



= 0 


( 2 ) 


This equation has a solution of the form F = Ci/r + C 2 * Assume that 
the field results from a point charge q situated at r = 0. If we assume that 
the potential is zero at r = 00 , we have C 2 = 0, and the potential is given 
by Eq. (2.02-7), thus 


F 


Arer 


(3) 


Since F is a scalar function, it follows that the potential at a given point 
due to n discrete charges is 


h' 

For a volume distribution of charge the potential becomes 

V.-^P-dr 

Awe Jt T 


(4) 


(5) 


where Qt is the charge density and r is the distance from dr to the point 
where the potential is evaluated. 

Equation (5) represents a solution of either Poisson’s equation or La- 
place’s equation.^ If this equation is integrated throughout all of space so 
as to include the charges everywhere, it would yield the potential at any 
given point. Such an integration would obviously be impractical, and so 
we confine our attention to a given region. The general solution of Poisson’s 
equation then consists of the sum of the potential given by Eq. (5) (inte- 
grated over the given region) plus the solutions of Laplace’s equation for 
the given region. The solutions of Laplace’s equation may be viewed as 
the potentials which could be produced by charges either outside the given 
region or on its boundary surface. For the electrostatic field the electric 
intensity is related to the potential by 

S = -VF (2.03-3) 


We now ask, is it possible to represent stationary magnetic fields by a 
potential similar to the electrostatic potential? Since magnetic fields 
are set up by currents which have direction as well as magnitude, a vector 
potential is needed. In Sec. 13.03 it was shown that, if a field has zero 

1 Sthatton, J. a., ^‘Electromagnetic Theory,” pp. 166-169, 192-194, McGraw-Hill 
Book Company, Inc., New York, 1941. 
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divergence, the field may be represented as the curl of a vector quantity. 
Equation (13.04-11) gives V-fi = 0; hence we may let 

B X A (6) 

where A is the vector potential. 

Writing the curl equation (13.04-7) for stationary fields, we have 
V X n = Jc, where Jc is either the convection- or conduction-current 
density. Inserting H = B/n = (l//x)V X ^ from Eq. (G) into this expres- 
sion, we obtain 

V X V X I = mJc (7) 

We now use the identity V X V X ^ = V(V*.4) — V^A. The curl and 
divergence of a vector may be defined independently.^ Equation (6) 
defined the curl of A. We now let V - A = 0, yielding V X V X A = — V^A . 
Equation (7) then becomes 


V^A = -fJc 


( 8 ) 


This equation is analogous to Poisson's equation for electrostatic fields and 
its solution is 


A = 



(9) 


where r is the distance from dr to the point at which A is evaluated and 
Jc is the current density at dr. 

The vector potential has the same direction as the current producing it. 
If the current density distribution is known, Eq. (9) may be used to evaluate 
the vector potential. Then the magnetic intensity is obtained from Eq. (G), 
using the relationship H = B/^jl. 

If a problem under consideration involves a finite region, then the solu- 
tion of Eq. (8) is the sum of Eq. (9) (integrated over the given region) plus 
any solution of the equation 

V^A = 0 (10) 

which satisfies the boundary conditions. The latter solution accounts for 
any vector potential which may result from c\irrents outside of the given 
region. The current density Jc may, for example, be the current flowing 
in a conductor or the current produced by a stream of electrons in a vacuum 
tube. In those regions where Jc = 0, there is no contribution to the vector 
potential, hence the integration of Eq. (9) need not be carried out over 
such regions. 

16.02. Scalar and Vector Potentials in Electromagnetic Fields. — Since 
we are primarily interested in dynamic fields rather than in stationary fields, 

^ As an example, the curl and divergence of the vector E in MaxwelFs equations are 
defined by the independent equations V X E ^ —nidH/dt) and V*J? * Qt/^- 
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it is necessary to extend the foregoing concepts. We would logically 
expect that the expressions for the scalar and vector potentials of dynamic 
fields would be more general than those for vstationary fields, and would 
reduce to the stationary-field equations if the electric field is due to sta- 
tionary charges or the magnetic field is due to unvarying currents. Let us 
therefore consider the dynamic relationships, assuming a lossless medium. 

Again we let 

5 = V X I (1) 

and substitute this into Rq. (13.04-3) to obtain V X .^ = —V X (dA/dt), 
which may be written 



A solution of Eq. (2) is + (dA/dt) = 0. Since the curl of the gradient 
of a scalar function is always zero, a more general solution is E + (dA/dt) == 
— VF, or 

dl 

E = -VF (3) 

dt 


where F is the scalar potential and A is the vector potential. For electro- 
static fields we have dA/dt = 0, and Eq. (3) reduces to the familiar expres- 
sion ^ = —VF. 

In order to obtain an expression for the scalar potential as a function of 
the charges, we insert E from Eq. (3) into V-E = qr/e, obtaining 


vE 


dt € 


( 4 ) 


The curl of X has been previously defined. However, we are at liberty 
to define the divergence of X in any suitable manner. We shall define 
V-.J in such a way that Eq. (4) reduces to an equation similar to Eq. 
(13.05-4) when there is no space-charge density present, and to Poisson’s 
equation for the electrostatic field. This requires that 


V-1 


dt 


( 5 ) 


where Ve = l/vT^ is the velocity of wave propagation, 
into (4), we obtain 


V^V - 


1 d^V 


c 


Inserting Eq. (5) 

( 6 ) 


This is the dynamic form of Poisson’s equation. Before discussing this 
relationship, let us derive a similar expression for the magnetic potential. 
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Starting with Eq. (13.04-7) 

dlE 

V X ^ = Jc + « — (13.04-7) 

dt 

we insert U = (1/a«)V X A from Eq. (1). The identity V X V X = 
V(V-l) - V^I then yields 

- + V(V-I) = -H 4 ^ (7) 

Vc Ot 


The electric intensity from Eq. (3) is next inserted into Eq. (7) and the 
scalar potential V is eliminated in the resulting equation by the use of Eq. 
(5). With these substitutions Eq. (7) becomes 


„2T T 

^ vl a<2 “ 


( 8 ) 


Equations (6) and (8) are the differential equations for the scalar an 1 
vector potentials. These equations reduce to Eqs. (2.05-8) and (15.01-8). 
respectively, for stationary fields, i.c., when d/dt = 0. 

For regions in which = 0 and Jc = 0, Eqs. (6) and (8) reduce to 
the wave equations 




1 


2k 


JC dt- 


(9) 


, 1 


V^I = 


vi di^ 


( 10 ) 


If the potential is due to a point charge or a differential current element, the 
solutions of Eqs. (9) and (10) may be expressed in spherical coordinates as 



The term (l/r)/[< — 0’/«c)] represents a wave traveling radially outward 
from the origin, whereas (l/r)/[< (y/vc)] represents a wave traveling 

radially inward. 

We would expect that the solutions of the more general expressions, 
Eqs. (6) and (8), would consist of traveling waves which, however, take 
into consideration the effects of the space charge and the currents. Further- 
more, these solutions must reduce to Eqs. (15.01-5 and 9) for stationary 
fields. The solutions satisfying these requirements are 


r.-L 

47r€ Jr r 

4ir Jr T 


( 11 ) 

ri2) 
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Since the wave travels with a finite velocity Vc, the time required for it 
to travel a distance r is r/vc. Hence the potentials at a point distant r 
from the source at time t are due to the values of and 7c at the source at 
an earlier time given by [< - (r/vc)]. In Eqs. (11) and (12) the quantities 
q-r\t — (r/vc)] and Jc[t — {t/v^] represent the charges and currents at the 
source at time t — r/vc while the resulting potentials are at time t. The 
potentials in these equations are known as retarded potentials because of 
the finite time required for the wave of potential to travel from the source 
to the given point. 

For a time function of the form Eqs. (11) and (12) become 


V = 

1 = 


-ftc 

47r€ Jt r 

4ir Jr r 




-^^'dr 


(13) 

(14) 


where is omitted for brevity and jS = u/vc is the pha.se constant for a 
lossless dielectric medium. 

Also, for the time function e*'"', Eqs. (9) and (10) reduce to V^F = — jS^F 
and The foregoing relationships were derived for a lossless 

medium. For a medium which is not lossless, it can be shown that the 
wave equations for the potentials are similar to Eqs. (13.06-3 and 4), i.e., 

V^F = y^V (15) 

= yU (IG) 

where 

7 = (13.06-6) 

16.03. Methods of Solving the Wave Equations. — Let us first consider 
a region in which there are no charges or currents; i.e,, qr = 0 and Jc = 0. 
The sources of the field are then external to the region under consideration. 
This region might, for example, be inside of a hollow wave guide or in free 
space. For a time function the wave equations for E and H are given 
by the wave equations, Eqs. (13.06-3 and 4), while the corresponding equa- 
tions for V and A are Eqs. (15.02-15 and 16). 

The wave equations are second-order 'partial differential equations. They 

are also linear, since the potentials (or intensities) and their derivatives 
occur only as first-degree terms. A second-order ordinary differential 
equation has two independent solutions, each containing an arbitrary 
constant. The general solution may be represented as the sum of the two 
solutions. For example, if </>i and <\)2 are the two independent solutions of a 
second-order differential equation, the general solution is A4>i -f 
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We shall obtain solutions for the wave equations in rectangular, cylindri- 
cal, and spherical coordinates using a method known as separation of varia- 
bles, In this method, the partial differential equation is broken up into 
three ordinary differential equations, corresponding to the three independ- 
ent variables (the coordinates). Each one of the ordinary differential equa- 
tions is a second-order equation and therefore has two solutions as described 
above. The general solution of the partial differential equation is the 
product of the solutions of the ordinary differential equations. Thus, in 
rectangular coordinates, letX(a:) = C\<i>i{x) + C 2 <t> 2 (x), Y{y) = Cs(l>z(y) + 
(^404 ( 2 /) > and Z{z) = C^<i>r^{z) + Cq(I>q(z) be the solutions of the three ordi- 
nary differential equations. The general solution of the partial differential 
equation is then 

fiXjVjZ) = [Ci(l>i(x) + C2(t>2(^)][(^S<l>3(y) + C!4^4:(y)][C5<t>s(z) + CQ<t>Q(z)] 

This solution contains six arbitrary constants which must be adjusted to 
satisfy the boundary conditions. At first sight, this appears to be a formida- 
ble task. However, most of the problems with which we will be dealing 
have relatively simple boundaries and the constants can therefore be easily 
evaluated. 

The general solution of the wave equation shows that there is a very 
large number of field distributions possible for a given set of boundaries. 
The various possible field distributions arc referred to as modes. The 
actual field distribution in a given physical system may consist of a single 
mode or a superposition of two or more modes. Although a number of 
modes may be required to describe the field, it should be remembered that 
the field itself is single-valued, i.e., there is one resultant electric intensity 
and one magnetic intensity at any point in the field at a given instant. 

Whether or not a particular mode will exist in a given region depends, in 
part, upon the distribution of charges and currents at the exciting source. 
However, the wave equation does not relate the fields to the charge or 
current source and therefore we cannot expect the solution of the wave 
equation to tell us which modes actually do exist. The solution of the wave 
equation informs us of all of the inodes which are physically possible mthin 
the given boundaries, but it does not specify which ones actually exist. 

If we are interested in evaluating the specific field set up by a given 
charge or current source, it is necessary to include the source in the region 
under consideration. The scalar and vector potentials must then be 
obtained by means of Eqs. (15.02-11 and 12). The intensities can then be 
evaluated by inserting the potentials into Eqs. (15.02-1 and 3). This 
method of solution is often more difficult than the solution of the wave 
equation, where no attempt is made to relate the fields to the source. 

In the remainder of this chapter, we shall obtain the general solution 
of the wave equation in various coordinate systems. The analysis of wave 
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guides and resonators in succeeding chapters will likewise be approached 
from this viewpoint. The scalar and vector potential method will be used 
in the analysis of radiation from antennas. The wave equations for E, 
n, V, and A, Eqs. (13.06-3 and 4) and (15.02-15 and 16), all have the same 
form and consequently we would expect them to have the same general 
solution. There is a distinction, however, in that E, U, and A are vector 
functions, whereas V is a scalar function. In rectangular coordinates the 
general solution of the wave equation is the same for either vector or scalar 
functions. However, in cylindrical and spherical coordinates the vector 
and scalar solutions differ slightly. Although the solution of the vector 
wave equation would be the more useful solution, it is considerably more 
difficult to obtain than that of the scalar wave equation. Consequently 
the solution for the scalar wave equation will be obtained. The solutions 
of the vector wave equation will be introduced as they are used. 

16.04. Solution of the Wave Equation in Rec tang ular Coordinates. — 
Consider the wave equation 

V^V = y^V (15.02-15) 

applying to a region not including the source. A time function is 
assumed. The medium may be conducting, semiconducting, or insulating, 
and the intrinsic propagation constant y may accordingly take complex or 
imaginary values. 

It is significant to note that the wave equation reduces to liaplace’s 
equation for the electrostatic field = 0 if we set 7 = 0. Hence, with 
this substitution, the solutions of the wave equation become valid for 
electrostatic-field problems. 

In rectangular coordinates, the wave equation is 


d^V d^V d^V 
dx^ dy^ dz^ 


= y^V 


( 1 ) 


The variables may be separated by assuming a solution of the form 


V = X{x)Y{y)Z{z) (2) 

where X{x) is a function only of the x coordinate, Y{y) is a function only 
of 2/, and Z{z) is a function only of z. Inserting Eq, (2) into (1) and 
dividing by XYZ, we obtain 

1 d^X 1 d^Y 1 d^Z 

xl? ~ ® 

The X,Y, and Z functions appear in separate terms on the left-hand side 
of Eq. (3). Since the sum of the three terms is a constant and each term 
is independently variable, it follows that each term must be equal to a 
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constant. Therefore, we equate the first term to a|, the second term to a^, 
and the third term to a^, yielding three ordinary differential equations, 


where 


d^X 

dx^ 


= aiX 


d^Y 


dy 


,2 = 


(fz 


= alz 


+ Uz = 7^ 


(4) 

(5) 


Each of the equations in (4) has a general solution of the form 


X = + C2e~^^^ (6) 

If is imaginary, w(^ let Gj; = ja^ and the solution may be written as a 
trigonometric function, 

X = Cl cos a^r + C2 sin ap: (7) 


The solution may also be expressed in terms of hyperbolic functions, 

X = Cl cosh GxX + C2 sinh a^x (8) 

The differential equations for the Y and Z functions have similar solu- 
tions. The values of X, 7, and Z may be inserted into Eq. (2) to obtain 
the solution 


V = (Cic^*^ + C2C^^'^)(C3e"‘'" + + Cee"®**) (9) 

If any one of the a^s is zero, the corresponding term in Eq. (9) is replaced 
by X = Cix + C2, F = C^y + C4, or Z = C52 + Ce. 

As an example, let us return to the uniform plane waves of Sec. 14.02. 
The scalar and vector wave equations have the same type solutions when 
expressed in rectangular coordinates. Therefore the components of electric 
and magnetic intensity may be represented by an equation similar to Eq. 
(9). In Sec. 14.02, it was assumed that the electric intensity had only an x 
component. It was also assumed that there was no intensity variation in 
the X and z directions; hence X(x) and Z(z) are constants. Also, we have 
dx ^ az — 0, and Eq. (5) gives dy = 7. Thus, the solution of the wave 
equation for the electric intensity is Ex = + € 4 , 6 '^^ ^ or in instan- 

taneous form, Ex = 

15.05. Solution of the Wave Equation in Cylindrical Coordinates. — In 

cylindrical coordinates the wave equation becomes 



7 = B{p)mZ{z) (2) 


To separate variables, let 
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where R, and Z are functions, respectively, of the p,. <l> and z coordinates. 
Inserting Eq. (2) into (1) and dividing by R^Zy we have 


\ d / dR\ 1 1 d^Z 

pR dp \ dp ) p^^ d<l>^ Z dz^ 


The third term is a function of z only. Again the sum of the three terms 
is a constant and hence the third term may be set equal to a constant or 


d^Z 

dz^ 


ry 


(4) 


This equation has a general solution of the form given by Eqs. (15.04-6, 7, 
or 8). 

Inserting for the third term of Eq. (3) and multiplying by p^, we have 


p d[p(dR/dp)] 
R dp 


1 d^^ 
d<t>^ 


+ tt:t+(«'-7V = o 


(5) 


The second term is function of </> only; hence, equating this to a constant 
which we represent by — we have the equation for ^ 


d^^ 

d^ 


— 


( 0 ) 


The solution of this equation is also of the form expressed in Eqs. (15.04-G, 
7 or 8), although (15.04-7) is most commonly used. 

Replacing the ^ term by — in Eq. (5) and multiplying through by /?, 
we obtain the equation for the radial function 

P — ^ + [((^l — 7^)p^ ~ i'^]R = 0 (7) 


This is a form of BesseFs equation. It may be put in standard form by 
letting = (a^ — 7^) and x = kp (note: a: is a new variable and is not 
the X coordinate). Equation (7) then becomes 


^d^R 

dx^ 


dR 

dx 


+ {x^ - v^)R = 0 


( 8 ) 


Since the Bessel equation is a second-order differential equation, it has 
two independent solutions. The solutions are obtained by assuming an 

' McLachlan, N. W., ^‘Bessel Functions for Engineers,’^ Oxford University Press, 
New York, 1934. 

® Gray, A., G. B. Mathews, and T. M. MacRobert, ‘^Bessel Functions,” The Mac- 
millan Company, New York, 1922. 

* Watson, G. N., 'Theory of Bessel Functions,” Cambridge University Press, London 
1922. 
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infinite series solution of the form 


R 


00 


t=.0 


3US 

( 9 ) 


The coefficients Ci and the constant h in the series are evaluated by 
substituting Eq. (9) into (8). Thus, the series for R is differentiated twice 
with respect to x and then multiplied by to obtain the first term of 
Eq. (8). The second and third terms are evaluated in a similar manner. 
The three terms are then added and coefficients of like powers of x are 
collected. We then have an ascending power series in x which represents 
the left-hand side of Ecp (8). Since the sum of the series is zero for any 
value of X, it follows that the coefficients of any term must be zero. In this 
manner, the coefficients Ci and the exponent h in Eq. (9) are evaluated in 
terms of one undetermined constant, which is usually the first coefficient of 
the series. 

The two solutions of Eq. (8) obtained by this procedure are the Bessel 
functions of the first kind and order v: 


00 

m = 0 


Tn\V{ni + 1 / + 1) 


( 10 ) 


00 


w = 0 


(-ir(.r/2)-’'+2m 

7n\r{7n — V + 


(11) 


where T(m + v + 1) = r(p) is a generalized factorial function which is 
^ 00 

defined by r(p) = I dx. This function is known as the Gamma 

function. 

When V takes integer values, we replace it by j/ = 7i and the Gamma 
function then becomes the factorial V{7ri + ti 1) = (?n + n) !. The two 
solutions expressed in Eqs. (10) and (11) are then related by Jnix) = 
( — 1) V_n(^) and hence are not independent solutions. Another solution, 
known as the second-kind Bessel function of order n, represented by Nn{x)y 
may also be obtained. The first- and second-kind Bessel functions of 
integral order are 


op 

Jnix) = 2 ^ 


m«0 


(-l)”’(a:/2)”+2m 

m!(TO + n)! 


( 12 ) 


,, , , Jnix) COS nr - J-nix) 
N„ix) = : 


ei3) 


Sin mr 
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The first- and second-kind Bessel functions are plotted for zero order 
in Fig. 1 and for orders zero to five in Fig. 2. All of the Bessel functions 
of the second kind have negative infinite values for zero argument. 

The R solution is related to the # solution since v appears in both Eqs. 
(6) and (8). In many problems will be of the form 4> = C3 cos v 4 > + 
(74 sin v<l>f and will have a periodic variation with 0, with a period of 2x. 
Thus, in a circular wave guide # must have the same value for <^ = 5 



Fig, 1. — Zero-order Bessel functions of the first and second kind. 


radians as it has for </> = 5 + 27r radians, since they correspond to the same 
point in the guide. This requires that v be an integer, hence we let 

V = n. 

The solution of the wave equation in cylindrical coordinates for integral 
values of p = n is 

V = [CiJ n(kp) + C2Nn{kp)](C3 COS n<#> + C4 sin n<t)) (Cse'*** + Cec”®**) (14) 

while for nonintegral values of v, we have 

V = [CiMkp) + C2J^,ikp)]{C3 cos v<l> + C4 sin v<^>)(C6e®** + Cee”®**) (15) 

Special cases occur when a,, 7, or v are zero. If = 0, the Z function 
reduces to Z = (CsZ + Cq), If and 7 are both zero, then Eq. (7) 



Values of Nplx) 
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Fig. 2. — Bessel functions of the first and second kind. 
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becomes 


d[p(dR/dp)] . ^ 

p v^R = 0 

dp 


which has a solution R = (C'lp" + C 2 P 0- The potential is then 
V = (Cip*' + C 2 P-^){C^ cos v4> + (74 sin v<i>){C^z + Co) 


(16) 


(17) 


Finally, if a^, 7 , and v are all zero, the R solution becomes R = Ciln p + C 2 
and wc have 

V = {C\ In p + C 2 )(Cs<t> + CdiC^z + Co) (18) 


The choice of the potential equation for a particular problem depends 
upon the boundary conditions. For example, if the problem is an electro- 
static-field problem in which the potential is known to vary linearly in the 
z direction, then we would have 7 = 0 and Uz = 0, and Eq. (17) would be 
used. If the field also has no variation in the <^> direction, then Eq. (18) 
is used, with C 3 = 0 . The following conclusions may be drawn: 

1 . The general solution of the scalar wave ecpiation is given by Eq. (14) 
for integer values of r, and by Eq. (15) for noninteger values. 

2 . The Bessel functions of the second kind have infinite values for zero 
argument, hence this solution must be discarded if the field extends to the 
origin. 

3. If the field is periodic in </> with a period which is a submultiple of 
27r, then r = n is an integer and the Bessel functions have integral order. 

4. In a field which has no variation in the </> direction, we have n = 0. 
The Bessel functions are then of zero order and the <#> function reduc(\s to a 
constant. 

5. If a«, 7 , or V are zero, special cases occur which are represented by 
Eqs. (17) and (18). 

15.06. Bessel Functions for Small and Large Arguments. — Approxi- 
mate expressions may be obtained for the Bessel functions for either small 
or large arguments. For small arguments, i.e., x <<C 1, the functions become 


Nyix) « 




2^T(v + 1 ) 

~2"r(p) 


ir(xy 


( 1 ) 


( 2 ) 


For large arguments such that x ^ 1 , the asymptotic expressions are 


Mx) 



2r+l \ 

IT 1 

4 / 


(3) 
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NM 



(4) 


It is interesting to observe that the Bessel functions for large arguments 
as shown in Fig. 2 resemble damped sinusoidal functions, and the asymptotic 
expressions for large arguments as given by Eqs. (3) and (4) contain cosine 
and sine functions. 

16.07. Hankel Functions. — The Ilankel fun(!tions are linear combina- 
tions of Bessel functions. There are two kinds, represented by H^y\x) and 
Hf\x)j where 

= J.(x) +iAr,(x) (1) 

Hf\x)=J,{x)—jNyix) (2) 


The Bessel functions of the second kind were found to have infinite 
values for p = 0. Consequently, the Hankel functions have infinite values 
for p = 0 and cannot represent physically realizable fields which extend 
to the origin. Hankel functions may be used to represent the field between 
the conductors of a coaxial line, since the field is discontinuous at the sur- 
face of the inner conductor and does not extend to the origin. 

The asymptotic expansions for the Hankel functions for large values of 
X are 


^ 'irlf 


_ g;(x-(2^ + l)./4) 
TTX 


(3) 


H?\x) 





(4) 


16.08. Spherical Bessel Functions. — ^Bessel functions of order n + 
are frequently encountered in spherical waves. It is therefore convenient 
to have a separate representation for these functions. They are known as 
spherical Bessel functions and are represented by the lower-case letters 
jn(x), n„(x), h^,P(x), and hn\x), and are defined by ‘ 


jiiix) 



J 


rv„(x) = 


4 


2j. 



( 1 ) 


Whereas Bessel functions in general are represented by an infinite series, 
the spherical Bessel functions can be expressed in trigonometric form. The 

1 The definition of the spherical Bessel functions is that given in P. M. Morse, '^Vibra- 
tion and Sound,” pp. 246-247, McGraw-Hill Book Company, Inc., New York, 1936. 
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first few may be written 


sin a: 

jo(x) = 

X 


sin X cos X 



noix) = 

cos X 



X 



WlW = 

sin X 

C 08 X 

(2) 

X 


rh(x) = 

\x 

^ cos® — 

3 

— sin® 

3f 


16.09. Modified Bessel Functions. — In dealing with waves in a dissipa- 
tive medium where y is complex, it is often more convenient to make the 
substitution = — (a* ~ 7 ^) and x = kp in Eq. (16.05-7). This gives 
the modified Bessel eqvxition 

, d^R dR 

— + X- + P^)R = 0 (1) 

dx dx 


Its solutions are the modijied Bessel functions Iv{x) and J_v(x), given by 

(^/2)»'+2m 


Ux) =2 


u(x) =21) 


^ jw!r(p + m + 1) 


m!r(-p + OT + 1) 

A useful linear combination of these two solutions is another solution, 


( 2 ) 

(3) 


K,(x) = [/_.(a;) - IM] 

2 sin vv 


(4) 


For positive integral values of v, we let v — n. For this case there results 
I-n{x) = In{x), necessitating a new independent solution of the form 


Kn{x) = 


2 / 3Z-n(x) 

cos nr \ dn 



(5) 


The relationships between the modified Bessel functions and the Bessel 
functions are 


Iy{jx) = 


( 6 ) 


Ky{jx) = -jNy{x)] (7) 

In other words, a modified Bessel function with an imaginary argument 
may be expressed as an ordinary Bessel function. In a dissipative medium 
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the propagation constant 7 is complex and consequently x = (y^ — of)^p 
is likewise complex. The modified Bessel functions are then the most 
convenient expression. However, for lossless mediums, 7 = is imaginary 
and consequently x is imaginary. Tlie Be.ssel functions are then pre- 
ferred. 

16.10. Other Useful Bessel-fimction Relationships. — In the following 
equations Zp(x) may represent any one of the functions J,(x), J-,{x), 
N,ix), H'-^^x), or Hf\x). 

Recurrence Formula: 



~ W + Z,^r(x)] 

2p 


(1) 

Differentiation of Bessel Functions: 



Z'oix) = 


(2) 

z:,{x) = Zo(x) --Z,{x) 

X 


( 3 ) 

Xo(x) = —Ji(x) 


( 4 ) 

= -Nxix) 


( 5 ) 

= hix) 


(6) 

A'o(x-) = -Kdx) 


( 7 ) 

dZ,{x) 1 

= - [Z„_,(.r) - Z,+r(x)] 
ax 2 


(8) 

d[x^ZM] , 

- = x''Z,^i{x) 

ax 


( 9 ) 

d[x-’’Z,{x)] ^ ^ 

- — X Zy_|_i(a) 

ax 


(10) 

Integrals of Bessel Functions: 



jz,ix) dx = -ZoW 


(11) 

^ x‘'Zy^i(x) dx = x''Zy{x) 


(12) 

fx-^Zy+iCx) dx = -x-’’Zy(x) 


( 13 ) 
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^xj'iikx) dx = J {[/„(fa)]" + (l - ^Jnikx)]^ 

X^ 

= - [-Jn-x{kx)Jn+i{kx) + Jlikx)] (14) 



16.11. Illustrative Example. — ^As an illustration of the solution of field 
problems in cylindrical coordinates, let us determine the potential distribu- 
tion in the dielectric of the short-circuited coaxial line shown in Fig. 3 



Fio. 3. — Electric field diatribution in the dielectric of a coaxial line. 


in the vicinity of the short-circuited end. A d-c potential difference Vb 
is applied between the two conductors and steady-state conditions are 
assumed. At the outset, let us assume that both conductors have finite 
conductivity. 

The problem is essentially a solution of the Laplace equation = 0 
in cylindrical coordinates. This is equivalent to setting 7 = 0 in Eq. 
(15.05-1). The field is symmetrical in the (/> direction; hence we have 
a^== n = 0, We also have fc = — 7 ^ = a* and x = kp = azp. Thus, 

the potential distribution, as obtained from Eq. (15.05-14), becomes 

V = [CiMa^p) + C 2 iVo(a,p)](C 36 "*^ + (1) 

The second-kind Bessel function is allowed since the field extends only 
to p = a, where a is the radius of the inner conductor. 

If the potential varies linearly along the z axis, we have a* = 0. Since 
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we also have 7 = 0 and n = 0, the potential may be represented by Eq. 
(15.05-18) (with C3 = 0), thus 


V = (Cilnp + CaXCs^ + Ce) (2) 

The boundary conditions determine whether the solution is of the form 
given by Eq. (1) or (2). In the example shown in Fig. 3, the potential drop 
varies linearly along the Z axis, hence the potential will be given by Eq. (2). 
To further simplify the solution, let us assume that the outer conductor 
and short-circuiting end wall have infinite conductivity. If the radii of 
the inner and outer conductors are a and 6, respectively, the boundary 
conditions become: 


F = 0 

when 

P = b, 

z = any value 

F = 0 

when 

2 = 0, 

p = any value 

V = Vb 

when 

P = a, 

z = 1 


The first two boundary conditions require that Cp, = 0 and C2 = 
—Cl In by yielding V == CqZ In (p/6) where Co = C1C5. The last boundary 
condition gives Co = V b/[llTi (a/6)], and the final potential distribution is 
therefore given by 


VbZ In (p/6) 
I In (a/6) 


(3) 


The electric intensity may be obtained from the relationship J? = -VI" 
= —{dV/dp)§ — {dV/dz)k. The electric field lines and equipotential lines 
for this case are vshown in Fig. 3. 

15.12. Solution of the Wave Equation in Spherical Coordinates.^ — In 

spherical coordinates the wave equation becomes 

1 d[r^{dV/dr)] 1 a[sin e{dV/de)] 1 d^V 

1 = 

dr sin 6 dd sin^ B di>^ 


We will assume a solution of the form 


F = R{r)P{d)H<t>) (2) 

Inserting this into Eq. (1), dividing both sides by and multiplying 

by r^, we obtain 

i- 1 d[sin e(dP/dd)] 1 2 2 

R dr ^ P sin 8 dS ^ sin^ B d<t>^ ^ ^ 

1 Stratton, J. A., “Elpctromagnoiic Tlieory,” pp. 399-406, McGraw-Hill Book 
Company, Inc., New York, 1941. 

2 Marqenau, H., and G. M. Murphy, *‘The Mathematics of Physics and Chemistry,” 
pp. 60-72, 216-232, D. Van Nostrand Company. Inc., New York, 1943. 
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The R terms are contained in the first and last terms, hence we set them 
equal to a?, yielding 

d[r^(dR/dr)] 


dr 


— (y^t^ + al)R = 0 


which may be written 


„ d^R dR „ - „ 

— + 2r {y^r^ + a\)R = 0 

dr dr 


(4) 


(5) 


For the moment, we drop consideration of the R solution and return to 
Eq. (3). Replacing the R terms by and multiplying through by sin^ 
we have 

sin 0 d[sin 0(<3P/d0)] ^ 1 


de 


sin^ $ -\~ 


^ d(t>^ 


= 0 


( 6 ) 


The 0 term is equated to a constant — yielding 


dH 




(7) 


with a solution of the form <l> = C5 cos m</> + Ce sin m<^. Again, if the 
field is periodic in <p with a period of 27r radians, rn must be an integer. 

Replacing the 4) term in Eq. (6) by expanding the first term, and 

multiplying through by P/sin^ 0, we obtain 


d^P dP 

— — "b cot 6 \- 

dd^ do 


- 0 

\ sin^ 6/ 


( 8 ) 


This is the Associated Legendre equation. Being a second-order differential 
equation, it has two solutions which may be obtained by the series method 
described for the solution of the Bessel equation. Here we find it con- 
venient to let a^ ~ + 1)> where n is an integer, and x = cos 6, Equa- 

tion (8) then reduces to 

, d^P dP r m2 1 


The solution of Eq. (9) determines the variation of the field in the 6 
direction. A special case occurs when the field has circular symmetry, i.e.j 
when there is no variation in the 4> direction. We then have m == 0 and 
Eq. (9) reduces to the Legendre equation 


d^P 


dP 


(1 — x^) — ~ — 2:r h n{n + 1)P = 0 


dx^ 


dx 


( 10 ) 


In the solution of Eqs. (9) and (10) by the series method, it is found that 
n must have integer values to avoid an infinite value of P. Furthermore, 
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the solutions corresponding to positive and negative values of n are related, 
so that we may restrict ourselves to positive integers only. The two solu- 
tions of the Ijcgendre equation for integral values of n are represented by 
Pn(cos 6 ) and Qn (cos 0), while those of the Associated Legendre equations 
are (cos 0) and Qn (cos 0). These are given by 


Pn(cos ff) = 


^ (n - p)!(p!)^ 



Qn (cos 0) = P,t (cos 0) In cot 




( 11 ) 

( 12 ) 


p;r(cos(9) = 


rrPn(cos e) 

d(cos dy 


(13) 


Q;r(cosl9) = (~l)"*sin"‘(9 


(f”Qn(C0S 6) 

d(cos ey^ 


(14) 


The Q functions have infinite values at 0 = 0 and 0 = tt and hence 
cannot represent physically realizable fields which include these regions. 
Therefore the Q functions are discarded if the region under consideration 
includes 6 = 0 and 0 = tt. When n is an integer, the series given by Eq. 
(11) terminates after a finite number of terms and the Eqs. (11) to (14) 
may be represented by polynomials. The first few Legendre and Asso- 
ciated Legendre polynomials are as follows: 


Po(cos^) = 1 

Pi (cos 6 ) = cos 6 

P2(cos 6 ) = J^(3 cos^ 0 — 1) 

P3(cos 6 ) = 3^(5 cos^ 0—3 cos 0) 


P}(cos 0) = — sin 0 
P2(cos 0) = —3 sin 0 cos 0 
P3(cos 0) = — sin 0(5 cos^ 0 — 1) 
PKcos 0) = 3 sin^ 0 (15) 


Returning now to the differential equation for P, as expressed by Eq. (5), 
we find that two changes of variable are required to reduce this to the stand- 
ard form of the Bessel equation. First, let a? = n(n + 1) in conformity 
with the notation used in the P-function solution, = —7^ and x = kr. 
Equation (5) then becomes 


, d^R dR 

— + 2x — + - n(n + 1)]P = 0 

dx dx 


(16) 


Now, let i? = a: ^W, where IF is a new variable. 
Eq. (16) gives 

.d^W dW 


Substitution into 


dx^ 


dW \ , f lyi 


( 17 ) 



314 SOLUTION OF ELECTROMAGNETIC-FIELD PROBLEMS [Chap. 15 

This is the Bessel equation of order n + 3^, whi(4i has a general solution 
W = C\Jn->r\i{x) + C 2 J_(rt 4 -i^)(x). Replacing x and W by the values given 
above, together with a different choice of constants, yields the solution 

R = Cl + <72 y[~N„+^(kr) 

= Cijn(kr) + C 2 nn(Jcr) ( 18 ) 

where jn(kr) and nn(kr) are the spherical Bessel functions defined ))y 
Eq. (15.08-1). 

The R function takes a simpler form in the solution of the Laplae.ian 
equation for stationary fields, llei^e we set 7 = 0 and = tt(n + 1) in 
Eq. (5), to obtain 

, (fR dR 

~ + 2r n{n + 1)72 = 0 (19) 

dr dr 

The general solution of this equation is of the form R = Cr". Substitution 
of this into Eq. (19) yields the values a = 7i and a = —{n + l); hence* 
the solution of Eq. (19) is 

72 = Cir^ + (20) 

We are now prepared to write the general solution of the wave equation 
in spherical coordinates. Inserting the ecpiations for 72, P, and into 
Eq. (2), the solution is obtained: 

F == [Cijnikr) + C2nn{kr)][asP^;:(cose) 

+ (74Qn (cos 0 )][C 5 (cos m(t>) + C6(sin m</))] (21) 

The following observations apply to this solution: 

1. In stationary or (juasi-stationary fields, the spherical Bessel functions 
are replaced by Eq. (20). 

2. Integral values of n are required if infinite values of Legendre func- 
tions are to be avoided. Also, m must be an integer if the field is periodic 
in with a period which is a submultiple of 27r radians. 

3. Since Qn (cos B) has infinite value at 0 = 0 and 6 = ir radians, this 
solution is discarded if the field includes these regions. 

4. For a circularly symmetrical field (no variation of the field in the <l) 
direction), we have m = 0. The second term becomes the Legendre func- 
tion [CsPn (cos 6) + C^Qn{cos 0)] and the third term reduces to a constant. 

16.13. Example in Spherical Coordinates. — ^As an example of the solu- 
tion of a field problem in spherical coordinates, consider the case of a perfect 
dielectric sphere placed in an otherwise uniform electrostatic field. The 
field is assumed to be uniform at points remote from the sphere but will 
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be distorted in the neighborhood of the sphere. It is desired to determine 
the potential distribution both inside and outside the sphere. 

If we choase our coordinate system such that <!> is measured in a plane 
perpendicular to the field, we then have a circularly symmetrical field and 
consequently m = 0. The final bracketed term in Eq. (15.12-21) then 
reduces to a constant. The term Qn (cos 6) cannot be present in our solu- 
tion since this would yield infinite value of potential for 0 = 0 and 6 = w 
radians; hence we discard this solution. Since m = 0, the second bracketed 



Fig. 4. — Dielectric sphere in an electrostatic field. 


term becomes the Legendre function P,i(cos ff). Also, since our problem is 
an electrostatic field problem, the R function is given by Eq. (15.12-20). 
The potential is therefore of the form 

V = [Cir^ + (72r“^^^+'>]P„(cos 6) (1) 

Wc try the solution corresponding to n = 1. The Legendre polynomial 
is Pi (cos 6) == cos Oj and Eq. (1) becomes 

Vi = (^Cir + cos e (2) 

In regions remote from the sphere the field is uniform; hence in Fig. 4 
the potential must vary directly with distance in the horizontal direction. 
This distance may be taken as r cos 6, If the plane 6 = v/2 is taken as the 
zero potential plane, the potential in regions remote from the sphere must 
be Fi = CircQsd, This is satisfied by Eq. (2) since the term C 2 /r^ is 
negligible at large values of r. Thus, a preliminary check shows that 
Eq. (2) may represent the potential distribution exterior to the sphere. 
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If Eq. (2) is also to represent the potential in the interior of the sphere, 
to avoid infinite potential at the center of the sphere it is necessary that 
C 2 = 0. Hence, in the interior of the sphere we have, as a trial solution, 

V 2 = Car cos 0 (3) 

The constants in Eqs. (2) and (3) are evaluated by matching the solutions 
at the boundary of the sphere. Assuming perfectly insulating mediums, 
the boundary conditions require equality of tangential electric intensities 
and equality of normal flux densities, or 

Eti = Et2 (4) 

Efii ~ Efi2 

where subscripts 1 and 2 refer to the outer and inner mediums, respectively. 
We also have Ea = —(dVi/r dS) |r=a and Et2 = —{dV 2 /rdd) |r=a, where 
the derivatives are evaluated at the surface of the sphere; z.e., at r = a. 
Equation (4) may now be written : 


dVi 

rdO 


dV2 

rdS 


Also, Dni = eiEni = —€i{dVi/dr) lr=o, and similarly, 

dV2 


Thus Eq. (4) becomes 




Dn2 = — €2 

dVi 
dr 


dr 
dV2 


€2 


dr 


(5) 


( 6 ) 


Taking Eqs. (2) and (3) as the potential equations for mediums 1 and 2, 
respectively, and inserting these into Eqs. (5) and (6), we obtain two equa- 
tions which may be solved simultaneously for the constants C2 and C3 
in terms of Ci. This process yields 


C2 = 



(7) 


C3 


3€iCi 

2€i + C2 


( 8 ) 


Replacing these in Eqs. (2) and (3), the potential equations become 



V 2 


3Ci€ir cos^ 


(9) 


€2 + 2 €i 


( 10 ) 
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These equations satisfy all of the boundary conditions and they are 
solutions of the Laplace equation; hence we conclude that they represent 
the field distribution for the given problem. 


PROBLEMS 


A sphere of radius a contains a space charge having a density qr ^ a? ^ r^. Using 
Eq. (15.01-5), evaluate the electrostatic potential at points inside and outside the 
sphere. Show that these potentials satisfy Poisson^s equation. Obtain expressions 
for the electiic intensity as functions of r inside and outside the sphere. 

Obtain the expression for the zero-order Bessel function by inserting the series given 
by Eq. (15.05-9) into Eq. (15.05-8) and evaluating the coefficients as described in the 
text. Show that the resulting series can be expressed in summed form similar to 
Eq. (15.05-10). 


3. Prove that 


d[x^Jn{x)\ 

dx 


== xVn-i(a;) by inserting the series for Jn{x) into the above 


expression and performing the indicated differentiation. Also show that 


d\x-^Jn{x)] 

dx 


= -X ^Jn+lix) 


4. Starting with the two identities given in Prob. 3, differentiate the left-hand sides of 
these equations as products and combine the reijulting expressions to show that 

dJ nix) 1 . . 

dx 2 


6. Obtain expressions for the potential and electric intensity in the vicinity of a conduct- 
ing sphere which is placed in an otherwise uniform electrostatic field. Evaluate the 
space-charge density on the surface of the sphere and sketch the field. 



CHAPTER 16 


WAVE GUIDES 


A wave guide may gonsist of any system of conductors or insulators 
which serves to guide an electromagnetic wave. A common form of wave 
guide consists of a hollow metallic tube containing an exciting anteima at 
one end and a load at the other end. The antenna sets up an electro- 
magnetic wave which travels down the guide toward the receiving end. 
The conducting walls of the guide serve to confine the field and thereby 
to guide the electromagnetic wave. From the point of view of the Poynting 
theorem, the energy propagates through the dielectric inside the guide, 
although a small amount of the energy enters the guide walls where it is 
dissipated as PR loss. 

A large number of distinct field configurations or modes are theoretically 
possible in wave guides. These modes correspond to solutions of MaxwelFs 
equations which satisfy the boundary conditions of the particular guide. 
We shall find that a wa ve gu jde has electrical properties similar to those of 
a high-pass filter. A given guide has a definite cutoff wavelength for each 
allowed mode. If the guide is assumed to be lossless, and the w avelength 
ofthejingr^ssed signal Is~ short(^r than the cutoff waveTen^h for a given 
n^de ^ then electrom ag netic waves c aiijprQpagate do wn the^id g ji t ha^ 
p articular mode without a ttenuajiim liowcver, if the wavelength of the 
impressed signal is appreciably longer than the cutoff wavelength, the field 
of the corresponding mode will be attenuated to a negligible value in a 
relatively short distance. 

The dominant mode in a particular guide is the mode h^ing Uie Icaige^ 
<5titoirwa^ length. It is possible to choose the dimensions of a guide in 
such a manner that, for a given impressed signal, only the dominant mode 
can be transmitted through the guide. Inordcr for the dominant mode to 
exist, the width of a rectangular guide oiMbhe^ iameter H a Sxcxilax-guMe 
must be thap a half wavf^lAr^gfii fr>r thaim presscd signa l. For this 

reason, wave guides are economically feasible only in the microwave por- 
tion of the frequency spectrum. 

16.01. Transverse-electric {TE) and Transverse-magnetic (TM) Waves. 

A uniform plane wave in unbounded medium is a transverse-e lectromngnetic 
(TEM) wave. In such a wave the E and H vectors are both perpendicula r 
€6 the direction of propagati<m of the wave. In waveguides, it can be 

— gjg — 
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shown that the resultant wave, traveling longitudinally down the guide, 
can be resolved into two or more plane waves which are reflected from wall 
to wall in the guide as shown in Fig. lb. This results in a component of 
either £? or if in the direction of propagation of the resultant wave; hence 
the wave is not a TEM wave. In lossless wave guides, the modes may be 
classified as either transverse electric (TE) or transverse magnetic {TM) 
modes. In transverse electric modes, there is no component of electr ic 
intensity in the direction of propagation of the result ant wave. The electric 



Fia. 1. — (a) Reflection of uniforni plane waves at oblique incidence, and (b) reflections in 

a wave guide. 

intensity components^J^i^f ore^Jic in a plan^erpendku]ar _ to the dirAc - 

tion of i^pagation^ In TM modes, there is no compo nent of magnetic 

inte nsity in the directio n of propagation. It can~b^ shomi that any wave 
in aTossless guide may bel^solved into yj^ndTrlT cdmFon entsi ^ 
16 . 02 . Wave Guides as a Reflection Phenomenon. — We may consider 
the fields in wave guides as being comprised of plane waves which are 
reflected from wall to wall in the guide in such a manner that they travel a 
zigzag path down the guide. The analysis of the guide, therefore, can be 
built up on the basis of plane-wave reflections similar to those discussed in 
("hap. 14. This approach offers a convenient means of visualizing the 
traveling waves in guides, although its application is restricted to the sim- 
j>ler types of modes in rectangular guides. A more rigorous approach is 
through the solution of Maxwells field equations for the given boundary 
conditions. Let us first consider wave guides from the viewpoint of plane- 
wave reflections. 
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In Sec. 14.10, it was shown that if a uniform plane wave impinges upon a 
conducting surface at an angle of incidence 6, there will be a standing wave 
in a direction normal to the reflecting plane and a traveling wave in a direc- 
tion parallel to the reflecting plane. The corresponding wavelengths are 

X 


z 

cos d 

(14.13-1) 

X 

Xp — ^ 

sin d 

(14.13-2) 


where X is the wavelength of the impressed signal in unbounded medium. 

Let us now consider the wave polarized in a direction normal to the plane 
of incidence. This wave will be designated the transverse electric or TE 
wave. We will assume that the reflecting plane is perfectly conducting 
and that the dielectric is lossless. There will be nodal planes of electric 
intensity parallel to the reflecting surface and separated from it by distances 



where n is any integer. A second conducting piano may be inserted parallel 
to the first plane and coinciding with any one of the nodal planes without 
altering the field distribution between the two planes. It is assumed, of 
course, that the plane-wave source is situated between the two conducting 
planes. The addition of the second conducting plane confines the field 
to the region between the two planes, thereby forming a paralleUplane 
wave guide. It can be shown that the resultant wave can be resolved into 
two component waves, which are reflected from wall to wall of the guide 
as they progress down the guide. 

An expression for the angle of incidence of the component waves may be 
obtained by eliminating Xn from Eqs. (14.13-1) and (1), thus 

nX 

cos 0 == — (2) 

2b 

The angle of incidence, therefore, is determined by the wavelength of the 
impressed signal, the separation distance between the planes, and the 
integer n. The integer n represents the half-wave periodicity between 
the two planes, taken in a direction normal to the planes. 

If we take the point of view that the field may be resolved into two 
uniform plane waves, as described above, then the angle of incidence of 
the component waves must satisfy Eq. (2). Any other angle of incidence 
would result in a tangential electric intensity at the conducting surface, 
which would be a violation of our boundary conditions. 
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The wavelength parallel to the reflecting plane is obtained by eliminating 
0 from Eqs. (14.13-2) and (2), yielding 

” Vl - (nX/2b)2 

The cutoff wavelength Xq is the wavelength which makes the denominator 
of Eq. (3) zero or Xp infinite, hence 

25 

Xo = - (4) 

n 


The longest cutoff wavelength occurs when = 1, yielding Xq = 25. Hence, 
for the dominant mode, the cutoff wavelength is equal to twice the separa- 
tion distance between the planes. 

In terms of the cutoff wavelength, the wavelength Xp and the correspond- 
ing phase velocity i>p, both taken in a direction parallel to the reflecting 
walls, become 

X = . ^ - (6) 

V 1 - (X/Xo)2 


Vp — 


Vc 

Vl - (X/Xo)^ 


( 6 ) 


where Vc = /X is the velocity of light in unbounded dielectric. It should 
be noted that the wavelength X is that corresponding to the impressed signal 
as measured in unbounded dielectric, whereas Xn and Xp are wavelengths 
in the wave guide. 

Let us now consider the effect of varying the spacing between the con- 
ducting planes, assuming that the impressed wavelength X remains con- 
stant. Equation (2) shows that as 5 decreases, the angle of incidence 6 
likewise decreases. Consequently, the wave is reflected back and forth 
across the guide many more times for a given distance of longitudinal 
travel. The wavelength Xp and phase velocity Vp both increase as 6 de- 
creases. As the separation distance 5 approaches cutoff, d approaches 
zero; hence the wave is reflected back and forth across the guide without 
any longitudinal motion. The values of Vp and Xp both approach infinity 
for this limiting condition. If 5 is less than the cutoff value, the angle 6 
is imaginary and the wave is highly attenuated in the guide. 

For very large values of 5, the angle 0 approaches 90 degrees. The wave- 
length Xp and phase velocity Vp then approach the values in unbounded 
dielectric, X and Vc, respectively. The wave then travels down the guide 
without being appreciably affected by the presence of the guide walls. 
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Two additional conducting planes may be added to the parallel-plane 
wave guide to form a closed guide as shown in Fig. 2. The electric intensity 
is uniform in the x direction but varies sinusoidally in the y direction, with 
zero values at the two side walls to satisfy the boundary conditions. Two 
components of magnetic intensity, Hy and Hz^ are present. The resultant 
wave travels longitudinally down the guide. 

In rectangular guides, the modes are designated TEm,n or TMni,ny the 
integer m denoting the number of half waves of electric intensity in the x 
direction, while n is the number of half waves in the y direction. In the 



Fig. 2. — 7Eo,n mode in a rectangular guide. 


mode described above, there is no variation of electric intensity in the x 
direction, and n half waves in the y direction; hence this corresponds to 
the TEo^n mode. 

16.03. Solutions of Maxwell Equations for the TEo^n Mode. — Let us 

obtain a solution for the TEo,n mode using Maxwell’s equations. Consider 
the idealized case of an infinitely long rectangular guide with perfectly 
conducting walls. For the present, no restrictions will be placed upon the 
nature of the dielectric. The guide is assumed to be excited in the TEo^n 
mode, the resultant wave intensities traveling in the z direction with a 
propagation term It should be noted that the propagation constant 

r in the guide differs from the intrinsic propagation constant y of the 
dielectric. 

We start the analysis by assuming that the electric intensity is in the x 
direction and has a sinusoidal distribution in the y direction, thus 


E. 



jtat—Vz 


( 1 ) 


where h is the width of the guide and n is an integer. The electric intensity 
given by Eq. (1) is zero at the guide walls, y = Q and y = b, thereby 
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satisfying the boundary conditions. For the assumed conditions, the two 
curl equations (13.06-1 and 2) reduce to 



II 

—joiflMy 

(2) 


II 

1 

—jufiHi 

(3) 

an. 

dHy 

(o- + jo}i)Et 

(4) 


dz 


Inserting from Eq. (1) into (2) gives 



where Zq is the characteristic wave impedance of the guide. Equation (5) 
states that the ratio of the transverse components of electric intensity to 
magnetic intensity is equal to a characteristic wave impedance. It will 
be recalled that a similar relationship was obtained for plane-wave propaga- 
tion in Chap. 14. 

There are two components of magnetic intensity, Hy and Hg, These may 
be obtained by inserting Ex from Eq. (1) into (2) and (3). For brevity, we 
let ky = rnr/b. The magnetic intensities then become 


TEq 


Hy = -T~“ sin kyye' 


jut — I’i 


kyEo 

Hz = cos kyye^ 


( 6 ) 

(7) 


Boundary conditions require that the normal components of magnetic 
intensity be zero at the guide walls, a condition which is satisfied by 
the above equations. In fact, it can be shown that if the boundary con- 
ditions for the electric intensity are satisfied, the magnetic intensities, as 
determined from the curl ecpiations, will also satisfy the boundary condi- 
tions, and vice versa. 

Having determined the field intensities in the guide, we now turn to the 
wave equation for additional information concerning the properties of the 
wave in the guide. Since the electric intensity has only an x component, 
the wave equation (13.06-3) becomes 


d^Ex d^Ex d^Ex 
dx^ dy^ dz^ 


= y^Ex 


(8) 
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Inserting from Eq. (1) into (8), we obtain 

= y^ + kl (9) 

In this expression y = Vjw#i(<r + just) is the intrinsic propagation con- 
stant in unbounded dielectric. In general, the propagation constant T 
is complex; hence we let 

r = «i+i/3i (10) 

where ai is the attenuation constant and Pi is the phase constant in the 
guide. 

Consider now the special case in which the dielectric is lossless, i.e., 
<r = 0 for the dielectric. We then have y = jco\^€y and 

r = y/icl — (11) 

The propagation constant r will be either real or imaginary, depending 
upon the value of co. Cutoff occurs when F = 0, i.e.y when 

woAtt = kl (12) 

where wq is the value of co at cutoff. From the relationship /qXo — Vc = 

lly/f/Ay we have coom^ = (27r/Xo)^- Making this substitution, together with 
ky = nir/hy in Eq. (12), we obtain the cutoff wavelength 


27r 2b 



(13) 


which agrees with Eq. (16.02-4). For TEo,n modes, the cutoff wavelength 
is dependent jftpon the 6 dimension of the guide but is independent of the a 
dimension. 

A convenient expression can be obtained by relating the propagation 
constant F to the impressed wavelength X and cutoff wavelength Xq. 
Inserting 7 ^ = — coV€ = — (27r/X)^, together with kl = (27r/Xo)^, into Eq. 
(9), gives us the propagation constant of the guide: 


F 



(14) 


If the impressed wavelength is shorter than the cutoff wavelength, i.e,, if 
X/Xo < 1, then F is imaginary and we set F = jPi, For this condition, the 
wave propagates down the guide without attenuation and the intensity 
components undergo a phase shift of Pi radians per unit length of guide. 
Conversely, if X/Xq > 1, then F is real and we let F = ai. The intensities 
in the guide are then attenuated by the factor 
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For impressed wavelengths shorter than cutoff, we have T = jfii, and 


2ir / 

. ■ 



Go) 

(15) 

27r 

X 



Vl - (X/Xo)2 

(16) 

II 

II 

Vc 

(17) 

Vl - (X/Xo)2 


where \p and Vp are again the longitudinal wavelength and phase velocity 
in the guide. 

To o btain the group velocity, we let Y = jfii in Eq. (11), yielding 
I3i = — kl. Now evaluate djSi/dw and insert this into Eq. (14.14-7) 

to obtain 


= 



(18) 


Combining Eqs. (17) and (18), we note that 

VgVp = (19) 

Thus, the product of group velocity and phase velocity is ccjual to the square 
of the velocity of light in unbounded dielectric. 

To express Zq in terms of X and Xq, substitute T from Eq. (14) into (5), 
and use rj = V^/x/c, to obtain 


^0 


V 

Vl - (X/Xo)2 


( 20 ) 


If the impressed wavelength is longer than the cutoff wavelength, Y 
is real and we let Y = ai. Equation (14) then becomes 



It is interesting to observe that the dimensionless ratios Xp/X, Vp/vc, 
^g/vci PiK and Zo/rj at wavelengths shorter than cutoff are all fimctions 
of the wavelength ratio X/Xq, or the corresponding frequency ratio /o//. 
Figure 3 shows curves representing these quantities as a function of X/Xq 
and/o//. These curves show that if X < Xq, then the quantities Xp, Vp, and 
Zq all increase as X increases, approaching infinite values as the wavelength 
approaches cutoff. The group velocity, on the other hand, decreases with 
increasing X, approaching zero value at cutoff. Figure 3 also contains a 
plot of aX against X/Xq, as given by Eq. (21). The attenuation is zero 
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when X/Xo < 1, but rises rapidly as the ratio X/Xq increases beyond unity 
value. 

We shall find later that Eqs. (14) to (19) inclusive, as well as the curves 
of Fig. 3, are universally applicable to wave guides of either rectangular or 
circular cross section operating in any TE or TM mode. 

16.04. Rectangular Guide, TEm,n, Mode. — ^We now consider the more 
general case of TE^.n modes in rectangular guides. Again, it is assumed 
that the guide is infinitely long and has perfectly conducting walls. The 



Fig. 3. — Universal curves for wave guides. 


propagation term is taken as denoting a wave traveling in the z 

direction. Since all of the intensity components contain the same propaga- 
tion term, we note that, for any intensity component, we may write 
dE/Bz = -TE or dU/dz = -VH. Bearing this in mind, the curl equa- 
tions (13.06-1 and 2) may be expanded into the following six equations. 


BEz 

—joifiUx (1) 

BHx 

— + rs, = 

sy 

By 

BE. 

1 

1 

^1. 

II 

—jwtiHy (2) 

-THx 

BEy BEx 

—joiliHi (3) 

BHy 


— 

Bx By 

dx 



(4) 

(5) 

( 6 ) 
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For transverse electric waves, we set = 0. Equations (1) and (2) 
then yield 

E, Ey jwti 

TT “ “ 77“ “ ^0 (7) 


Again we find that the ratio of the transverse components of electric 
intensity to magnetic intensity is equal to the characteristic wave imped- 
ance of the guide. The pair Ex and Hy result in a Poynting vector in the 
+2 direction. However, in the second pair, it is necessary to take —Ey 



Fio. 4. — Intensity components of the TE„,,n mode in a rectangular wave guide. 


and llx to obtain a Poynting vector in the ~\-z direction (the assumed 
direction of propagation of the wave). This accounts for the negative 
sign in the second term of Eq. (7). 

In the analysis of TEq^^ modes, we started with an assumed equation 
for Ex which satisfied the boundary conditions. Substitution of this value 
of Ex into the Maxwell equations enabled us to determine the other intensity 
components. However, in the analysis of the TEm,n modes it is easier to 
start with an assumed equation for the longitudinal component Hz, To 
be consistent with Eep (16.03-7) and still allow for a variation of intensity 
in the x direction, we assume an intensity of the form 


where 


Hz = //o cos kxX cos 

rmr mr 

kx ~ ky “ ’ 

a b 


( 8 ) 

( 9 ) 


It will be shown later that this assumption satisfies the boundary con- 
ditions. 
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The wave equation (13.06-4) may be written in terms of Hzy thus 

V"i/, = (10) 

By inserting Ht from Eq. (8) into (10), we obtain 

=y^ +kl + kl = y'^ + k^ ( 11 ) 

where = A:* + ky. Equation (11) is similar to Eq. (16.03-9). 

For a lossless dielectric, we have y = jcoV^, and therefore 


r = V/c^ — 


( 12 ) 


Again cutoff occurs when F = 0 or when = Joixt. Substituting 
woM« = (2jr/Xo)^, we obtain the cutoff wavelength 


2ir 

Xn — "7“ 


27r 


^ Vkl + 

or, by inserting the values of and ky from Eq. (9), 


(13) 


Xo = 


2 

'\/{m/a)^ + (n/6)^ 


(14) 


The cutoff wavelength is dependent, therefore, upon both the a and h 
dimensions of the guide as well as the integer values of m and n. In general, 
the cutoff wavelength decreases as m and n increase, corresponding to the 
higher order modes. 

To obtain T in terms of X and Xq, insert = (27r/X)^ and k^ = (27r/Xo)^ 
into Eq. (12), yielding 


r 



(15) 


which may be inserted into Eq. (7) to obtain the characteristic wave 
impedance for TE modes 


Zo = 


V 

Vl - (\/Xo)2 


(16) 


The propagation constant T for the TEm,n modes is identical to that 
obtained for TEo^n modes. Consequently, the expressions for /3i, Xp, Vg, 
Zoy and ai, as given by Eqs. (16.03-15) to (16.03-21) inclusive, and the 
curves in Fig. 3, are valid for all TEm,n modes. The expression for the 
cutoff wavelength, however, is different for the two cases. For the TEm,n 
modes, this is obtained from Eq. (14). 

In order to evaluate the remaining intensities, we return to Eqs. (1) 
to (6) and set Ez = 0. An expression for flL is obtained by inserting E^ 
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from Eq. (7) into (5). Similarly, Hy is found by inserting Ex from Eq. (7) 
into (4). These substitutions, together with — jo3yL{(T + jo3t), yield 



To p View on Section a-a' Side 



Magnetic field lines 

Fig. 5. — Field patterns of various modes in infinitely long rectangular guides. 

The intensity from Eq. (8) is now inserted into Eqs. (17) and (18). 


With the help of Eq. (7) and the additional relationships = 

(2x/Xo)^, TZo = jcoM, and T = jfii, the TE„,„ mode intensities become 

Hx = jfiikx \^J ^^0 

(19) 

Hy = jlSiky \^) Ho cos kxX sin kyy 

<20) 

Hx = Ho cos kxX cos kyy 

(8) 
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cos kxX sin kyy (21) 

2 

Ho sin kxX cos kyy (22) 

== 0 (23) 

The propagation term has been omitted in the above equations 

for brevity. 

The boundary conditions are satisfied by the above intensities, since the 
normal components of magnetic intensity and the tangential components of 
electric intensity vanish at the guide walls. The field intensity distribu- 
tions for several TEm,n modes are shown in Fig. 5. Methods of exciting 
these modes are shown in Fig. 1, Chap. 18. 

16.05. Rectangular Guides, TMm,n Modes. — The analysis of TM modes 
is quite similar to that of TE modes. For the TM modes, we have Hz = 0 
and Eqs. (16.04-4) and (16.04-5) may be used to express the ratio of trans- 
verse electric to magnetic intensities, thus 


Ex — HyZo — jPlkyZo ( ^ Hq ( 

\2ir/ 

Ey = HxZq = jPikxZo^^^ 


Hy Hx <T + JC0€ 


( 1 ) 


Wc start the analysis by assuming an axial component of electric intensity 
of the form 

Ez = Eq sin kxX sin kyye^'^^^^^ (2) 


This satisfies the boundary conditions, since Ez is zero at the walls of the 
guide. 

Substitution of Eq. (2) into the wave equation, written for the Ez com- 
ponent, V^Ez = y^Ez, yields 

r = (3) 


Equation (3) is identical to Eq. (16.04-11) for TE modes. The cutoff 
wavelength is obtained in the same manner as that of the TE modes and 
is found to be identical to h]q. (16.04-14), for a lossless guide, thus 


^ 2 

^ V {m/a)^ + (n/6)^ 


(16.04-H' 


Again we may express T in terms of X and Xq, as follows: 


r 



(16.04-15) 


Equations (16.03-15 to 19) and (16.03-21), expressing /3i, Xp, Vpy Vgy and ai 
in terms of X/Xq, as well as the curves of Fig. 3, apply equally well for TM 
modes. 
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The characteristic wave impedance of TM modes, however, differs from 
that of TE modes. Insertion of T from Eq. (16.04-15) into (1) yields, for 
TM modes, 


Zo = r, 



(4) 


The characteristic wave impedance of a guide is greater than the intrinsic 
impedance of the dielectric for TE modes and less than the intrinsic imped- 
ance for TM modes. At very short wavelengths, such that X <$C Xo, the 
characteristic wave impedance is approximately equal to rj for both TE 
and TM modes.*^ As the impressed wavelength approaches cutoff, the value 
of Zq approaches infinity for TE modes and zero for TM modes., ^ It is 
interesting to note that Zq for TE and TM modes has the same form of 
frequency variation as the image impedance of tt and T section high-pass 
filters, respectively . > A comparison of the wave-guide equations with 
those of high-pass filters reveals many other interesting resemblances. 

The remaining intensities are obtained by inserting Eq. (1) into '"16.04-1 
and 2), giving 


E 


y “■ 



(5) 


E, = 


. r dE, 

7 — I dx 


(C) 


Inserting Ez from (2) and using (1), we obtain for a guide with lossless 
dielectric 


/XoV 

Ex = -j^ikx 1 — ) E^) cos kxX sin k^y 

(7) 

( X()\^ 


Ey = —jfi\k„ ( — j Eo sin Avr cos kyy 

(8) 

Ez = Eo sin kxX sin kyy 

(2) 

Ey |3l / Xo\^ 

Hx = - ^ = j-;rky( — ) Eo sin A^r cos kyy 

(9) 

Zq Zq \2t/ 


Ex /3i /XoV 

Hy = — = —j — kx[ — j Eo cos kxX sin kyy 

Zo Zo \2x/ 

(10) 

Hz = 0 

(11) 


' Shea, T. E., “Transmission Networks and Wave Filters,’^ pp. 228-229 D. Van Nos- 
trand Company, Inc., New York, 1929. 
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If either kx or ky are zero, the field intensities all vanish. Hence there 
cannot be a TMo,n or TM^.o mode in rectangular guides comparable to 
the TEo,n mode. The TEq^i mode is therefore the dominant mode in 
rectangular wave guides. 

16.06. Wave Guides of Circular Cross Section. — In the analysis of 
circular guides, we again assume an infinitely long guide with perfectly 
conducting walls and an outgoing wave with a propagation term 



The curl equations (13.06-1 and 2) in cylindrical coordinates may be written 
in the following form by expanding the determinant V X -B, given in 
Appendix III, and replacing dE/dz by — FB: 


1 dEg 

h TE^ — —jwnHp 

P d(j) 

(1) 

dE, 

— TEp — = 

dp 

(2) 

IdipE^) IdEp 

- = —jojpHg 

p dp P d<t> 

(3) 

IdH^ 

f- = (<r + jo}f)Ep 

p d<t> 

(4) 

-THp ^ = (ff +jue)E^ 

dp 

(5) 

~ — — (<r + jo)€)Eg 

p dp P d<t> 

(6) 
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For TE modes, we have = 0 and for TM modes = 0. Upon 
inserting Ez = 0 into Eqs. (1) and (2), and Hz — 0 into Eqs. (4) and (5), 
we again find that the ratios of transverse components of electric to magnetic 
intensity are equal to the characteristic wave impedances : 


E, _ 




~ 


*' ’ 

- — - .0 

TE modes 





E, 

E^ 

r 


= 


= — = ^ 

TM modes 

//* 


a + jo)e 



The type of solution for the wave equation in cylindrical coordinates was 
discussed in Sec. 15.05. For an outgoing wave, the axial intensity com- 
ponents are of the form given by Eq. (15.05-14), thus 

Hz = [CiJnikp) + C 2 Nn(kp)](Cs cos n<t> -f C4 sin TE modes (9) 

1^2 = [CiJn{kp) + C 2 Nn{kp)]{Cz(^osn<i> + C4sinn<^)e^"^~^^ TM modes (10) 

If the field extends to the axis, the second^ind Bessel functions must be 
discarded since they all have infinite values for zero arguments. The terms 
sin n<i> and cos n<t> determine the angular variation of the intensities. They 
are essentially the same type of variation since, by rotating the reference 
axis through an angle of 7r/2 radians, the sine function becomes a cosine 
function and vice versa. To simplify writing the intensity equations, we 
retain the cosine function and discard the sine function. The z-component 
intensities are then expressed as 

Hz = HoJnikp) cos TE modes (11) 

Eg = EoJnikp) cos TM modes (12) 


In order to have single-valued intensities, we must choose n such that 
cosn</) = C 08 n{<l) + 27r). This requires that n have integer values, con- 
sequently we are concerned only with Bessel functions of integer orders. 
To obtain expressions for the intensities, we return to the curl equations 

(1) to (6) and let Ez = 0 for TE modes and Hz — 0 for TM modes. For 
the TE modes, we insert E^ and Ep from Eq. (7) into Eqs. (5) and (4), 
respectively. For the TM modes, insert H^ and Hp from Eq. (8) into 

(2) and (1), respectively. We then have 


TE modes 


TM modes 


Ho = 


dHz 


r - dp 


H^ = 


bHz 


p{y^ - r^) d<t> 


Eo = 


r dEz 


(13) 


" 7" - dp 


E^ = 


r dEz 


p{y^ - r^) d<t> 


(14) 
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Inserting Ez and Hz from Eqs. (11) and (12) into these expressions, with 
the additional substitutions of Eqs. (7) and (8), we obtain the intensity 
equations. The propagation term has been omitted for brevity 

and the substitutions T = and — 7^ s= (as given by Eq. (17) 
below) have been made. 


TE modes TM modes 


701 , 

ffp = - --HoJn(kp) cos n<t> 
k 


Ep = ~-^^EoJn(kp) cosn<i) 

701 n 

k p 


E^ = EoJJkp) sin n(t> 

k p 

Hz = HoJn(kp) cos nej) 

(15) 

Ez = E(yJn(kp) COS n</> 

II 

C0€ 

COLl 

= H, 

h 


0)6 

H^ == — £p 

0 

II 


55 

II 

0 


In order to satisfy the boundary conditions, Ez and E^ must both be 
zero at the guide wall where p = b. For TE modes, this requires that 
f^(kh) = 0 and for TM modes, Jn{kb) = 0. The functions Jn{kh) plotted 
against (kb) are shown in Figs. 1 and 2 in Chap. 15. There are theoretically 
an infinite number of discrete values of (kb) which yield J'n(kb) = 0 and 
Jn(kb) = 0. For convenience in designating the modes, the successive 


Table 5 

TE inodes TM modes 

Roots of Jn{kb) == 0 Roots of Jn{kb) == 0 


TE{)^i 3.83 

TEq,2 7.02 

TEo ,3 10.17 TMo.i 2.40 

TAfo.a 5.52 

TMo .3 8.65 

TEi,i 1.84 

TE 1^2 5 . 33 

TEi,3 8.64 TMi.i 3.83 

TM 1,2 7.02 

TM1.3 10.17 

TE2,i 3.06 

TE2,2 6.71 

TB3,3 9.97 TM 2.1 5.14 

TM2,2 8.42 

TM 2 .Z 11.62 


values of (kb) satisfying these conditions are represented by the integers 
m == 1, 2, 3, etc. Hence, the designations for circular wave-guide modes 
are TEn,m and TMn,m modes. From the viewpoint of the field distribu- 
tion in the guide, Eqs. (11) and (12) show that n represents the number 
of full cycles of variation of Ez or Hz as <t> varies through 27r radians. The 
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integer m represents the number of times is zero along a radial of the 
guide, the radial extending from the axis to the inner surface of the guide, 
the zero on the axis being excluded if it exists. Table 5 gives the first few 
roots of the equations Jn{kh) = 0 and = 0. 

It now remains to evaluate the propagation constant and cutoff wave- 
length for circular guides. 

The constant k in the above equations is related to the propagation con- 
stant r in the guide and the intrinsic propagation constant y of the dielectric 
in a manner similar to that of Eq. (16.04-11). We could obtain this rela- 
tionship by the procedure used for rectangular guides, that is, by inserting 
either Hz or Ez from Eqs. (11) or (12) into the wave equation and solving 
for r. However, this involves a little difficulty in the manipulation of 
llessel functions. A simpler procedure is to return to the treatment of 
Bessel functions in Sec. 15.05, where we had previously set = a\ — 7^. 
To obtain a^, we recall that the Z function solution in cylindrical coordinates 
is of the type Z = Since we arc concerned only with a 

wave traveling in the -\~z direction, the first term is discarded. Comparison 
of the remaining term with Eqs. (11) and (12) shows that Uz = F. There- 
fore for either the TE or TM modes, the propagation constant becomes 



r = + 72 ( 17 ) 


The cutoff wavelength is obtaiiKnl by writing Eq. (17) in the form 

(kbf 


b- 


= r- 


(18) 


from which we obtain, for lossless dielectric. 


r = 



— C0^/i€ 


(19) 


Cutoff occurs when F = 0, or when = {kb)^/b^. Also we have = 
(2VXo)^hence 2^ 2xb 

Xo = — = (2Q) 

k ikb) 


The values of (kb) are given in Table 5 for various modes. The TEi,i 
mode has the longest cutoff wavelength and is therefore the dominant mode 
in circular guides. For this mode, we have (kb) = 1.84 and Xo = 3.41b. 

The propagation constant may be expressed in terms of X and Xo by 
substituting = (2ir/X)^ and {kb)^/b^ = (2t/Xo)^ into Eq. (18), giving 
the familiar expression 


r 


2ir 

X 



- 1 


( 21 ) 




Fig. 7. — Field patterns of various modes in circular guides. 
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Since this is identical to Eq. (16.03-14), it follows that Eqs. (16.03-15) to 
(19) and the curves in Fig. 3 expressing the values of jSi, Xp, Vp, Vg^ and a 
apply. The characteristic wave impedance in circular guides is given by 
Eq. (16.04-16) for TE modes and (16.05-4) for TM modes. The field pat- 
terns corresponding to several modes in circular guides are shown in Fig. 7. 

16.07. TEM Mode in Coaxial Lines. — The principal mode or TEM 
mode is the most common of all modes. It has no cutoff frequency and is 
the mode of operation of transmission lines at low frequencies or on direct 
current. This mode cannot exist in wave guides since it requires two con- 
ductors, vsuch as provided by the open-wire or coaxial transmission line. 

The analysis of the TEM mode affords an excellent opportunity to illus- 
trate the relationships between the circuit method of approach and the 
analysis based upon the field equations. In the following analysis it is 
assumed that the conductors have infinite conductivity and that the dielec- 
tric is lossless. The electric lines are then radial, terminating on charges on 
the conductor surfaces, and the magnetic lines are concentric circles linking 
the current in the center conductor. The effect of losses would be to intro- 
duce a small axial component of electric intensity and the field would no 
longer be a truly TEM mode, although it may closely approximate it. 

In the coaxial line of Fig. 8, we have two intensities, Ep and II The 
curl equations (13.06-1 and 2), expressed in cylindrical coordinates, become 

dEp 

— = ( 1 ) 

dz 


With a propagation term of the form Eqs. (1) and (2) reduce to 

TEp = ( 

TH^ = jweEp ( 

from which we obtain the characteristic wave impedance 

Ep __ jeo/i ^ r 

r joe 

Solving Eq. (5) for F, we obtain 

r = jo\^€ ( 

If this is inserted into Eq. (5), there results 




The propagation constant and characteristic wave impedance are there^ 
fore equal to the corresponding values in unbounded dielectric. 
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Ampere’s law may be used to relate the magnetic intensity to the cur- 
rent. For a current in the center conductor given by / = Am- 

pfere^s law ^H^dl == I yields 2tpH^ == Solving for and 

inserting this into Eq. (7) to obtain TJp, we have 

h 




Juyt-Vz 


27rp 


( 8 ) 


(9) 


The potential rise from the outer conductor to the center conductor is 

pa 

found by inserting Ep from Eq. (9) into F = — I Ep dp^ yielding 

Jh 

F = — (10) 

97r ^ a 


The characteristic impedance of a coaxial line is equal to the ratio of 
voltage to current for the outgoing wave. Dividing the voltage in Eq. (10) 
by the current I == we obtain 



138 h 

= ^logio- (11) 

V €r a 

which agrees with the characteristic impedance given in Table 1, Chap. 8. 

The curl equations (1) and (2) may be expressed in terms of voltage and 
current, whereupon they take on the familiar form of the differential equa- 
tions of a lossless transmission line. From Eqs. (9) and (10) we obtain 
Ep = F/[p In (b/a)]. Also, since I = we have from Eq. (8), 

= II2Trp, Inserting these values of Ep and into Eqs, (1) and (2) 
gives 



These are the transmission-line equations for a lossless line. The bracketed 
term in Eq. (12) is the inductance per unit length of line, while the bracketed 
term in Eq. (13) is the capacitance per unit length. 
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By integrating Poynting^s vector over the cross section of the dielectric, 
it may be shown that the power is transmitted through the dielectric. 
Equation (14.04-1) gives the time-average power through unit area of 
dielectric as (9t = The direction of power flow is mutually 

perpendicular to both Ep and and hence is in the z direction. Dropping 
the term in Eqs. (8) and (9), we have, for the amplitudes, = 

/o/27rp and Ep = V^/x/€(Jo/27rp). The time-average power density is there- 
fore (Pr = (/o/Stt^P^) A/p/e. The total power transmitted through the 
dielectric is found by integrating the power density over the cross section 
of the dielectric, or 

Pt = F (Pr^TTp dp 



Since the voltage amplitude from Eq. (10) is Fo = (W27r)A/p/€ In (&/a), 
Eq. (14) may be expressed as 

Pt = y^VoIo (15) 

where Vq and Iq are voltage and current amplitudes. Equation (15) is 
the time-average power flow in a lossless line having only an outgoing 
r wave. Hence, the Poynting theorem shows that the power flows through 
the dielectric of the coaxial line. 

16.08. Higher Modes in Coaxial Lines. — If the separation distance 
between the inner and outer conductors of a coaxial line is of the order of 
magnitude of a half wavelength or greater, it is possible for higher modes to 
exist. The field distributions are then of the form given by Eq. (15.05-14). 
It is necessary to retain the second-kind Bessel function since the field does 
not extend to the axis, and therefore the singularity of this Bessel function 
at the axis offers no difficulty. Choosing the cosine variation with respect 
to </), we write the axial components of intensity as 

Ez = [CiJnikp) + C 2 Nn{kp)] cos TM modes (1) 

Hz = [CiJn{kp) + C 2 Nn{kp)] cos TE modes (2) 


To satisfy the boundary conditions for the TM modes, Ez must be zero 

at the surfaces of the inner and outer conductors, f.e., at p = a and p = b. 

This requires that n t n \ i n TiT \ a 
CiJnika) + C2Nn(ka) = 0 

TM modes (3) 

CiJnikb) + C2Nn(kb) = 0 


which yields 


Jn(ka) Nn(kd) 
Jnm ^ NnQcb) 


TM modes (4) 
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For TE modes, the tangential electric intensity is E^. By inserting H 
fromEq. (16.06-7) into (16.06-5), we obtain — y^)](dHi/dp). 



Consequently, dllz/dp must be zero at the guide walls in order to make 
E^ zero. Hence, to satisfy the boundary conditions for TE modes, it is 
necessary that 

CiJ’^ika) - 1 - C^Kika) = 0 
CiJ'nikb) + CiKikb) = 0 


TE modes 


(5) 


or 


J'„ika) Kika) 


TE modes 


(fi) 


J'nikb) K(kb) 

Again we have - 7 ^, or r = V/c^ - for a lossless dielec- 

tric, and cutoff occurs when coqmc =A;^, 
or 

2t 

Xo = — (7) 



The difficulty arises in the evalua- 
tion of k. This may be evaluated by 
solving Eq. (4) or ( 6 ) either graphically 
or by a cut-and-try process. 

For large values of (ka) and (kb) 
such that (ka) ^ 1 and (kb) 1 , the 
Bessel functions may be replaced by their asymptotic expressions given in 
Eqs. (15.06-3 and 4). These indicate a sinusoidal distribution of field 
intensities in the radial direction. Referring to Fig. 9, we may write the 
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axial component of electric intensity for TM modes in the form 


Ez = Cl sin A: (p — a) cos n<t>ei'^‘ 


( 8 ) 


where p in the denominator of Eq. (15.06-3) is treated as a constant. 
Since E* must vanish at the conductor surfaces, we have k = mv/{b — a) 
where m is an integer. Consequently, the cutoff wavelength is 


Xo = 


2(6 - a) 
m 


( 9 ) 


For m = 1, the distance h — a must be at least a half wavelength. In 
general, a given mode in a coaxial line requires a larger radius of outer 
conductor than is required for the corresponding mode in a circular wave 
guide. 



Fig. 10. — Circular wave guide — general case. 


16.09. Wave Guides of Circular Cross Section — General Case. — Circu- 
lar wave guides may take any one of the following forms: 

1. A hollow or dielectric filled metallic guide with the electromagnetic 
field predominantly in the dielectric. 

2. A coaxial line with the electromagnetic field in the dielectric between 
two concentric conducting cylinders. 

3. A conducting cylinder in a dielectric medium, with the field in the 
dielectric outside the cylinder. 

4. A dielectric cylinder in a second dielectric medium, with the field in 
both mediums. 

The first two types have been previously considered. We now turn to a 
more general approach which is applicable to all four types. 

Consider an infinitely long circular cylinder, designated medium 1 in 
Fig. 10, which is immersed in a second medium, designated medium 2. No 
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restrictions are imposed upon either medium, except that they are homo- 
geneous and isotropic. We assume a wave traveling in the axial direction, 
with a propagation term Equation (15.05-14) gives the general 

form of the intensities in the two mediums. In medium 1, we admit only 
the first-kind Bessel function to avoid infinite intensity on the axis. In med- 
ium 2, however, both the first- and second-kind Bessel functions may exist; 
hence the field may be represented by the second-kind Hankel function. 

The second-kind Hankel function is a linear combination of the first- 
and second-kind Bessel functions and its asymptotic expression for large 
values of {kp) is given by H^\k 2 p) = V j2/7rk2p)e ~^^^“^ ~ The 
exponential term may be interpreted as representing a wave traveling 
radially outward from the axis. The axial intensities in the two mediums 
are 

Ezi = CiJn(kip) cos n(j> Ez 2 = (k2p) cos n(j> 

Hzi = C 2 Jn(kip) COSn<^ Hz 2 = (k 2 p) cosn</> (1) 

where the term is omitted. The remaining intensity components 

may be obtained by inserting Eqs. (1) into (16.()()-1 to G). We also have 

kl = - 7 ? kl= - yl ( 2 ) 


where 71 and 72 are the intrinsic propagation constants of the mediums. 
Since the axial propagation constant F must be the same in both mediums, 
it follows that ki and k 2 are interrelated. Combining p]qs. ( 2 ), we obtain 


A:? + 7I = ^2 + 72 


(k,b)^ 


+ 7! = 


52 


+ 72 


(3) 


The tangential components of electric and magnetic intensity are con- 
tinuous across the boundary unless either medium is a perfect conductor. 
The field vanishes in a perfectly conducting medium, while in the non- 
conductor, the tangential electric intensity is zero and the tangential mag- 
netic intensity is equal to the surface-current density. The tangential 
magnetic intensity satisfies the relationship dHz/dp = 0 . Pure transverse- 
electric and transverse-magnetic modes can exist only when both mediums 
are lossless dielectrics, or when one medium is a lossless dielectric and the 
other is a perfect conductor. 

Assuming finite conductivity of both mediums, the tangential components 
of Ez and Hz on either side of the boundary are equated, giving 

CiJnikib) = Cs/ff (^26) 

C^Jnihb) = C,Hf{k2h) 


(4) 
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Similar expressions may be obtained by equating E^, and on either side 
of the boundary. These relationships determine the values of (kib) and 
(k 2 b). They may be solved either graphically or by a cut-and-try process. 

Let us consider the special case in which medium 2 is a perfect conductor. 
This corresponds to the circular guide considered in Sec. 16.06. For this 
case, there is no field in medium 2. At the boundary in medium 1, we have 
~ 0 foi" I'M modes and dH^/dp = 0 for TE modes. Referring to Eq. 
(1), it is apparent that these conditions are satisfied by Jnikib) = 0 for 
TM modes and = 0 for TE modes. This is in agreement with the 

relationships previously derived for circular guides. If the guide walls are 
not perfectly conducting, there will be a field which penetrates into the 
conductor. It would then be necessaiy to solve Eqs. (4) for {kib) and 
(kib) and these values, in turn, are in.serted into Eq. (3) to evaluate T. 
If the guide wall is a good conductor, the only appreciable effect upon T 
would be to introduce a small attenuation constant. 

Now consider the reverse situation, i.e., medium 1 is a perfectly conduct- 
ing cylinder and medium 2 is an insulating medium. The field exists only 
in medium 2. It may be shown ' that only the symmetrical modes, i.e., 
those corresponding to n. = 0, can exist at any appreciable distance from 
the source. We will consider only the transverse magnetic modes, that is, 
those modes having Hz = 0. To evaluate T it would be necessary to 
set E^ = 0 and Ez ~ 0. It can be shown that these are satisfied if 
H^o\hh)/Hf\k 2 b) = 0 which, in turn, requires that ^2 = 0. Conse- 
quently, Eq. (2) gives F = y = ( 12^2 and the propagation constant 

r is equal to the intrinsic propagation constant of the dielectric. The field 
then propagates with a velocity equal to the velocity of light in the dielec- 
tric. The single-conductor transmission line is of little practical value, 
since the fields extending radially outward will eventually terminate on 
some conducting medium which makes it effectively a two-conductor trans- 
mission line. 

The final illustration is that of a cylindrical dielectric rod in a second 
dielectric medium. In Chap. 14, we found that it is possible for a wave 
to be totally reflected at a boundary surface between two dielectric mediums. 
This occurs if the incident wave is in the medium having the higher dielec- 
tric constant and the angle of incidence exceeds the angle of total internal 
reflection. By utilizing this principle, a wave guide may be constructed of 
a rectangular dielectric slab without any conducting boundaries. If the 
slab has the proper thickness, the wave will be reflected from wall to wall 
as it propagates longitudinally doAvn the guide. The same phenomenon 
also occurs in dielectric guides of circular cross section. 

> Stbatton, J. a., “Electromagnetic Theory,” chap. 9, McGraw-Hill Book Company, 
Inc., New York, 1941. 
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For the circular rod, the values of (kib) and (k 2 b) which determine the 
value of r are again obtained from the boundary equations. The circu- 
larly symmetrical case (n = 0) is the simplest, since the Bessel and Hankel 
functions then reduce to zero-order functions. This is the only case in 
which the wave may be either a TE or TM wave, since if n > 0, both Ez 
and Hz are present. We will consider this special case, assuming that both 
mediums are lossless. 

In Eq. (3) we let 7i = and yl = —coV 2€2 to get 


r2 


(kib)^ 2 

W Ml€l 


from which we obtain 


ik2b)^ 

1/ 


— CO H2t2 


(5) 


1 lihh? - {k^hf 

« = 7 V 

b ^ - M2€2 

■■ = 


"Vi«i 




C0^/i2«2 


( 6 ) 

(7) 


The intensity or Hz in medium 2 has a Hankel function variation 
which, for large values of k 2 p may be replaced by the asymptotic representa- 
tion 


H^i\k2p) 


- 4 . 


7r(fc2P) 


e 




( 8 ) 


If the field is to exist predominantly in the dielectric rod, it is necessary 
that k 2 be imaginary or that (k 2 b)^ be negative. The intensities in medium 
2 are then attenuated in a direction radially outward from the surface of 
the cylinder. The borderline case occurs when {k 2 b) = 0. The correspond- 
ing value of CO, from Eq. (0), is 


CO 


(kib) 


bVi 


Ml«l 


M2<2 


(9) 


r = jp2 = iwVpi2C2 ^ = T = —j== ( 10 ) 

P 2 V /Z 2€2 

Hence the propagation constant is that of medium 2 and the wave travels 
with a velocity characteristic of that of medium 2. The frequency given 
by Eq. (9) can be considered the cutoff frequency, since it is the frequency 
for which the radial propagation constant in medium 2 changes from real 
to imaginary, or from a phase constant to an attenuation constant. Equa- 
tion (4) shows that {kib) is a solution of Jo{kib) = 0, the lowest value being 
(kib) = 2.405. This may be inserted into Eq. (9) to obtain the cutoff 
frequency. 
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If (A:2?>)^ is very large and negative, Eq. (6) may be approximated by 


ilc 2 b) 


6V^€1 — H 2€2 

r = j^i = 


O) 


Vi 


( 11 ) 

( 12 ) 


Ml Cl 


This occurs at high frequencies. The wave propagation takes place 
predominantly in medium 1, with a velocity and propagation constant 
determined by medium 1. The field in medium 2 decreases rapidly with 
distance from the surface and therefore is confined to a thin film at the 
surface of the dielectric rod. 

16.10. Power Transmission Through Wave Guides. — The power trans- 
mitted through a wave guide and the power loss in the guide walls may be 
evaluated by the use of the Poynting theorem. Assume an infinitely long 
guide, or a guide terminated in such a manner as to avoid reflections at the 
distant end. The guide has conducting walls and may have either circular 
or rectangular cross section. In general, there are two pairs of EH vectors 
which contribute to the longitudinal xiower flow. Thus, in rectangular 
guides the two pairs are Ex, Hy and Ey, Hx, which are related by Ex/Hy = 
—Ey/Hx = Zq. In cylindrical guides, the two pairs are Ep, and E^, 
Hpy these being related by Ep/H^ = —E^/Hp = Zq. 

For a lossless dielectric, the time-average power density is obtained by 
inserting Zq for 77 in Eq. (14.01-3), yielding 


<S*T = 


2Zo 


i’I'-'-f l«l= 


( 1 ) 


where | E | and ] H | represent the resultant transverse intensities; thus for 
rectangular guides | E =J Ex -\-\Ey or j // |^ = | Hx + | Hy p. 

Integrating Eq. (lybver the cfoss^e^ion of the guide^ yieldsTlieTime- 
average power flow through the guide, thus 


where the symbol jT da denotes integration over the cross section of the 
guide. For rectangular guides, the first of Eq. (2) becomes 


= ^ + (3) 

*^0 ^0 

and for circular guides 

r I (I I" + I dp d4> (4) 
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Substitution of the intensities for the TE and TM modes as given in Secs 
16.04 to 16.06, toget her with Zq = j;/Vi — (X/Xo)^ for TE modes and 
Zo = »;Vl — (X/Xo)^ for TM modes, into Eqs. (3) and (4), yields ‘ 

Rectangular guides 


abri /Xo 



Circular guides 

Rectangular guides 


0(- 


TE modes (5) 


I H^l(kb) TE modes ((>) 


ah /Xn\^ 


ah / 

= — ( 

877 \X 


Circular guides 


-Yes 

W 


TM modes (7) 


Th^ /X / / X \ ^ 

^ 4^ U ) “ V^/ 

^ The time-average power transmitted through the guide may also be expressed in 
terms of the longitudinal intensities Ez or Hz as given by 


- 


U/ Ja' 


I H. da 


TE modes 


i (t) V' " (^)7j I' 

These integrals are easier to evaluate than those of Eq. (4), particularly for the circular 
wave guide. To illustrate the method, consider the TM mode in a circular guide, for 
which Eq. (16.06-16) gives Ez == E(yJn{kp) co s n<t>. Substituting this into the above equa- 
tion, with Cl = (1/277 )(Xo/X)^ Vl — (X/Xo)^ we obtain 

Ft = CiE^ f*’ C’piJnMf coa^ tk), d-j, dp = ^CiEI f dp 

Jq Jq Jo 

- ^CiEl ^^\{f„{kh)f + (l - y*(fc6)| 

The last integration is obtained from Eq. (15, 10-14). For TM modes, we have Jnikb) == 
0, hence 

Pt ^lCiElhVn(kh)f 

Replacing Ci by its expression yields Eq. (8). 

For the derivation of power transfer equations similar to those given above, see S. A. 
ScHDELKUNOPE, ‘Electromagnetic Waves,” chap. 10, D. Van Nostrand Company, Inc.. 
New York, 1943, 
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16.11. Attenuation in Wave Guides. — The attenuation of electro- 
magnetic waves in wave guides may result from one or more of the follow- 
ing causes: 

1. An impressed wavelength greater than the cutoff wavelength. 

2. Losses in the dielectric. 

3. Losses in the guide walls. 

If the impressed wavelength is greater than cutoff, the intensities will be 
attenuated even though the guide is lossless. This type of attenuation is 
due to internal reflection at the entrance of the guide. The effect is similar 
to the attenuation experienced in lossless filters when operating in the 
attenuation band. For this type of attenuation, the propagation constant, 
as given by Eq. (16.03-14), is real, and we set F = ai, as indicated in Eq. 
(16.03-21). If the impressed wavelength is much greater than cutoff, ai 
approaches the limiting value of 


2w 



( 1 ) 


Wave guides with dimensions much smaller than cutoff are often used 
as attenuators. The input and output circuits may consist of coaxial lines 
which are coupled to the guide by means of either probe or loop antennas. 
The attenuation can be varied by means of a sliding piston which varies 
the length of the guide. 

16.12. Attenuation Due to Dielectric Losses. — Let us now consider the 
attenuation of a wave resulting from dielectric losses. For a plane wave 
traveling in unbounded dielectric, the propagation constant, as given by 
Eq. (13.06-5), is 7 = Vj'coM((r + jo)e). This may be written 

7 = ^1 — j ^ fxe ^1 — j — ^ (1) 


The second form of Eq. (1) may be expanded by the binomial theorem. For 
a low-loss dielectric, z.e., or/coe 1, only the first two terms of the series 
are significant. With the substitution co^/xe = (27r/X)^, these terms may be 
written 

7 = - ( — ) + >\//X€ (2) 

A \coc/ 


The phase constant is the familiar = coa//x€. The attenuation constant 
may be expressed as 


a 



rja 

~2 


( 3 ) 


where 17 is the intrinsic impedance of the dielectric. The approximate 
power factor of a low-loss dielectric is P.F. = or/coe. Hence, if the power 
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factor of the dielectric is known, the attenuation constant may be readily 
computed from the first form of Eq. (3). 

A similar approach may be used to evaluate the attenuation in wave 
guides resulting from dielectric losses. The propagation constant in the 
guide is 

r = (4) 


Inserting -y from Eq. (1) with oPui = (27r/X)^ and = (27r/).o;*, we have 




(5) 


Expanding Eq. (5) by the binomial series and retaining the first two terms, 
we obtain 


r = 


1 1 Ii _ /AV 

^ Vl — (X/Xo)^ X > ^Xo/ 


( 0 ) 


Hence the phase constant in the guide is /3i = (27r/X)Vl — (X/Xq)^. The 
attenuation constant may be expressed as 


rj(T 

ai = > -- = (7) 

2W- 

As X/Xo approaches zero, the attenuation constant in the guide approaches 
that for unbounded dielectric given by Eq. (3). The attenuation becomes 
very large as the wavelength of the impressed signal approaches cutoff. 

16.13. Attenuation Resulting from Losses in the Guide Walls. — A useful 
relationship may be obtained which relates the attenuation constant of a 
guide to the power transmitted through the guide and the power loss. Since 
this expression will be helpful in evaluating the attenuation constant result- 
ing from losses in the guide walls, let us consider it for a moment. 

The time-average power transmitted through the guide is expressed by 
Eq. (16.10-2). The magnitude of the resultant magnetic intensity may be 
written | // | = | LTo where Ho is the intensity at = 0. Upon 

inserting this into Eq. (16.10-2), we obtain 

Pt = ^(\Ho\h-'^'‘da (1) 

2 Ja 

The power loss per unit length of guide is the space rate of decrease of 
power flow, or Pl == --dpT/dz. Inserting Pt from Eq. (1) into this rela- 
tionship, we have 

Pl = «iZoJ| 


( 2 ) 
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If we now divide Eq. (2) by (1) and solve for ai, we obtain the desired 
relationship, 


Oil 


Pl 

2Pt 


( 3 ) 


The attenuation constant is therefore equal to the power loss per unit 
length of guide, divided by twice the transmitted power. This expres- 
sion is analogous to Eq. (8.03-9) which was derived for the transmission 
line. 

The attenuation constant resulting from the power loss in the guide walls 
is found by obtaining expressions for Pl and Pt and inserting these into 
Eq. (3) . We have previously derived expressions for the transmitted power. 
To evaluate the power loss in the guide walls, we first write the equations 
for the electric and magnetic intensity as though the guide were lossless. 
Since the walls of the guide are assumed to be perfectly conducting, the 
tangential component of electric intensity at the guide walls is zero. How- 
ever, there will be a tangential component of magnetic intensity which is 
terminated by a current flowing on the surface of the conductor. If we now 
assume that the guide walls arc imperfectly conducting, the tangential 
component of magnetic intensity will be substantially the same as if the 
walls were perfectly conducting. We may therefore use Eq. (14.04-4) to 
evaluate the power density in the imperfectly conducting walls. (The power 
loss per unit length of guide is obtained by integrating the power density 
over the surface of the conductor corresponding to unit length of guide; 
thus, from Eqs. (14.04-4) and (14.07-4), we obtain 

PL = -^-f\lI,\^ds (4) 


where Ht is the tangential component of magnetic intensity at the wall of 
the guide and (Ra \/w/x2/2<72 is the skin-effect resistance of the conductor. 
Inserting Pt from Eq. (16.10-2) and Pl above into Eq. (3), we have 


ai.flHt [2 ds 



The integral in the numerator is evaluated over the surface of the guide 
walls for unit length of guide, whereas that in the denominator is over the 
cross section of the guide. 

Let us now apply the foregoing method to the determination of ai for 
TM modes in rectangular guides. The tangential magnetic intensities at 
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the walls of the guide, 

as obtained from Eq. (16.05-9 and 10), 

are 

i 


— 1 kyEo sin k^x 

W/ 

(61 

1 


“ ) kxEo sin kyy 
\tp/ 

(7) 


These rl^ult in a longitudinal current in the guide walls, causing the power 
loss. Inserting the tangential intensities into Eq. (4), we obtain the power 
loss ^ 

Pl = dx + kl J sin^ kyy dy 


(Ji,\tEo /n^a m%\ 


To obtain the attenuation constant, insert Pl from Eq. (8) and Pt from 
Eq. (16.10-7) into (3), yielding 


(BgXo /n^ ^ m% \ 

27jal)Vl - (X/Xo)2 / 


(9) 


In the case of TE modes, the longitudinal magnetic intensity at the guide 
walls contributes to the power loss resulting from a transverse current 
flowing in the guide walls. As an illustration, consider the attenuation 
in a circular guide, TEn,m mode. From Eqs. (16.06-15) the tangential 
magnetic intensities are 

\H^i\ =~HoJn(kb) sin n<k (10) 

tC 0 

\H,t\ = HoJnikb) cos n<l> (11) 


Inserting these into Eq. (16.13-4) yields the power loss 

di.m 


Pl = 


2 

vb(R^ 


- Jn{kb) ^ ^ n4>d4> +J' b cos^ ruj) j 

HpUkb) -t- l] 


( 12 ) 


Substitution of Pl from Eq. (12) and Pt from Eq. (16.10-6) into Eq. (3) 
yields 


oti 


■ \(^\\ 1 

r)bV 1 - (\/Xof LV^o/ (kb)^ - n^\ 


(13) 
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The attenuation constants of rectangular and circular guides for TE and 
TM modes are given in Table 6. Figure 11 shows the variation of attenua- 
tion constant as a function of frequency for a circular guide 5 inches in 
diameter. It is interesting to note that the attenuation of the TFo.m mode 
in circular guides decreases indefinitely as the impresse d wavelength de- 
creases. This is evident in Eq. (13), since V 1 - (X/Xo)^ approaches unity, 



Frequency, megacycl es 


Fill. 11, —Attenuation fis a function of frequency in a circular guide 5 inches in cUameter. 


while (X/Ao) decreases approaching zero. However, L. J. Chu has shown 
that this anomalous attenuation characteristic is lost if the guide is slightly 
deformed. 

All modes in rectangular or circular guides have an impressed wave- 
length^ for which the attenuation is a minimum. For TM modes in either 
rectangular or circular guides, the optimum wavelength is given by 




( 15 ) 
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p = 2a/b in rectangular guides TEo^n mode 

p == a/b[l + (m/n)^(b/a)^]/[l + (ni/n)^(b/a)] in rectangular guides 

TEm,n mode (if m 5*^ 0 and n 0) 

p = [(kb)^ — n^]/n^ in circular guides TEn,m modes n 9^ 0 

A plot of ( XoA)opt. as function of p is shown in Fig. 12. As an example, the 
TEo^n mode in a rectangular guide with a ratio a/b = 0.8 has a value of 



p = 2a/b = 1.6. Referring to Fig. 12, we find that minimum attenuation 
occurs when (Xo/X)opt. = (/o//)opt. = 2.75. 

For a given guide perimeter, the dominant mode in circular guides 
{TE\^i mode) has the lowest attenuation. The next lowest is the TEq,i 
mode in rectangular guides having a ratio b/a = 1.18, the attenuation con- 
stant being about 85 per cent greater than the TEi^i mode in circular 
guides. We might have anticipated lower attenuation in circular guides, 
since the transmitted power flows through the cross section of the guide, 
whereas the power loss occurs in the guide walls. Consequently, as a 
rough criterion, the ratio of cross-sectional area to perimeter should be a 
maximum for minimum attenuation, a condition which is satisfied by 
circular guides. 
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It is interesting to compare the attenuation in circular wave guides with 
the attenuation of the principal mode in coaxial lines. Assuming the 
optimum ratio of 6/a = 3.6 for the line, and the dominant mode in the 
circular guide, the attenuation ratio, in terms of the impressed wavelength 
X and the cutoff wavelength Xq in the guide, is 

*^cable X.Sy/X (X/Xq)^ 

0.418 + (X/Xo)2 

The attenuation constants are equal when X/Xq = 0.88. For a larger 
imvf length ratio, the coaxial cable offers lower attenuation, whereas for a 
lower ratio the guide has less attenuation. As X/Xq — > 0, the attenuation 
ratio given in Eq. (16) approaches the value 4.3. In the wavelength range 
where guides have approximately the same dimensions as coaxial cables, 
the guides are preferable, since they offer the advantages of less copper 
and simpler construction. 

Some wave guide modes arc relatively more stable than others with slight 
deformations of the guide walls. L. J. Chu ^ has shown that, for guides of 
elliptical cross section, (1) all circular modes, f.e., modes in which n = 0, 
are stable under slight changes of cross section along an axis of symmetry", 
(2) the TEo.i and ril/o.i modes are stable under slight changes in cross 
section, and (3) with the exception of (1) and (2) above, all modes are 
unstable under cross-section deformations. Also, as previously stated, the 
attenuation characteristic of TE^^n mode changes with deformations. 

^ Chu, L. J., Electromagnetic Waves in Elliptic Hollow Pi|>es of Metal, Jour, Applied 
Phys.f vol. 9, pp. 583-591; SeptPitiber, 1938. 



354 


WAVE GUIDES 


[Chap. 16 


Table 6. — Summary of Wave Guide Formulas 


Cutoff wavelength — rectangular guides 

Cutoff wavelength — circular guides 
Where 

Jnikb) = 0 TM modes 

Jnikh) = 0 TE modes 

Phase constant in the guide (longitudinal) 

Wavelength in the guide (longitudinal) 


Xo 


Xo 


2 

V(m/a)2 + (n/6)2 

2Trb 

m 


^ _2t X 

^1 Vl - (X/Xo)2 


Phase velocity (longitudinal) 


?’/> = /Xp 


tv 

Vl - (X/Xo)2 


Group velocity (longitudinal) 
Velocity relationships 


“ dn,/^ ~ " (^o) 

Vc — ^VgVp 


Characteristic wave impedance — TE modes 

Zo = -7 ^ 

Vl - (x/Xo)“ 

Characteristic wave impedance — TM modes 


Attenuation at wavelengths longer than cutoff 
(nepers per meter) 


Attenuation due to dielectric loss 
(nepers per meter) 

Power transmitted 

ritr 

^ 2 V 1 - (X/Xo)“ 

Rectangular Guidcis 



TE modes 


TM modes 

Circular Guides 



™„.d„ 


^ TM modes 
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Table 6. — Summary op Wave Guide Formulas {Continued) 
Attenuation in hollow guides due to losses in the guide walls (decibels per meter) 

Rectangular Guides 


where 




Coaxial Line 



T^o.n modes 


TEm,n modes 


TMm.n modes 


TEn.tn modes 


TMn ,m modes 


Hr = relative permeability (unity for non-magnet ic materials) 


PROBLEMS 

1. A hollow rectangular guide has dimensions o = 4 cm, and 5 = 6 cm. The frequency 
of the impressed signal is 3,000 megacycles per sec. Compute the following for the 
TEo,if TEi,if and TE 2,2 modes: 

(a) Cutoff wavelength. 

(b) Wavelength parallel to the guide walls for modes in the pass band. 

(c) Phase velocity and group velocity for modes in the pass band. 

(d) Characteristic wave impedance for modes in the pass band. 

(e) Attenuation constant for modes in the attenuation band. 
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2 . Show that the group velocity in a lossless wave guide is given by 



by inserting ^ from Eq. (16.03-11) into Eq. (14.14-7). 

8. Starting with the axial magnetic intensity, as given by Eq. (16.04-8), derive expres- 
sions for the remaining electric and magnetic intensities in a rectangular guide for 
the TE modes. 

4 . Show that if both Bz and Hz are zero in a rectangular guide, all of the other intensities 
are zero and hence the TEM mode cannot exist in a guide. What happens to the 
axial component of electric or magnetic intensity as the dimensions of the guide are 
increased indefinitely? 

6. A circular wave guide is to be operated at a frequency of 5,000 megacycles per sec 
and is to have dimensions such that X/Xo = 0.9 for the dominant mode. Evaluate 
the following: 

(a) The diameter of the guide, 

(h) The values of X^, Vp, Vg, and Zq. 

(c) The attenuation in decibels per meter for the next higher mode in the guide. 

6 . Starting with the axial electric intensity, as given by Eq. (16.06-12), derive the 
expressions for the remaining electric and magnetic intensities in a circular guide for 
the TM modes. 

7 . The attenuation of a hollow wave guide is to be compared with that of a dielectric-, 
filled guide at a frequency of 3,000 megacycles per sec. Both guides are silver 
plated and have rectangular shape with a height equal to two-thirds of the width. 
The guides are operated in the TEo.i mode and are each designed such that X/Xo == 
0.8. The dielectric-filled guide has a dielectric having the properties er ~ 2.5 and 
(t/o)€ = 0.0005. 

(a) Specify the dimensions of the two guides. 

(h) Compute the attenuation constants and the attenuation in decibels per meter. 

8 . Compute the cutoff wavelength and corresponding frequencies for the first three 
higher modes in a coaxial line having dimensions a = 3 cm, 6=4 cm, considering 
only those modes of the type expressed by Eq. (16.08-8). 

9. A rectangular wave guide is designed to have a ratio X/Xo = 0.8 at a frequency of 
5,000 megacycles per sec in the TJ^o.i mode. The guide has a height to width ratio 
of 0.5. The time-average power flow through the guide is 1 kw. Compute the 
maximum values of electric and magnetic intensities in the guide and indicate 
where these occur in the guide. Evaluate the currents in each of the side walls and 
indicate the directions in which they flow. 

10 . Derive Eq. (16.10-6) for the power flow in a circular guide TE mode. 

11 . Show that V'^ = 0 and = 0 for TE and TM modes in rectangular guides. 

12 . An infinitely long dielectric slab of thickness 6 is immersed in a second dielectric 
medium. Both mediums are assumed to be lossless. Show that the cut-off wave- 
length for the slab as a wave guide is 


Xo = 26 V 1 - (ej/ei) 

Hint: Assume that at cutoff the angle of incidence in the slab is equal to the angle of 
total internal reflection, given by Eq. (14.12-3) and that the wavelength normal to 
the guide is 26. 
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The resultant wave traveling down an infinitely long guide, which has a 
miform characteristic wave impedance, may be regarded as an outgoing 
wave. Since this outgoing wave sees no discontinuity in wave impedance, 
there is no tendency to set up a reflected wave. It is also possible to termi- 
nate a uniform guide of finite length in such a manner that the outgoing 
wave sees no impedance discontinuity, thereby eliminating reflections. 
These two cases are analogous to the transmission line which is infinitely 
long and the line which is terminated in its characteristic impedance, 
respectively. 

17.01. Effect of Impedance Discontinuities in Guides. — The effect of 
impedance discontinuities in wave guides is to produce reflections which 
originate at the points of impedance discontinuity. The outgoing and re- 
flected waves, traveling in opposite directions, produce standing waves of 
electric and magnetic intensity in the guide. These standing waves are 
analogous to the standing waves of voltage and current on a transmission 
line resulting from an impedance discontinuity on the line. 

The standing-wave ratio in the guide (ratio of the maximum to minimum 
value of electric intensity) may be measured by means of a traveling detector 
such as that shown in Fig. 6, Chap. 18. The methods described in Sec. 
10.05 may be used to evaluate wave impedances in terms of the standing- 
wave ratio. A standing- wave ratio of unity indicates that there is no re- 
flected wave; hence the energy of the outgoing wave must be totally ab- 
sorbed in the load. A standing-Avave ratio appreciably greater than unity 
indicates that the guide contains an abrupt impedance discontinuity. From 
a practical point of view, it is often possible, by careful adjustment, to 
obtain standing-wave ratios of the order of 1.01. 

There are a number of ways of terminating wave guides so as to avoid 
reflected waves. For example, a wave guide may be terminated by a 
metallic horn such as that shown in Fig. 7, Chap. 21. The electro- 
magnetic horn provides a gradual transformation of impedance from the 
characteristic wave impedance of the guide to the intrinsic impedance of 
free space. If the electromagnetic horn is many wavelengths long, there 
will be virtually no reflected wave and all of the energy of the outgoing 
wave will be radiated into space. 

Another method of terminating a guide so as to utilize the energy of the 
outgoing wave is to place a small pickup antenna in the guide and connect 
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this, through a coaxial line, to an external load. Any one of the impedance- 
matching methods described in Chap. 10 may be used to match the imped- 
ance of the load to the impedance of the guide, thereby assuring maximum 
power transfer from the guide to the load. To prevent loss of energy due 
to radiation, the guide may be closed off by a conducting wall placed across 
the end of the guide just beyond the pickup antenna. Although a pickup 
antenna of this type does not provide a uniform termination across the 
guide, experience has shown that it is possible to obtain a standing-wave 
ratio approaching unity by this means. 

Consider a wave guide which is excited in such a manner that the out- 
going wave travels down the guide in the dominant mode. If the guide 
contains an impedance discontinuity, the reflected wave can propagate 
either in the dominant mode, or in a superposition of modes including the 
dominant mode and higher-order modes. Whether or not the higher-order 
modes will appear in the reflected wave depends upon the nature of the 
impedance discontinuity and the dimensions of the guide. 

If the impedance discontinuity is uniform across the guide, then there 
is little likelihood that higher-order modes will appear in the reflected wave. 
Such a uniform impedance discontinuity might arise from the use of two 
different dielectric mediums in the guide, with a plane interface between 
the two mediums which is transverse to the guide, as shown in Fig. 1. 

If the impedance discontinuity is nonuniform, such as that provided by 
an aperture or an antenna in the guide, then higher-order modes will appear 
in the vicinity of the impedance discontinuity. If the dimensions of the 
guide are such as to pass the dominant modes and attenuate all higher- 
order modes, then the higher-order modes cannot be present in the reflected 
or transmitted waves at any appreciable distance from the impedance dis- 
continuity. However, if the dimensions of the guide are such as to pass 
some of the higher-order modes, then the reflected wave will in all proba- 
bility contain the dominant mode as well as some of the higher-order modes ; 
hence there will be energy transfer from the dominant mode to the higher- 
order modes. 

17.02. Wave Guide with Two Different Dielectric Mediums. — Con- 
sider an infinitely long guide which contains two different dielectric mediums 
with a plane interface normal to the axis of the guide as shown in Fig. 1. 
It will be assumed that the outgoing, reflected, and transmitted waves all 
propagate in the dominant mode. The outgoing and transmitted waves 
are assumed to travel in the —z direction and therefore contain the propaga- 
tion term while the reflected wave travels in the +z direction and con- 
tains the propagation term 

For either a TE or TM mode in a rectangular guide, there will be two 
pairs of transverse intensity components which contribute to the longi- 
tudinal component of Poynting^s vector. These are £7,, Hy and Ey^ Hx. 
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The intensities of the outgoing and reflected waves for the first pair in the 
medium 1 may be represented by 

E, = (Ae^'^ + y) (1) 

Hy = ^ e-^A fix, y) (2) 

\Zoi /jQl / 

The time function has been omitted in the above equations for brevity, 
and the transverse spatial distribution function f(x^ y) may be obtained 
from Eqs. (16.04-21) for TE modes or (16.05-7) for TM modes. 



Fig. 1. — Wave guide with two different dielectric mediums. 

The A and B coefficients in Eqs. (1) and (2) may be evaluated in terms 
of the surface intensities by the methods used for transmission lines in 
Sec. 8.02 or for plane-wave reflections in Sec. 14.05. The wave impedance 
terminating medium 1 is the characteristic wave impedance Z 02 of the 
second medium. Letting Exr be the value of E^ at the interface between 
the two dielectric mediums, the A and B coefficients are given by the 
expressions. 



Upon inserting these into Eqs. (1) and (2), we obtain 



Equations (4) and (5) are analogous to Eqs. (14.05-2 and 3) for the reflec- 
tion of unifonn plane waves. In order to satisfy the boundary conditions, 
the tangential electric and magnetic intensities must be equal on either 
side of the boundary surface between the two dielectric mediums. Since 
ExR is the value of E^ at the boundary surface in medium 1, it must like- 
wise be the value of E^ at the boundary surface in medium 2. The intensL 
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ties of the outgoing wave in medium 2 may therefore be written 


C = ExRC^^fix, y) 

(6) 

Hy 

^02 

( 7 ) 

Expressions similar to those given by Eqs. (1) to (7) may be written for 
the Eyy Hx components of intensity. The reflection and transmission coeffi- 
cients are given by Eqs. (14.10-17 and 18) which, for this case, become 

_ Zo2 - Z,n 

Z 02 4" ^01 

(8) 

V'f = 

^02 + -2^01 

(9) 


If both mediums are lossless dielectrics, the characteristic wave impedances 
are given by Eqs. (16.04-16) for TE modes and Eq. (16.05-4) for TM 
modes. 

When Eqs. (4) and (5) are expressed in hyperbolic form, they become 

Ex = Exr (cosh Tiz + ^ sinh riz)/(x, y) (10) 

\ ^02 I 


ExR ( ^02 \ 

Hy = — ( cosh TiZ + --- sinh Tj? ) f(x, y) (1 1) 

^02 N ^01 / 

and the wave impedance for the transverse components of intensity may 
be written 

Ex /Zo2 + ^01 tanh FiA 

Z = = /jQl 1 I (1-^) 

Hy \Zoi + ^02 tanh Yiz/ 


17.03. Wave Guide with a Perfectly Conducting End Wall. — The rela- 
tionships derived in the preceding section apply equally well if medium 2 
is a dielectric or a conducting medium. As a special case, consider a rec- 
tangular guide which has a lossless dielectric and perfectly conducting side 
walls. The guide is also assumed to be terminated by a perfectly conducting 
end wall, which we designate as medium 2. We then have Fi = jfiu 
Zq 2 == 0, and Exr = 0. Making these substitutions in Eqs. (17.02-10) to 
(12), and using HyR = Exr/Zq 2 to eliminate the indeterminate, we obtain 

Ex = jHyRZoi sin /3iZ f(x, y) (1) 


Hy = HyR cos fiiz fix, y) 


(2) 



jZoi tan /3iz 


( 3 ) 
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Equations (1) and (2) are the equations for standing waves of electric 
and magnetic intensity in the guide. The standing waves are shown in 
Fig. 2. These equations and the standing-wave patterns are similar to 
those for the voltage and current on a short-circuited lossless transmission 
line. 



1 


! 


1 


Fi(i. 2.— Standing waves in a guide. 


The wave impedance given by Eq. (3) is reactive, indicating that the 
electric and magnetic intensities are in time quadrature and that the time- 
average power is zero. The variation of reactance as a function of distance 
z from the end wall (or as a function of fiiz) is similar to that shown in 
Fig. 5, Chap, 8. 

17.04. Impedance Matching Using a Dielectric Slab. — In transmission- 
line theory it was shown that a quarter-wavelength section of line may be 
used to obtain an impedance match if the generator and load impedances 
are pure resistances. If a wave guide contains two different dielectric 



Fig. 3. — Impedance matching by use of a quarter-wavelength dielectric slab. 


mediums, it is possible to obtain an impedance match and thereby avoid 
reflections by interposing a dielectric slab between the two original dielectric 
mediums, as shown in Fig. 3. The dielectric slab must be a quarter- 
wavelength thick (as measured in the guide) and have a characteristic 
wave impedance given by 


Zo2 = V Zoi Zo3 


( 1 ) 
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If the impedances are matched, there will be an outgoing wave in medium 
1 , but no reflected wave. All of the energy of the outgoing wave will then 
be transmitted to medium 3. 

17.05. Apertures in Wave Guides. — ^If a wave guide contains a non- 
uniform discontinuity, such as the step discontinuity of Fig. 4 or the aper- 
tures of Fig. 5, new modes may appear in the reflected and transmitted 
waves which are not present in the outgoing wave. 

Assume that the outgoing wave in Fig. 4 propagates in the dominant 
mode and that the dimensions of the guide are such as to attenuate all 
higher-order modes. 'Field distributions corresponding to higher-order 


Oufgofng wave- 
Ref leafed wave 


^02 

Transmitted 

wave 


(a) 


-01 


^ Z, 


02 


(b) 

Fig. 4. — Wave guide with a step discontinuity and equivalent circuit. 


modes may then appear in the vicinity of the aperture, but they will not 
exist at any appreciable distance away from the aperture. Under these 
conditions, the higher-order modes represent reactive energy storage, which 
is similar to the energy storage in a lumped inductance or capacitance. 
Thus, a step discontinuity, such as that shown in Fig. 4, may be represented 
by two transmission lines, having different characteristic impedances, which 
are joined together with a lumped capacitance at the junction. 

If the dimensions of the guide of Fig. 4 are such as to pass higher-order 
modes, then the reflected and transmitted modes will probably contain the 
allowed higher-order modes as well as the dominant mode. The step dis- 
continuity then serves to convert energy from the dominant mode (in the 
outgoing wave) into higher-mode energy (in the reflected and transmitted 
waves). The equivalent circuit shown in Fig. 4b is not valid if the dimen- 
sions of the guide are such as to pass the higher-order modes. 

Apertures, such as those shown in Fig. 5, may have either inductive or 
capacitive characteristics. If the electric-intensity vector is parallel to the 
aperture sides, as shown in Fig. 5a {TEq^i mode assumed), the currents can 
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flow vertically in the aperture wall to terminate the magnetic field. The 
reactive energy is then largely in the magnetic field and the equivalent 
circuit consists of a transmission line shunted by an inductance. 

On the other hand, if the electric-intensity vector is perpendicular to the 
sides of the aperture, as shown in Fig. 5b, the current flow in the aperture 
wall is interrupted and an electric field appears across the gap. For this 
condition, the reactive energy storage is in the electric field and the aperture 
appears capacitive. The equivalent circuit then consists of a uniform line 
shunted by a lumped capacitance. 



xZ 

(a) (b) (c) 

Fiq. 5. — Apertures in wave guides and their equivalent circuits (for the dominant mode). 

The aperture shown in Fig. 5c may be either capacitive or inductive, 
depending upon the relative dimensions of the width and height of the 
aperture. By properly proportioning the aperture, the equivalent induc- 
tive and capacitive reactances may be made equal and the equivalent circuit 
is analogous to an antiresonant parallel L-C circuit. Since the impedance 
of such a circuit is very high, it has very little shunting effect and the wave 
will therefore pass through the aperture almost as though the aperture 
were not present, 

17.06. Practical Aspects of Resonators.^ — If a wave guide, excited from 
a microwave source, is terminated in a conducting end wall, there will be 
nodal planes of electric intensity at distances from the end wall correspond- 
ing to z = nXp/2, where n is any integer and Xp is the wavelength for the 
given mode in a direction parallel to the guide walls. A second conducting 
end wall may be added so as to coincide with the nodal plane of electric 
intensity without altering the field distribution between the two end walls. 
It is assumed, of course, that the exciting antenna is in the guide between 
the two end walls. The totally enclosed guide then becomes a resonator 

‘ Wilson, I. G., C. W. Schramm, and J. P. Kinzer, High-Q Resonant Cavities for 
Microwave Testing, Bell System Tech, vol. 25, pp. 408-434; July, 1946. 
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with discrete resonant frequencies and resonance properties somewhat simi- 
lar to those of the resonant line or the parallel L-C circuit. It is not neces- 
sary, however, that a resonator have a simple geometrical shape, such as 
that described above. In fact, any closed conducting surface may be con- 
sidered to be a resonator, regardless of shape. 

A given resonator has theoretically an infinite number of resonant modes. 
Each mode corresponds to a definite resonant frequency (or wavelength). 
If the exciting source has a frequency differing appreciably from any of the 




Fig. 6. — Methods of exciting a resonator. 


resonant frequencies, the electromagnetic field in the resonator will be 
extremely small. However, as the frequency of the impressed signal ap- 
proaches one of the resonant frequencies, pronounced electromagnetic oscil- 
lations appear, as evidenced by relatively large standing waves of electric 
and magnetic intensity in the resonator. The maximum amplitude of the 
standing wave occurs when the frequency of the impressed signal is equal 
to a resonant frequency. In general, the various resonant frequencies are 
not harmonically related, although in exceptional cases they may be har- 
monic. Harmonic resonant frequencies are most likely to occur in the 
rectangular and spherical resonators. The mode having the lowest resonant 
frequency (or the longest wavelength) is known as the dominant mode, 
17.07. Methods of Determining the Resonant Frequencies. — ^There are 
a number of ways of evaluating the resonant frequencies of a resonator. 
One method, which is particularly applicable to resonators of simple geom- 
etry, consists of writing the field-intensity equations as outgoing and re- 
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fleeted waves in the manner described in Secs. 17.02 and 17.03. The reso- 
nant frequencies are then determined by the requirement that the tangential 
electric intensities must be zero at the boundary walls (assuming perfectly 
conducting walls). Another way of stating this requirement is that the 
wave impedance must be zero at the resonator walls. 

A useful resonance criterion states that if a pure reactance circuit is 
broken into at any junction, such as at ab in Fig. 7a or 7b, resonance occurs 


b 

(a) 

a 


b 

(b) 




Fig. 7. — Resonance occurs when Xi = —X2. 


at that frequency for which the reactances are equal in magnitude but 
opposite in sign, i.c., when Xi = — X 2 . This criterion may be applied to 
a lossless resonator by writing an expression for the reactance looking both 
ways at the plane ab in Fig. 7c. Resonance occurs when these reactances 
are equal and opposite. 

A more general method of determining the resonant frequencies consists 
of solving MaxwelFs field equations to obtain the field intensities which 
satisfy the given boundary conditions. The boundary conditions deter- 
mine the resonant frequencies. 

Another method is based upon the fact that at resonance the peak energy 
storage in the electric and magnetic fields are equal. Consequently, if 
expressions can be obtained for the energy storage in the electric and mag- 
netic fields, these can be equated to obtain an expression which can be 
solved for the resonant frequency. 
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Finally, certain types of resonators have a construction similar to that 
of the coaxial line. These resonators may be treated by the transmission- 
line methods described in Sec. 10.03. In some cases it is possible to use 
approximate formulas to evaluate the equivalent inductance and capaci- 
tance of the resonator. The resonant frequency is then determined by 
the familiar relationship co,. = 1/Vlc. 

A reentrant resonator is one in which the metallic boundaries extend 
into the interior of the resonator. Several different types of reentrant 
resonators are shown in Fig. 8. The resonators of Fig. 8a and 8c are 



(c) (d) 


Fig. 8. — Reentrant resonators. 

similar to those used in klystron oscillators. Figure 8b shows a resonator 
which is essentially a coaxial line terminated by a lumped capacitance 
(the capacitance across the gap between the center conductor and the end 
wall) . The resonator of Fig. 8d is spherical in shape and has conical dimples. 

It is sometimes convenient to represent a resonator by an equivalent 
parallel R-L-C circuit. To obtain the equivalent inductance, the energy 
storage in the magnetic field is first evaluated. This energy storage is 
equated to where L is the equivalent inductance and I is the current 

in one of the resonator walls. The equivalent capacitance is obtained by 
evaluating the energy storage in the electric field and equating this to 
where V is the voltage difference between two opposite points on 
the resonator walls, taken where the voltage difference is a maximum. 

An equivalent shunt resistance R may be evaluated by expressing the 
power loss in the resonator as Pl = V^I2R, yielding R = V^I2Pl- If 
the power loss and voltage are known, the shunt resistance can be deter- 
mined. The values of J?, L, and C in the equivalent circuit of a resonator 
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are sometimes useful in appraising the over-all merits of the resonator. 
For example, the same resonant frequency can be obtained with a wide 
variety of resonator shapes provided that the L-C product is held constant. 
However, the Q of the resonator increases with L; hence a high L/C ratio 
results in a high Q. 

An interesting and useful principle of similitude states that if two reso- 
nators have identical shapes but different scale dimensions, the resonant 
frequencies of the resonators are inversely proportional to their linear dimen- 
sions. If it is desired to construct a resonator having a given shape and 
resonant frequency, an experimental resonator may first be constructed 
having the desired shape and approximate size. The resonant frequency 
may then be measured, and the ratio of the experimental resonant frequency 
to the desired resonant frequency gives the scale factor to be used in con- 
structing the desired resonator. 

17.08. Reactance Method of Determining the Resonant Frequencies. — 

Consider a rectangular resonator as shown in Fig. 7c, with perfectly con- 
ducting walls and a lossless dielectric. At the resonant frequency the 
reactances Xi and X 2 looking in opposite directions from a point in the 
plane ab are equal in magnitude and opposite in sign. Let us now transfer 
our point of observation to the right-hand wall. The reactance X 2 look- 
ing to the right (into the perfectly conducting end wall) is zero. Conse- 
quently, at resonance, the reactance Xi looking to the left must likewise be 
zero. Applying Eq. (17.03-3), we obtain 

= J^o tan fiic = 0 (1) 

where c is the length of the resonator. Equation (1) is satisfied when 
l3ic = Trp or = pw/c, where p is any positive integer. 

Our analysis of wave guides gave the ^-directed propagation constant in 
a lossless rectangular guide as 

r = Ji3i = Vk^ + k^- (oV« (2) 

This is likewise the propagation constant in the Z direction for the reso- 
nator. At the resonant frequency we have from Eq. (1), i3i = pir/c. 
Since /3i is given by an expression similar to the expressions for kx and ky^ 
we let Pi = kgf obtaining 

mir me pie 

kx ~ ky = kz “ (3) 

a b c 

Inserting kg for into Eq. (2) and solving for the resonant frequency 
/r, we obtain 

fr = '^kl + kl + lii (4J 
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where Vc = 1/V/je. The substitution = (2ir/Xr)® yields the resonant 
wavelength 



2 

V{m/af + {n/bf + (p/cf 


(5) 


In these equations Vc and Xr are the velocity and wavelength for the 
given signal in unbotinded dielectric. 

Modes in rectangular resonators are designated as either TEm,n,v 
TMm,n,p modes. In conformity with the wave-guide terminology, the 
TE modes are characterized by Ez = 0, whereas the TM modes have 
Hz = 0. It is possible, of course, for TE and TM modes to exist simul- 
taneously in the resonator. The integers m, n, and p represent the half-wave 
periodicity in the x, y, and z directions, respectively. Since Eqs. (4) and 
(5) are valid for either TE or TM modes, it follows that there are two 
possible modes for every resonant frequency, one of these being a TE mode 
and the other a TM mode. An exception occurs when any one of the 
integers is zero. Modes of the type TEo,n,p can exist, but TMo,n,p modes 
cannot exist. At least two of the integers m, n, and p must have values 
greater than zero in order for the field to exist. A single resonant fre- 
quency which has two or more modes of oscillation is known as a degenerate 
frequency. In rectangular resonators, all resonant frequencies for which m, 
n, and p have non-zero values are twofold degenerate. 

The lowest resonant frequency, i.c., the frequency of the dominant mode 
for a rectangular resonator, occurs when the integer associated with the 
smallest dimension is zero and the other two are unity. Thus if a is the 
smallest dimension, the 2'2?o,i,i mode is the dominant mode, with 




For a cube, we have a = 6 = c and Xr = y/2a, or the resonant wave- 
length is equal to the length of the diagonal of one face of the cube. 

17.09. Rectangular Resonator — Solution by Maxwell’s Equations. — 
Let us now consider the analysis of the rectangular resonator from the 
viewpoint of Maxwell's equations. Again we assume that the resonator 
walls are perfectly conducting and that the dielectric is lossless. We start 
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the analysis by assuming electric-intensity components which satisfy both 
the boundary conditions and the divergence equation. These are 

Ex = El cos kxX sin kyy sin k^z 

Ey = E2 sin kxX cos kyy sin kgZ (1) 

Ez = £3 sin kxX sin kyy cos kzZ 

vvhere the time function has been omitted for brevity. The insertion 
of these into the divergence equation V • £ = 0 yields 

kxEi + kyE2 + kzEz = 0 ( 2 ) 

This imposes a restriction upon the values of £1, £2, and £3. If we had 
assumed all sine terms or all cosine terms in Eq. (1), these would not have 
satisfied the divergence equation and hence such a field could not exist. 



In rectangular coordinates the wave equation may be written for an> 
3omponent, such as V^Ex = y^Ex- Inserting Ex from Eq. (1) into th( 
wave equation, together with 7^ = — wj/xc = ■“( 27 r/Xr)^, we obtain the res 
onant frequency and wavelength 

fr = ^Vkl+kl + kl ( 3 : 

V(m/a)* + (n/6)2 + (p/c)» 

These are identical to Eqs. ( 17 . 08-4 and 5). 


(4 
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The magnetic intensities may be readily obtained by inserting the electric 
intensities given by Eq. (1) into the curl equation (13.06-1). This process 
yields 

(kzE2 — kyEs) , 

Hx = sm kxX cos kyy cos kzZ 

j0)fl 

(kxEs — kzEi) 

Hy = cos kxX sin kyij cos kzZ (5) 

xr ' ikyEi kxE^ 1 • j 

Hz = : cos kxX cos kyy sm kzZ 

JCO/A 

For transverse-electric modes, one of the coefficients Eo^ or E^ must 
be zero, whereas for transverse magnetic modes, one of the coefficients of 
the magnetic intensities must be zero. 

If any one of the integers m, n, or p is zero, the corresponding k is 
also zero and two of the components of electric intensity in Eq. (1) vanish, 
leaving the intensity component which is polarized in the direction of the 
zero integer axis. For example, the TEo,n,p mode has Ey = Ez = 0, and 
only Ex exists. If two of the integers are zero, all of the field intensity com- 
ponents vanish and consequently there can be no such mode of oscillation. 

If we apply the resonance criterion shown in Fig. 7 to a lossless transmis- 
sion line which is short-circuited at both ends, we find that resonance occurs 
when tan fil = 0, where I is the length of the line. This requires that 
pi = riTT, or p = mr/lj where n is any integer. The resonant wavelength 
is then 



n 


Comparison of Eqs. (4) and (6) shows that transmission-line resonance 
may be regarded as a special case of Eep (4) in which two of the integers 
are zero. Hence, resonance on a transmission line may be viewed as an 
oscillation in one degree of freedom (the longitudinal direction). Resonatoi 
oscillations, on the other hand, may have either two or three degrees of 
freedom. Oscillations in two degrees of freedom occur when one of the 
integers is zero, and in three degrees of freedom when none of the integers 
is zero. 

The resonant frequencies or wavelengths of a rectangular resonator may 
be represented by the lattice structure shown in Fig. 10.^'^ This is obtained 

^This is similar to a method used for determining the resonant frequencies of an 
acoustical resonator as described by P. M. Morse in “Vibration and Sound, chap. 8, 
McGraw-Hill Book Company, Inc., New York, 1936. 

* Condon, E. U., Principles of Microwave Radio, Rev. Modern Phya., vol. 16, pp. 341- 
389; October, 1942. 
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and plotting the values of m/a, n/6, and p/c along the x, y, and z axes, 
respectively. Each rectangular box in the lattice corresponds to one set 
of values of m/a, n/6, and p/c, and the length of its diagonal is proportional 
to 2Jr/vc or 2/Xr. If one of the integers is zero, this is represented by a 
rectangle in one of the coordinate planes and the length of the diagonal 
of the rectangle is proportional to 2fr/vc or 2/\r. 


Length of diagonaf is 
proportional to 



Fig. 10. — Lattice structure representing the resonant frequencies of a rectangular resonator. 


The number of resonant frequencies mounts rapidly with increasing 
values of m, n, and p. For example, there are four resonant frequencies 
including and below the mode, and 20 resonant frequencies below 

its second harmonic, the TE 2 , 2,2 mode. Most of the resonant frequencies 
are nonharmonic. Each rectangular box corresponds to two modes, a TE 
mode and a TM mode, both having the same resonant frequency. 

If two or more resonator dimensions are equal, the integers associated 
with these dimensions are interchangeable without altering the resonant 
frequency, hence their resonant frequencies are degenerate. 

17.10. Q of Resonators. — The Q of a resonant system is a measure of 
its frequency selectivity. The Q of a resonator may be evaluated by using 
the definition given by Eq. (10.02-3), i.e., 


Q- 


Pl 


(10.02-3) 
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where Ws is the peak value of energy storage in the field of the resonator 
and Pl is the time-average power loss. 

In a high-Q resonator, the electric and magnetic intensities are in time 
quadrature. When the electric intensity has its maximum value, the mag- 
netic intensity is zero, and vice versa. Therefore the peak energy storage 
in either the electric field or the magnetic field may be used in Eq. (10.02-3). 
The peak value of energy density stored in the electric and magnetic fields 
may be expressed as We = Ke] E and Wm = H |^, respectively, where 
I E [ and | H | are the peak values of the intensities. The total energy 
storage in the resonator is obtained by integrating this energy density over 
the volume of the resonator, or 

W.=^'"-^yi\^dr="-^\E\^dr ( 1 ) 

The time-average power loss is evaluated by integrating the power 
density given by Eq. (14.04-4) over the inside surface of the resonator, 
thus 

= ( 2 ) 

where (Rs is the skin-effect resistance per unit area of conductor, as given 
by Eq. (14.07-4), and Ht is the peak value of the tangential magnetic 
intensity. 

Inserting these expressions for Wa and Pl into Eq. (10.02-3), we obtain 
an expression for the Q of the resonator 



The numerator of Eq. (3) is integrated over the volume of the resonator, 
while the denominator is integrated over the inside surface area of the 
resonator walls. 

An approximate expression for the Q of a rectangular resonator may be 
obtained by assuming that the standing wave of electric intensity has a 
sinusoidal distribution. The value of | Ht at the resonator walls is 
approximately twice the value of \ H\^ averaged over the volume. Hence, 
Eq. (3) may be represented approximately by 

0}flT 

2(^,5 


Q 


( 4 ) 



Sec. 17 . 11 ] 


THE Q OF A RECTANGULAR RESONATOR 


373 


where r is the volume of the resonator and s is the inside surface area of the 
resonator walls. Hence the Q is roughly proportional to the ratio of volume 
to surface area of the resonator. 

Extremely high Q^s are attainable with well-designed resonators. Typical 
values of Q for unloaded resonators are from 2,000 to 100,000. Silver and 
gold plating are often used to reduce the skin-effect resistance and thereby 
increase the Q. If sliding pistons are used to tune the resonator, the loss 
due to the current flow across the contact resistance between the piston 
and the resonator walls results in an appreciable lowering of the Q of the 
resonator. The use of spring contact fingers of low-resistance material on 
the piston helps to reduce this loss. 

If there are losses in the dielectric of the resonator as well as in the reso- 
nator walls, the Q for each type o^ loss may be computed separately. Repre- 
senting these Q^s by Qi and Q 2 , the effective Q of the resonator is 




Q1O2 
Qi + Q2 


(5) 


The resonant frequency of a resonator varies inversely as the square root 
of the dielectric constant. It is therefore possible to reduce the size of a 
resonator for a given resonant frequency by the use of a dielectric having a 
dielectric constant greater than unity. However, all known dielectric mate- 
rials have appreciable losses at the microwave frequencies, hence their use 
in resonators results in a substantial decrease in the effective Q of the 
resonator. 

17.11. The Q of a Rectangular Resonator. — The Q of a resonator may 
be evaluated by the methods of Sec. 17.10. To illustrate the method, the 
Q will be determined for a rectangular resonator operating in the TEo,n,p 
mode. The intensities are obtained by setting = 0 in Eqs. (17.09-1 and 
5), giving 

Ex = El sin kj,t/ sin kgZ 


Hy = 


kgEi 

sin kyy cos kgZ 


( 1 ) 


Hg 


kyEl 


cos kyy sin kgZ 


The peak energy storage in the electric field is obtained by inserting Ex 
into Eq. (17.10-1) and integrating, yielding 


Wg 


2 


Iffsi 

•'0 *'0 


sin^ kyy sin^ kgZ dy dz 
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The time-average power loss is obtained by inserting the tangential com- 
ponents of magnetic intensity into Eq. (17.10-2) and integrating. Referring 
to Fig. 9 and Eq. (1), the tangential magnetic intensities are 

at side walls 


II zt = 


at front and back walls 


Ilyt I = 


at top and bottom walls 


kyEi 

OSrtX 

kgEi 


sin kzZ 


sin kyy 




\H.\ = 

The power loss then becomes 

.2 


kzEi 

sin kyy cos kzZ 

kyEi 


Oiry 


cos kyy sin kzZ 


Pl = kl f f sin^ kzZ dxdz + kz f f sin^ kyy dx dy 

VcOr / X / L •'0 *^0 •'0 •'0 


+ 


do Jq 


sim kyy cos^ kgZ dy dz + k 


If 

•^0 *'0 


cos^ kyy sin^ kzZ dy dz 


Perfonning the indicated operations and substituting the values of kj,, ky, 
and kg from Eq. (17.08-3), we obtain 


Pl 


(Rg / n^ac p^db he ( p^ 


_ (fit / ttEiV ■ 

2 \(arii / . 


+ ■ 


+ 


2 Vc^ ^ tVj 


(3) 


Inserting TF* and into Eq. (10.02-3), with the substitutions = 
(2ir/Xr)^ and ij = 's/n/f, gives 


Q = 


2irr]abc 


(R,X?{(ra^ac/6^) + {p^ah/c^) -t- 6c/2[(p^/c^) + (n^/b^)]] 


For a resonator in which b = c, this becomes 

^xriob^ 


Q 


(Rg\l{[ia/b) + y^Kn^ + p2)} 


and for the cube a = b = c, 




4x7)0,^ 


3(Ji,K(n^ + p2) 


(4) 

(5) 

( 6 ) 


If the cubical resonator is excited in the TEo,i,i mode, we have Xr = \/2a 
and Q = 0.741»;/cR,. 
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17.12. Cylindrical Resonator. — The cylindrical resonator having a cir- 
cular cross section may be analyzed by the methods of Sec. 17.08. The 
intensities of the outgoing and reflected waves and the wave impedance of 
a circular guide with a perfectly conducting end wall may be expressed by 
equations similar to Eqs. (17.03-1 to 3). Thus, for Ep and we may write 


Ep = jH^r Zoi sin <t>) (1) 

= II^R cos fiizfipy (t>) (2) 

E 

Z = ~ = jZoi tan Piz (3) 

II<f> 


where H^r is the value of at the end wall, and the function /(p, <t>) may 
be obtained from Eqs. (16.06-15 or 16). Similar expressions may be written 
for the E^y Hp pair, the impedance being the same as that given by Eq. (3). 

Resonance occurs when the second conducting end wall is at a point of 
zero impedance. This requires that tan fiic = 0, where c is the axial length 
of the resonator. This requirement is satisfied by PiC = pir or Pi = ptt/c, 
where p is any integer. An expression for pi in circular guides or resonators 
is obtained by setting r == jPi in Eq. (16.06-19), yielding 


Pi = 


4 






(4) 


The substitutions Pi == pw/c and = (27r/Xr)^ jdeld the resonant fre- 
quency and Avavelength, 



(5) 


The values of {kh) are the roots of Jn{kh) = 0 for TM modes and of 
J^nikh) = 0 for TE modes, as given in Table 5, Chap. 16. In circular reso- 
nators the modes are designated TEn,m,p and TMn,m,p- The integer n 
determines the periodicity in the <#> direction [see Eqs. (16.06-15 and 16)], 
m denotes the number of zeros of electric intensity in the radial direction 
(exclusive of the zero on the axis), and p is the number of half wavelengths 
in the axial direction. Since the values of {kh) are different for TE and 
TM modes, the resonant frequencies do not have the type of degeneracy 
found in rectangular resonators. 

For n = 0 the electric intensity has a radial distribution corresponding 
to a zero-order Bessel function and there is no variation of the field in the 
<l> direction. For TM modes we may also have p = 0, corresponding to 
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uniform intensity in the axial direction. The resonant wavelength of 
TMo^m.o modes is ox 


The TMq.i.o mode has a value (kb) = 2.405 and a resonant wavelength of 
Xr = 2.615. For the 7’Mo,2,o mode we have (kb) — 5.520 and \r = 1.145. 

For TE modes n may be zero but p must have nonzero integer values. 
The TEi,i,i mode has a value of (kb) = 1.84 and 


t\r — / _ 

V (tt/c)^ + (3.38/5^) 

The re.sonant wavelength of the TEi,i,i mode is less than that of the TMo,uo 
mode if c < 2.025. 

The TEo,,n,p modes in circular resonators are unique in that no axial 
currents flow in the side walls of the resonator and there are no currents 
circulating between the end walls and side walls for these modes. Consc'- 
quently, resonators operating in any one of these modes may be tuned by 
means of a sliding piston without appreciably lowering the Q. The piston 
may be loose fitting in order to discourage undcsired modes. The 
mode has a value of (kb) = 3.832 and = 2x/V'(Tr/c)^ + (14.70/5^). 

17.13. Q of the Cylindrical Resonator.— The Q of the cylindrical resonator 
will be derived for the TMq.^.o mode. This mode has a radial variation 
of intensity corresponding to the zero-order Bessel function, no circum- 
ferential variation, and no variation axially. The intensities, as obtained 
from Eqs. (16.06-16), are q 

Ep= -jjEoJo(kp) (1) 


E, = EoJo(kp) 


( 2 ) 


H<t> = -j — EoJo(kp) ( 3 ) 

iC 

From Eq. (15.10-4), we obtain J'o(kp) = -Ji(kp), and for convenience 
we write as = HoJi(kp). The peak energy storage in the magnetic 
field is obtained by inserting into Eq, (17.10-1), yielding 

Ws=^'^j^2^pJi(kp)dp ( 4 ) 

The integration is given by Eq. (15.10-14). Substituting 

jQ(kb) = - Ji(kb) 

and remembering that Jo(kb) = 0 for TM modes, we obtain 
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Equation (4) then becomes 


Ws = 


iruHlclP 


J\{kb) 


(5) 


The power loss is obtained by inserting H^i from Eq. (3) into (17.10-2), 
giving 

(RsHl, 


Pl = 


[2irbcJi{kb) + 2 2irpJ{{kp) dp] 




= Tbm,Hil\{kb){c + b) 
The Q for the 'i'ilfo.m.o modes then liecomos 


( 0 ) 


Trrjbc 

Pl Xr(??s(c + h) 
A similar derivation for the TAfo^m^p modes yields 


(7) 


irTihc 

Q = ( 8 ) 

\r(f^sic + 26) 

17.14, The Spherical Resonator. — Since the sphere has the highest 
ratio of volume to surface area, it offers attractive possibilities as a high-Q 
resonator. In the following analysis we shall consider the natural modes 
of oscillation inside of a perfectly conducting spherical shell with a lossless 
dielectric. The analysis of the oscillating sphere has been treated by 
Debye, ^ Stratton,^ Condon,® and others. The complete analysis is beyond 
the scope of this text and therefore we shall draw upon the treatment given 
by Condon. 

The vector intensities in the resonator may be constructed from a scalar 
wave function U which is similar to the solution of the scalar wave equation 
given by Eq. (15.12-21), except that the expression for U is multiplied by 
(kr), 

U = [ikr)jn{kr)]Pn(cos S)[A cos m<^ + B sin m<l>] (1) 


where jnikr) is the spherical Bessel function defined by Eq. (15.08-1) and 
P^(cos 6) is the associated Legendre function described in Sec. 15.12. 

For brevity, we let Ynm = Pn (cos d){A cos m<t> + B sin rrut>) and Eq. (1) 
then becomes 

(kr)jn(kr)Ynm ( 2 ) 

^ Debye, Der Lichtdruck auf kugcln von beliebigem Material, Ann. Physikj vol. 30, 
p. 57; 1909. 

2 Stratton, J. A., “Electromagnetic Theory,^* chaps. 7 and 9, McGraw-Hill Book 
Company, Inc., New York, 1941. 

« Condon, E. U., Principles of Microwave Radio, Rev. Modem Phys., vol. 14, pp. 341- 
389; October, 1942. 
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In spherical systems the TE mode is characterized hy Er = 0 and the 
TM modes by Hr = 0. Condon has shown that the following equations 
express the intensities in terms of the scalar wave function, 


TE modes 

Er = 0 

jun dU 

J^0 = 

r sin 6 d<t> 

„ W OU 


Hr = k^U + 


1 d^U 

Ha 

r drdO 


TM modes 


Er = k^U + 


1 d^U 
r dr dO 
1 d-U 
r sin 6 dr d<j) 


Hr = 0 


jo3€ d U 
r sin 6 d4> 


Ha. = 


1 d'^U 


r sin 0 dr d(j> 
In these equations 


Ih = - 


jo)( dU 




Inserting U from Eq. (2) into (3) and (4), and remembering that 
is a function of 6 and the intensities become 


TE modes 


Er = 0 


Ee = - ~~ 

r sm 6 d(t> 

. ^Ynm 

E^. = — [(A:r)j„(A:r)] — — 
r d0 


Hr = —n(n + l)[(kr)jn(kr)Yrt 


k d dYnm 

k d dYfin 

H4, = -—-^[{kryrtikr)] 

r sm 6 d(kr) d<l> 
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TM modes 


Er = ^n(n + l)[{kr)jn{kr)]Yn 

r 

k d dYnm 

Ee = - Tvr-: [(^^)jn(kr)] 


r d(kr) 
k d 
r sin 6 d{kr) 

Hr = 0 


ee 


E^ = 


[(fcr)J„(A:r)] • 


dYn 


50 


5 Y^ nni 

He ^ - :~m)Ukr)\~:~ 

r sin B 50 

^Ynm 

//^= - — [{kr)UkT)]~~ 

r dd 


( 7 ) 


To satisfy the boundary conditions it is necessary that Ee = E^f^ — 0 
at the surface where r = a. This requires that 


jn{ka) = 0 

TE modes 

(8) 

dikr) 

= 0 

r=o 

TM modes 

( 9 ) 

The roots of Eqs. (8) and (9) determine the values of the resonant fre- 
quencies. Equation (5) may be written 

^ Vc (ka) 

~ O 

27r a 


(10) 

27ra 

(Jed) 



(11) 


where the values of (fca) are determined by Eqs. (8) and (9). 

We shall designate spherical resonator modes by the symbols TEn,p,m 
TMn,p,m where n is the order of the spherical Bessel function, p is an integer 
denoting the rank of the roots of Eq. (8) or (9) for a given value of n, and 
m is the periodicity in the 0 direction. It is interesting to note that the 
resonant frequency is independent of the integer m. However, in order 
for the field to exist, it is necessary that m g n since Pn (cos 6) vanishes 
when m is greater than n. Hence, for a given value of n the integer m 
may have values from 0 to n inclusive, each corresponding to a separate 
mode but all having identically the same resonant frequency. Further- 
more, the intensity distribution in the 0 direction maj" be of the form 
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COS m<l) or sin or any linear combination of the two. A spherical reso- 
nator, therefore, may oscillate in a number of different modes having the 
same resonant frequency. 

The field vanishes if n = 0; hence this does not correspond to an allowed 
mode. The lowest resonant frequency for either the TE or TM modes 



Fig. 11. — Field patterns in the meridian plane of a spherical resonator. 


occurs when n = p = 1, The corresponding roots of Eqs. (8) and (9) 
are (A;a)i,i = 4.49 for the TE mode and = 2.75 for the TM mode. 

Inserting these into Eq. (11) gives 

TEi^i.m Xr = 1.40a (12) 

Xr == 2.29a (13) 

If m = 0, the field has no variation in the </> direction since the term 
A cos mi) + B sin m<t> reduces to a constant. The field is then circularly 
symmetrical and the function P^(cos0) then reduces to the Legendre 
function Pn(cos6). We then have Ynm = jPn(cos^) and d/d(l> = 0. The 
intensities given in Eqs. (3) and (4) then simplify to 

TE modes 
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TM modes 


E^, = Hr = Hg == 0 

h? 

Er = -jn(» + l)[(A:r)i„(A:r)]P„(cos0) 

r 

k d dP„(cos e) (15) 

- ITTT 

r d{kr) dd 

juit dPnicoa 6) 

Hg, ((fcr)j„(A:r)] — 

r dd 

17.15. TMi ,0 Mode in the Spherical Resonator. — As an example, con- 
sider the PMi.i.o mode. Equation (15.08-2) gives the spherical Bessel 
1 / sm lev \ 

function as ji(kr) = ^ ( ~j cos fcr j. From Eq. (15.12-15) we obtain 

icr \ iCT J 

Pi (cos 0) = cos 0. Inserting these into Eq. (17.14-15), we obtain the 
intensities 

^ Hr He ^0 

Stt^ /sin kr \ 

Er = I — ■ — cos kr ] cos d 
XV\ kr / 


27r ( cos kr 

^ ■ x; lir + 


1 ■ 


...1 ... 


sin kr sin 6 


(1) 


ih = 


j2ir ( sin kr 
\r\r 


( sin kr \ 

( cos kr ) sin 6 

\ kr / 


To evaluate the energy storage in the resonator we write Hg, in the form 
Hg, = Ajtikr) sine. Inserting this into lOq. (17.10-1) the energy storage 
in the resonator becomes 

|2 


ir, = r r jl{kr)2ir{kr)^ ain^ e dikr) de 

2r Jo Jo 


f(to)3 


[y?(fca) - joika)j2ika)] 


(2) 


3A:* I 2 

The time-average power loss is evaluated by inserting i/^t = Aji{ka) sine 
into Eq. (17.10-2), yielding 

(R,A^ 


Pl = 


-fiika) f 
•'0 


2ira* sin® 8 dd 


= — a^A^(Rjl(ka) 
3 


( 3 ) 
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The resonator Q is obtained by inserting these into Q = oirWs/PL- With 
the help of cor = 2TrVc/\r and a = Xy/2.29 from Eq. 17.14-13, we obtain 


01 s L jlika) _ 


(4) 


The spherical Bessel functions may be evaluated using Eq. (15.08-2). 
For the mode we have = 2.75 and jo(/ca) = 0.139, ji(A:a) = 

0.386, and j 2 (fca) = 0.282. Equation (4) then becomes 




1 . 01 ^; 

(Ra 


(5) 


As an example, a silver-plated spherical resonator operating in the 
TMi,i,o mode with a reson ant frequency of 3 X 10^ cycles per second 
would have (Rs = \/a)M2/2<r2 = 0.0139 and a theoretical Q of 27,400. 

Figure 11 shows the electric and magnetic field distributions of the 
and modes in a spherical resonator. The electric and magnetic 

intensities for either mode are in time quadrature. The current flow in the 
resonator walls is proportional and flows in a direction perpendicular 

to For the TM mode, the magnetic lines are parallel to the equator 
and hence the current flows along the meridian lines from pole to pole. 

17.16. Orthogonality of Modes. — If two or more modes exist simultane- 
ously in a lossless wave guide or resonator, the resultant field may be 
expressed as the summation of the fields due to the individual modes. 
Conversely, any given resultant field may be analyzed by the methods of 
Fourier analysis to determine the various modes which, when superimposed, 
give the resultant field. Wave guide and resonator modes have an impor- 
tant property of orthogonality which gives them a degree of independence. 

Consider a lossless wave guide having two different modes, represented 
by p and g. Let the transverse electric intensities of the p and q modes be 
given by 

Ep = Eopfix, y) 

Ei = Eo^gix, y) 

where the transverse spatial distribution factors are represented by /(a:, y) 
and g{Xy y). The condition of orthogonality may be stated mathematically 
as 

I /(^, yM!«, y)da = 0 (2) 


where the integration is over the cross section of the guide. Equation (2) 
is valid for all modes in lossless guides where p 5 *^ g, hence wave-guide 
modes are orthogonal functions. 

The significance of the orthogonality principle becomes apparent when 
we consider power flow in the guide. The longitudinal power flow for 
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either mode taken separately, for example the p mode, may be expressed 

by Eq. (16.10-2), thus Pr = — (\E\^da = ^ f [f(x, y)]^ da, which 

2Zo Ja 2Zo Ja 

we assume to have nonzero value. Let us suppose, however, that we were 
to attempt to compute the power flow by the Poynting-vector method using 
the transverse electric intensity from the p mode and the transverse mag- 
netic intensity from the q mode. We would then encounter an integral of 
the type given by Eq. (2), which has zero value. Hence, by virtue of the 
orthogonality property, the various modes transmit power independently 
of each other in a lossless guide. 

Two resonator modes are orthogonal if 

y, z)g(x, y, ^) rfr = o (3) 

where the integration is over the volume of the resonator. 


PROBLEMS 

1 . A portion of a rectangular wave guide is hollow and the remaining portion is filled 
with polystyrene (cr = 2.5), as shown in Fig. 1. The guide is assumed to be infinitely 
long and the cross-sectional dimensions are a = 4 cm and b = 6 cm. The frequency 
is 3,000 me per sec. Compute the following for a mode: 

(а) The characteristic wave impedances in the hollow and dielectric-filled portions 
of the guide. 

(б) The reflection and transmission coeflScients in the guide. 

(c) The standing-wave ratio. 

(cO The ratio of the power density of the transmitted wave to that of the incident 
wave. 

2 . A shielded radio room has dimensions 12 by 12 by 7 ft. Compute the six lowest 
resonant frequencies of the room as a resonator. Sketch a lattice structure, such 
as that shown in Fig. 10, to represent the resonant modes of this room. Evaluate the 
Q at the lowest resonant frequency, as.suming that the walls are of copper. 

3. Show that the peak energy storage in the electric and magnetic fields of a rectangular 
resonator are equal at resonance. 

4 . What are the dimensions of cylindrical resonators to oscillate in the TAfi,i,i mode at 
a frequency of 4,500 me per sec, assuming 

(a) a hollow resonator? 

(b) a dielectric filled resonator having cr = 5? 

6. Discuss the nature of the fields and the boundary conditions in a resonator which 
is excited at a frequency other than the resonant frequency. 

6. A cylindrical resonator is to be resonant in the mode at a frequency of 3,000 

me per sec. 

(а) Specify the dimensions of the resonator, assuming that the diameter is equal 
to the height. 

(б) Write the equations for the field intensities. 

(c) Derive an expression for the Q of the resonator. 

(d) Evaluate the Q, assuming that the walls are silver plated. 



CHAPTER 18 


APPLICATIONS OF WAVE GUIDES AND RESONATORS 

In constructing wave-guide systems, it is desirable to have available a 
number of devices which are the counterpart of our low-frequency net- 
works. Such devices include impedance transformers, filters, attenuators, 
bridges, etc. It is also necessary to have accurate measuring devices in 
order to obtain quantitative data on the electrical performance of systems. 
In this chapter we shall consider some of the practical aspects of wave 
guides, as well as a number of useful devices which have found widespread 
application in wave-guide systems. 

18.01. Methods of Exciting Wave Guides. — The antenna systems for 
launching various modes in rectangular and circular wave guides are shown 
in Figs. 1 and 2, respectively. In general, straight-wire antennas are placed 
so as to coincide with the positions of maximum electric intensity for the 
desired mode. The loop antenna is placed so as to have a maximum num- 
ber of magnetic flux linkages for the desired mode. If two or more antennas 
are used, care must be taken to assure the proper phase relationships be- 
tween the currents in the various antennas. This may be accomplished 
by inserting additional lengths of transmission line in one or more of the 
antenna feeders. Impedance matching may be accomplished by varying 
the position and depth of the antenna in the guide as well as by the use of 
impedance matching stubs on the coaxial line feeding the wave guide. 

An arrangement for launching a mode in one direction only is 

shown in Fig. 3. This consists of two antennas spaced a quarter wavelength 
apart and phased in time quadrature. Phasing is accomplished by means 
of the additional quarter-wavelength section of line in the feed to one of the 
antennas. The fields radiated by the two antennas are in phase opposition 
to the left of the antennas and hence cancel each other; whereas in the 
region to the right of the antennas the fields are in time phase and reinforce 
each other. The resulting wave therefore travels to the right in the guide. 

' Kemp, J., Wave Guides in Electrical Communication, J.I.E.E. (Iwondon), vol. 90, 
Part III, pp. 90-114; September, 1943. 

2 Gaffney, F. J., Microwave Measurements and Test Equipment, Proc. I.R.E., 
vol. 34, pp. 775-793; October, 1946. 

* Green, E. T., H. J. Fisher, and J. G. Ferguson, Techniques and Facilities foi 
Microwave Testing, Bell System Tech, vol. 25, pp. 435-482; July, 1946. 
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Two methods of exciting wave guides from coaxial lines are shown in 
Fig. 4. In Fig. 4a, a relatively largo magnetic field exists in the vicinity 
of the short-circuited termination of the coaxial line. Part of this field 
extends into the wave guide through the aperture and serves to excite the 
guide. If the wave-guide dimensions are such as to transmit the dominant 



Fig. 1. — Mothofls of exciting various modes in rectangular wave guides. 


mode but attenuate all higher modes, only the dominant mode will exist in 
the guide at distances exceeding several wavelengths from the aperture. 
In Fig. 4b, the wave guide begins where the coaxial line leaves off and the 
field configuration transforms from the principal mode in the coaxial line 
to the dominant mode in the wave guide (assuming that the higher modes 
are attenuated). 

Figure 5 shows a bridge arrangement of wave guides which may be used 
to feed two microwave sources into a single guide without introducing 
coupling between the sources. This device consists of a ring-shaped wave 
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Pio. 5. Bridge arrangement of wave guides, which prevents coupling between oscillators 
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guide containing several branch guides which are spaced a quarter wave- 
length apart on the ring. Power, entering the ring-shaped guide through 
any one of the branch arms, divides into two waves, one traveling in the 
clockwise direction and the other traveling in the counterclockwise direc- 
tion around the ring. If the two waves travel the same distance to another 
branch arm (or distances which differ by an integral multiple of a full wave- 
length), they arrive at that branch arm in time phase and power will be 



Fra. 6. — Standing-wave detector for measuring the standing-wave ratio in a wave guide 
[Courtesy of the M.I,T, Radiatio7i Laboratory,) 

transmitted through that arm. If the two paths differ by a half wavelength, 
the two waves arrive in phase opposition; hence, the waves cancel and no 
power will be transmitted through the branch arm. 

Referring to Fig. 5, it is evident, therefore, that power can be transmitted 
from either oscillator to the adjacent arms, but there will be no coupling 
between oscillators. 

18.02. Impedance and Power Measurement in Wave Guides. — A meas- 
urement of the standing- wave ratio in a wave guide is useful for a number 
of purposes. It may be used to determine whether or not a load is properly 
matched to the guide and, if a mismatch occurs, how much power is sacri- 
ficed by the mismatch. The standing-wave ratio measurement may also 
be used to compute the effective impedance terminating a guide by a method 
similar to that described in Sec. 10.05. Figure 6 shows a standing-wave 
detector for use at wavelengths of approximately 3 centimeters. This con- 
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sists of a slotted section of wave guide with a movable carriage which is 
adjusted by a rack and pinion gear. The carriage contains a small probe 
antenna which protrudes through the slot into the guide. The antenna is 
connected to a crystal detector and thence either to a microammeter or to 
an amplifier with a suitable output meter. The device is then calibrated to 
read the d-c current. The meter may be calibrated to read the standing- 
wave ratio directly. By adjusting the output so that the meter has full- 
scale deflection with the detector in the position of maximum intensity and 
then moving the detector to the position of minimum intensity, the mini- 
mum deflection on the instrument gives the standing-wave ratio. 



Fig. 7. — Thermistor mount in a wave guide. 


The power in a wave guide may be measured by means of a thermistor or 
bolometer bridge, such as that described in Sec. 10.00. The thermistor or 
bolometer element is mounted in the guide in a position of maximum electric 
intensity and parallel to the electric-intensity vector, as shown in Fig. 7. 
The tuning plungers are used to match the element to the guide. 

In many applications, it is necessary to measure the power by a ^‘sam- 
pling' ^ process which does not interfere with the transmission of power to 
the load. The device used for sampling the power must not be affected by 
standing waves in the guide. This may be accompUshed by means of a 
directional coupler, such as shown in Fig. 8. The directional coupler con- 
sists of an auxiliary wave guide which is coupled to the main guide by means 
of two small apertures spaced a quarter wavelength apart. The auxiliary 
guide is terminated at one end by an absorbing medium having a wave 
impedance equal to the characteristic wave impedance of the guide, and 
at the other end by a thermistor element or a crystal detector. Since the 
two apertures are spaced a quarter wavelength apart in the guide, the 
fields at the thermistor element or crystal detector add for one direction of 
power flow in the main guide and cancel for the opposite direction of power 
flow. The directional coupler, therefore, measures power flow in one direc- 
tion only and is not affected by power flow in the reverse direction. Ordi- 
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narily a small fraction of the total power in the guide enters the directional 
coupler, a typical value of the power ratio being 20 decibels. Two direc- 
tional couplers, arranged to measure power flow in opposite directions, may 
be used to compare the power in the outgoing and reflected waves. 


Absorbing 

material, 


Outgoing wave 
components add. 


Jo 



tr^mitter ^Reflected wave 


Ref tested wave 
^ components canoe t 

Thermistor 

element 


To toad 


Fig. 8. — Directional coupler. 


The directional coupler may also be used in reverse for launching a wave 
in one direction only in the guide. The thermistor is then replaced by a 
transmitting antenna and the coupling apertures are enlarged so as not to 
introduce appreciable attenuation of the signal in going from the auxiliary 
guide to the main guide. 

18.03. The Spectrum Analyzer. — The spectrum analyzer is a useful 
laboratory instrument for microwave measurements. It provides a means 
of observing the frequencies present in a given signal, as well as the relative 



Fig. 9. — Block diagram of a spectrum analyzer. 


magnitudes of the various frequencies. It can be used, for example, to 
measure the frequency drift of oscillators, to measure the Q of resonators, 
or to observe the side bands present in a modulated wave. 

The block diagram of the spectrum analyzer shown in Fig. 9 contains two 
microwave oscillators, designated A and B, The A oscillator is frequency 
modulated by impressing a sawtooth voltage upon an electrode in the oscil- 
lator which is frequency-sensitive to voltage. The B oscillator operates at 
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a constant frequency. The remaining components include a crystal mixer, 
a narrow-band intermediate-frequency amplifier, a detector, a video ampli- 
fier, and a cathode-ray oscilloscope. The horizontal sweep of the oscillo- 
scope is derived from the sawtooth generator which 
is used to frequency-modulate the A oscillator. 

Assume now that the B oscillator is amplitude 
modulated by a pure sine-wave voltage. The 
modulated wave then contains a carrier frequency 
and two side-band frequencies. As the A oscillator 
sweeps across its frequency spectrum, the oscillator 
output combines at successive instants of time with 
the lower side band, the carrier, and the upper side 
band from oscillator B, to produce a difference 
frequency which falls within the range of the in- 
termediate-frequency amplifier. Therefore, the 
pattern on the oscilloscope contains three sharp 
vertical pulses which arc separated from each other by a horizontal dis- 
tance depending upon the modulation frequencies. 

The horizontal axis on the oscilloscope represents the frequency scale. 
It can be calibrated by amplitude modulating the B oscillator with a small 
rectangular voltage whose frequency is accurately controlled. The oscillo- 
scope pattern then contains a number of equally spaced marker pulses 
corresponding to the frequencies fo i n/i, where /o is the carrier frequency 



Fig. 10. — Spectrum of a 
pulsed carrier, showing the 
sidebands present in the 
wave. 


nil 
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band frequencies can then be determined by their relative position with 
respect to the marker pulses. 

Figure 1 1 shows how the spectrum analyzer may be used to measure the 
Q of a resonator. The resonator and a calibrated attenuator are inserted 
between the B oscillator and the mixer. The B oscillator is tuned to the 
resonant frequency of the resonator. This will be indicated by maximum 
height of the pulse on the oscilloscope. The calibrated attenuator is then 
adjusted to insert a 3-decibel loss, thereby reducing the power delivered 




Fig. 12. — Methods of using resonators in receiving systems. 


to the resonator to one-half of its former value. The height of the pulse is 
observed on the oscilloscope. The attenuator is then returned to its original 
setting and the B oscillator frequency is varied until the pulse on the 
oscilloscope is reduced to the previously determined half-power value. If 
/o is the resonant frequency and A/ is the change in frequency corresponding 
to the half-power point, the Q becomes 



( 1 ) 


It is necessary that the power output of the B oscillator remain constant 
during this measuretnent, since any variation would give erroneous results. 

18.04. Receiving Systems. — A wave-guide system may be either tuned 
or untuned. Figure 12a shows a tuned receiving system consisting of a 
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receiving horn which is coupled to a resonator by means of an iris aperture. 
A crystal detector, also coupled to the resonator, is used to detect the incom- 
ing signal. If a superheterodyne receiver is used, the local oscillator output 
may be coupled into the resonator by means of the probe shown in the dia- 
gram. The signal emerging from the crystal detector then contains a fre- 
quency corresponding to the difference between the carrier frequency and 
local oscillator frequency. The difference frequency is amplified by the 



Fig. 13. — Three-centimeter laboratory setup. {Courtesy of the M.I.T. Radiation Laboratory.) 

intermediate-frequency amplifier following the crystal detector. A final 
detector then detects the signal. Precautions must be taken to use loose 
coupling between the local oscillator and the resonator in order to avoid 
frequency changes of the local oscillator due to either the tuning of the 
resonator or the tendency of the local oscillator to lock in with the incoming 
signal. In some applications it may be desirable to use separate resonators 
for the incoming and local-oscillator signals in order to avoid frequency- 
pulling of the local oscillator. The two resonators are then coupled to the 
detector by means of iris apertures. 

A typical test-bench setup with elements which correspond to fa trans- 
mitter and a receiver is shown in Fig. 13, At the extr^pie left is a Shepherd- 
Pierce tube, operating at a wavelength of 3 centimeter^. 'J'h.© output ter- 
minal of this tube extends into the wave guide and serves as the transmitting 
antenna. This is followed by two ‘^fiap attenuators,” each consisting of a 
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thin piece of fiber upon which has been deposited a layer of carbon or 
other absorbing material. The attenuators may be moved into or out of 
the wave guide to vary the attenuation. In the center of the guide is a 
wavemeter. This is followed by a slotted section for a standing-wave 
detector. The probe and detector of the standing-wave detector unit are 
on the table below the guide. At the end of the guide is a crystal detector, 
with two adjustable screws to match the impedance and thereby assure 



(a) (b) (c) 

Reflects TEij Mode Reflects TEgn, Reflects 

Passes TWq m 
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Fiq, 14. — Gratings used in wave guiflcs either to absorb or to reflect the given modes. 

maximum power transfer to the detector. An adjustable piston in the end 
of the guide also serves to match the impedances at the receiving end of the 
guide. 

18.05. Wire Gratings. — Wire gratings of the type shown in Fig. 14 may 
be used in wave guides to either reflect or absorb a particular mode without 
interfering with other modes. The wires are placed so as to coincide with 
the electric field lines for the mode which is to be reflected or absorbed. If 
the wires have high conductivity, the particular mode will be reflected. If 
the wires have low conductivity, part of the energy in the particular mode 
will be absorbed and part will be reflected. A second grating of similar 
construction, placed a quarter wavelength from the first grating, increases 
the power absorption. Gratings of this type are sometimes used in wave 
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guides and resonators to absorb the energy which appears in undesired 
modes. Two types of longitudinal gratings are shown in Figs. 14d and 14e. 
These are constructed of sheet metal and are more effective than the wire 
gratings. 

Grating detectors, such as those shown in Fig. 15, may be used in receivers 
to respond to a single mode. The effectiveness of the detectors may be 
increased by placing an adjustable piston in the guide beyond the detectors 
in order to set up a standing wave in the guide which has its maximum value 
at the position of the detector. 




fEo,. 



TM 


0,1 


Fig. 15. — Grating detectors which respond to the modes indicated. 



Wire gratings may be used to convert from one mode to another mode. 
Gratings for this purpose are illustrated in Fig. 16. They consist essentially 
of a superposition of two wire gratings corresponding to the two modes. 
The grating of Fig. 16a may be used to convert from a TEo,i mode to a 
TEi^i mode, or vice versa, while that* shown in Fig. 16b converts between 
the TMq i mode and the TEo,i mode. Transverse apertures, such as those 
shown in Figs. 16c and 16d may also be used as converters. 

18.06. Multiplex Transmission through Wave Guides. — Two or more 
signals may be transmitted simultaneously through a wave guide and 
separated at the distant end. In order to separate the signals, it is neces« 
sary that they have either: 

1. Different carrier frequencies but the same mode. 

2. The same carrier frequency but different modes. 

3. Different carrier frequencies and different modes. 

If different carrier frequencies are used, the signals may be separated 
at the distant end either by means of resonators or by the use of a super- 
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(b) 


Output 


Fig. 17. — Multiplex transmission in circular guides: (a) signals having difFc'ient carrier fre- 
quencies, and (b) signals transmitted in different modes. 
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heterodyne receiver. In the case of the superheterodyne receiver, the selec- 
tivity between signals is determined largely by the bandwidth of the 
intermediate-frequency amplifier. Since this amplifier can be sharply 
tuned, it is possible to separate signals which differ in carrier frequency by 
only a few megacycles. 

Resonators may also be used to separate two or more signals on the basis 
of differences in carrier frequency. In general, however, resonators do not 
provide as sharp a selectivity between signals as is possible with the super- 
heterodyne receiver. The selectivity can be greatly improved by using the 
resonator as a preselector which feeds into a superheterodyne receiver. 



Fig. 18. — Multiplex sytstems employing different modes: (a) TE o,i modes and TEi,o modes, 
and (b) TEo.i and TE 0,2 modes. 


Figure 17a shows a method of using resonators to separate the signals in a 
multiplex wave-guide system. The same arrangement may be used as a 
superheterodyne receiver by coupling a local oscillator to the various reso- 
nators and using the crystals for converters. The succeeding stages of 
amplification are then tuned to the intermediate frequency. 

If the signals are to be separated on the basis of different modes, it is 
necessary to use mode-selective detectors, that is, detectors which respond 
to one mode but not to other modes. Figure 17b shows a system using a 
grating reflector and grating detectors. The TMo.i mode is reflected by the 
grating reflector and the corresponding detector is placed a quarter wave- 
length from the reflector on the generator side in order to be in a position of 
maximum electric intensity. The TjEo.i mode passes through the TMo.i 
mode detector and reflector and is reflected from the end wall of the guide. 
Consequently, its detector is placed a quarter wavelength from the end 
wall. It should be noted that the quarter-wavelength distances in the guide 
are different for the two modes. 

Other mode-selective detector systems are shown in Fig. 18. The system 
shown in Fig. 18a uses the TEq^i and TEi,o modes, while that of Fig. 18b 





398 APPLICATIONS OF WAVE GUIDES AND RESONATORS [Chap. 18 


uses the TEq^i and TJ5Jo,2 modes. In both systems the antennas consist 
of probes whicli are placed in a position of maximum electric intensity for 
the desired mode. In Fig. 18b the TEo ,2 antennas also pick up the TEo,i 
mode. However, by using a half-wavelength section of line between the 
two antennas, the TEq^i voltages can be made to cancel, leaving only the 
TEo ,2 mode signal. 

A number of difficulties are likely to be encountered if the separation of 
two or more signals is attempted entirely on the basis of different modes of 
transmission. Any irregularities in the guide, or even the presence of probe 
antennas, such as those shown in Fig. 18, will tend to distort the field in 
the guide and introduce coupling between the various modes, resulting in 
objectionable cross talk. 



guide. 

A more complete separation of the signals may be accomplished by com- 
bining the methods described above, that is, by using different carrier fre- 
quencies and different modes. The modes may then be separated by means 
of mode-selective detectors and the carrier frequencies may be separated 
either by resonators or by a superheterodyne receiver or both. In general, 
it is preferable to restrict the transmission to not more than two modes, 
since it becomes difficult to obtain suitable mode-selective detectors for a 
larger number of modes. It should be noted that the use of different modes 
makes it possible not only to separate the signals at the receiving end, but 
also to isolate the transmitters at the sending end. This serves to minimize 
the possibility of interaction of the transmitters. 

Figure 19 shows a method of separating the two modes which have the 
longest wavelength in a circular guide, i.e., the TEi^i mode and the TMq^i 
mode. If the two signals are also transmitted on different carrier fre- 
quencies, resonators may be used to improve the selectivity between the 
signals. A slot in the guide wall is used to intercept the TEi^i mode. 
In general, a slot will intercept a given mode only if it interrupts the current 
flow in the wall of the guide for that mode. Since the TEi,i mode has 
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currents flowing in the 4 ) direction in the guide wall, a longitudinal slot will 
interrupt these currents; hence, this mode will be transmitteTd through the 
slot. The IWo.i mode currents flow only in the longitudinal direction; 
hence, the slot will have very little effect upon this mode. 

18.07. Wave-guide Filters. — Several wave-guide filters are shown in Fig. 
20. These are band-pass filters with pass bands corresponding to harmonics 
of the first pass band. In the filter of Fig. 20a, the centers of the pass bands 
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Fiij. 20. — Filters using wave-guide sections. 


occur at the frequencies for which the short-circuited sections of wave guide 
have a maximum input wave impedance. Maximum attenuation occurs 
when the input wave impedance of the short-circuited sections is a 
minimum. 

The filter shown in Fig. 20b has the center of the pass band at the fre- 
quency for which the enlarged section of the guide is an integral number 
of half wavelengths long. A half-wavelength section of guide is similar to a 
half-wavelength transmission line in that it serves as a one-to-one ratio 
transformer, that is, the input wave impedance is equal to the terminal 
impedance. Hence, there is no apparent discontinuity in impedance at the 
wavelength for which the enlarged sections are a half wavelength long, 
whereas, at other frequencies there is an abrupt discontinuity at the junc- 
tions, resulting in reflections. Maximum attenuation occurs at the fre- 
quencies for which the enlarged sections are a quarter wavelength long. 
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LINEAR ANTENNAS AND ARRAYS 

The function of an antenna is either to radiate or to receive electro- 
magnetic energy. A transmitting antenna has an alternating emf applied 
to its terminals which produces a current in the antenna and an electro- 
magnetic field in space. The energy radiated from the antenna appears as a 
traveling wave, propagating outward from the antenna with a velocity equal 
to the velocity of light. A receiving antenna, placed in an electromagnetic 
field, has an emf induced in it by the field which produces an alternating 
potential difference at the antenna terminals. 

A given antenna or an array of antennas has similar characteristics 
when used either as a transmitting or as a receiving antenna. For example, 
the directional properties of an antenna system are the same when the 
antenna is used as a transmitting antenna as when used as a receiving 
antenna, under similar conditions of operation. This is a consequence of an 
important principle of reciprocity which will be discussed in the following 
chapter. We shall consider the antenna primarily from the viewpoint of 
the transmitting antenna, although many of the conclusions apply equally 
well to receiving antennas. 

Two or more antennas may be grouped in an array to obtain directional 
radiation. The directional characteristics of the array arc determined by 
the spacing between antennas and the phase relationships of the currents 
in the various antennas of the array. Since antennas used at microwave 
frequencies have small physical size, they are particularly adaptable for 
use in arrays, parabolic reflectors, and other directional radiating systems. 
This makes it possible to concentrate the radiated energy into a narrow 
beam for point-to-point communication, thereby affecting a very apprecia^ 
ble saving in transmitter power. 

In the design of an antenna system, the following factors must be con- 
sidered : 

1. Design of the antenna system so as to obtain the desired field distribu- 
tion in space. 

2. Determination of the total radiated power and radiation resistance. 

3. Determination of the input impedance as a function of frequency. 
This is particularly important when considering wide-band antennas. 

4. Design of the electrical networks which feed the antenna system. 
These networks must be such that the antenna presents the proper imped- 
ance to the transmitter. If maximum power output is desired, the imped* 
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ances must be matched at the transmitter. For antenna arrays, the net- 
works must be adjusted to give the proper magnitude and phase of currents 
in the various antennas of the array. 

This chapter will deal with the methods of determining the field distribu- 
tion of linear antennas and arrays. The Poynting-vector method of evaluat- 
ing the total radiated power and the radiation resistance of single antennas 
will be described. The determination of self -impedances and mutual imped- 
ances of antennas requires a more accurate determination of the field distri- 
bution in the vicinity of the antenna than that presented in this chapter. 
Consequently, this subject will be deferred for treatment in the following 
chapter. 

19.01. Methods of Determining the Field Distribution of an Antenna. — 

In the foregoing chapters we have considered solutions of MaxwelFs equa- 
tions as applied to passive systems of relatively simple geometry. We 
started with the general solution of the wave equation in the coordinate 
system which was best suited to the boundaries of the particular problem. 
The constants in the general solution were then adjusted so as to satisfy 
the boundary conditions. No attempt was made to relate the fields to the 
charges or currents at the source, but rather, it was assumed per se that a 
proper distribution of charges and currents could exist which would produce 
the given field. This type of solution reveals all possible types of modes 
which can exist within a given set of physical boundaries, but it does not 
specify which modes actually do exist for a given distribution of charges 
and currents at the source. 

We found that in wave guides and resonators having relatively simple 
geometry the boundary conditions favored certain modes and discouraged 
others. Thus, a wave guide having dimensions such as to pass only the 
dominant mode will transmit the dominant mode but attenuate all higher 
modes. Consequently, the physical boundaries may be such as to favor 
certain modes, the existence of which, however, is contingent upon a proper 
distribution of charges and currents at the source. 

We could presumably determine the field distribution of an antenna in 
much the same manner as that used for wave guides and resonators. That 
is, starting with the general solution of the wave equation, we would 
proceed to evaluate the constants in this equation in such a manner as to 
satisfy the boundary conditions. If we assumed perfectly conducting 
boundaries, the summation of the tangential components of electric 
intensity for the various modes would have to be zero at the conducting 
surfaces. Similarly, the summation of the tangential components of mag- 
netic intensity would be equal to the surface current density. If we were 
to pursue this course, we would find that a very large number of modes 
would be required to completely describe the field of an antenna and the 
problem of evaluating the constants so as to satisfy the boundary conditions 
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would involve serious mathematical difficulties. A few types of antennas 
having relatively simple geometry, such as the sphere, the spheroid, and the 
biconical antenna, have been analyzed by this method, but the analysis 
is too involved for ordinary engineering work. 

Fortunately, there are more direct ways of determining the field distribu- 
tion of an antenna which involve less mathematical complication. The 
method which will be used here starts with the vector potential as given 
by Eq. (15.02-12), 


--f- 

47r Jr 


' dr 


(15.02-12) 


If the current distribution in the antenna is known, Eq. (15.02-12) may 
be used to evaluate the vector potential anywhere in space. The magnetic 
intensity is then obtained by applying 

1 

n X A (15.02-1) 

and the electric intensity (for sinusoidally varying fields in a lossless 
medium) is obtained from 

V X ^ = jo>eE (13.06-2) 

In applying this method, it is necessary to start with a known current 
distribution in the antenna. The simplest case is that of a linear antenna, 
?iince it can be shown that the current distribution in an infinitely thin 
straight wire antenna has a sinusoidal variation along the length of the 
antenna.^ We shall first consider the field of an incremental antenna which 
is assumed to have infinitesimal length. The linear antenna will then be 
treated as consisting of a large number of infinitesimal antennas placed end 
to end. 

19.02. Field of an Incremental Antenna. — Consider the incremental 
antenna shown in Fig. 1, having a length dz and carrying a uniform current 

Referring to the expression for the vector potential, Eq. (15.02-14), we 
replace Jcdr by I dz, yielding the vector potential at a point distant r from 
the antenna, 

Airr 

^Stratton, J. A., '^Electromagnetic Theory,'* pp. 554-560, McGraw-Hill Book 
Company, Inc., New York, 1941. 

* Chu, L. J., and J. A. Stratton, Forced Oscillations of Prolate Spheroid, J. Applied 
Phys.y vol. 12, pp. 241-248; March, 1941. 

* ScHBLKTJNOFP, S. A., "Electromagnetic Waves," pp. 441 ff., D. Van Nostrand Com- 
pany, Inc., New York, 1943. 

^ ScHELKUNOPP, S. A., "Electromagnetic Waves," pp. 142-143, D. Van Nostrand 
Company, Inc., New York, 1943. 
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Expressing the vector potential in spherical coordinates and dropping 
the time function we obtain 



Fio. 1. — Coordinates for the incremental antenna. 


The magnetic intensity is obtained by inserting Ar and As into H = 
(I/m) V X A, where V X A is given in Appendix III. With the additional 
substitution of /? = 2t/\ and remembering that d/dct> = 0, we obtain 

He ^0 

/j2w l \ I dz .. 

^* = ( — + ^ ) — sin (4) 

\ Xr r^/ At 

To obtain the electric intensity, insert from Eq. (4) into V X H = 
jo)eE, giving 

/ 1 jX \ / .. 

/j2T 1 j\ \ I dz ^ 


( 6 ) 
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The electric and magnetic intensities contain terms varying as 1/r, 1/r^, 
and 1/r^. The components containing 1/r^ and 1/r^ predominate in the 
immediate vicinity of the antenna and are known as the induction field 
of the antenna. The induction field represents reactive energy which is 
stored in the field during one portion of the cycle and returned to the 
source during a later portion of the cycle. The induction field terms become 
vanishingly small at remote distances from the antenna and hence do not 
contribute to the radiation of power from the antenna. 

The terms varying as 1/r in the intensity expressions comprise the radia- 
tion field of the antenna. The radiation field is comprised of electromagnetic 
waves traveling radially outward with a propagation factor ~ 

^aiit-r/vc) intensities which vary inversely as the first power of the 

distance from the source. Equation (4) shows that the induction and radia- 
tion field components of magnetic intensity are equal at a distance of 
r = \/2tj or approximately a sixth of a wavelength from the antenna. 

It is interesting to observe that if we had assumed that the field builds 
up instantaneously throughout space, i.e.y if we had used e^^^ instead of 
radiation-field terms would not have been present 
in the resulting intensity equations. Radiation is therefore dependent upon 
the fact that the field has a finite velocity of propagation. In conventional 
circuit analysis it is customary to ignore the finite velocity of propagation 
of the field. This approximation is valid if most of the field is confined to a 
region which is very small in comparison with the wavelength. It leads 
to what is known as the quasi-stationary analysis. 

The radiation-field terms, taken alone, comprise a spherical TEM wave 
propagating radially outward from the source with a wave impedance 
equal to the intrinsic impedance of free space. Discarding the j factor 
in Eqs. (4) and (6), we obtain the radiation field intensities, 


Idz 

2Xr 

(7) 

1 ?/ dz 

! Et — — — sin dv. 

2\r 

(8) 


The ratio of electric to magnetic intensity is equal to the intrinsic impedance 
of the medium, thus 


E$ 

lu 


= v 


(9) 


The power radiated by the incremental antenna is found by integrating 
the normal component of Poynting^s vector over the surface of an imaginary 
sphere having the antenna at its center. For convenience we choose a 



Sec. 19 . 02 ] 


FIELD OF AN INCREMENTAL ANTENNA 


405 


sphere which is large enough so that the induction-field terms are negligible. 
Inserting Ee from Eq. (8) into (14.04-3) and dropping the phase-shift term 
we obtain for the time-average power density, 



Fig. 2. — Field pattern of the incremental antenna in the vertical plane. 



The radiated power is independent of the radius of the sphere over which 
the power density is integrated. This is a consequence of assuming a lossless 
transmission medium. 

The radiation resistance Ro is defined as the ohmic resistance which would 
consume the same power as the antenna radiates, if the resistance were 
carrying the same current. The radiation resistance of the incremental 
antenna is 



2irv 


( 12 ) 


The field pattern of an antenna is a polar plot of the electric intensity 
in a given plane, taken at a constant distance from the antenna. The incre- 
mental antenna radiates uniformly in the horizontal direction; hence its 
field pattern in a horizontal plane is a circle. In the vertical plane the 
intensities vary as sin 6 and the field pattern is as shown in Fig. 2, with 
maximum intensity in a plane perpendicular to the antenna and zero inten- 
sity at any point directly above or below the antenna. 
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Fig. 3. — Electric field of a radiating dipole during the formation of a wave. 


Figure 3 shows the electric-field lines for an oscillating dipole at various 
stages during the formation of a wave. The dipole considered here consists 
of two opposite charges which are separated an infinitesimal distance apart 
and which have oscillating magnitudes. Such a dipole can be shown to be 
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equivalent to an antenna of infinitesimal length. At the outset, the electric 
lines are attached to the charges, but as the charges reverse their positions, 
we can visualize the electric-field lines as becoming detached and forming 
closed loops. The magnetic-field lines are circles which are concentric 
with the axis of the dipole. As the wave ^ 

propagates outward from the source, 
the closed loops of electric and magnetic 
intensity expand. At a remote distance 
from the antenna, the wave is essentially 
a spherical TEM wave, traveling radially 
outward with a velocity equal to the 
velocity of light. 

19.03. Radiation Field of a Linear An- 
tenna — ^Approximate Method. — A linear 
antenna may be viewed as consisting of 
a very large number of incremental an- 
tennas placed end to end. The field of 
the linear antenna may therefore be ob- 
tained by integrating the contributions 
of all of the incremental antennas. 

Consider the linear antenna of Fig. 4, 
which is assumed to be isolated in space 
and to have a length 1. The current in an infinitely thin antenna has a 
sinusoidal distribution; hence we let 



Fig. 4. — Linear antenna. 


/J= Jo sin {pz + <p) 


( 1 ) 


To obtain an expression for the electric intensity of the linear antenna, 
insert I from Eq. (1) into (19.02-8) and integrate. This gives 


77 sin 0 7o si 

E$ = I 

2X J-i/2 


sin (jSz + ip) 


-3 fir 


dz 


( 2 ) 


For distances remote from the antenna, we may substitute Tq for r in the 
denominator of Eq. (2). However, the term determines the phase 
of the electric intensity and must be evaluated more accurately. In this 
term we substitute r = tq — z cos 6 and Eq. (2) then becomes 

E, = (^2 + v>) e'"' * dz (3) 

2Xro J-i/2 

Assume now that the antenna is an integral number of half wavelengths 
long, t.e., I = nX/2, where n is any positive integer. If the antenna is an 
odd integral number of half wavelengths long, the current distribution is 
a cosine function of z, hence we let <p = ir/2. For an even integral number 
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of half wavelengths long, the current distribution is sinusoidal and we 
^ = 0. Integration of Eq. (3) for the two cases yields 


Ee = 


Ee = 


1)1 Q cos [{mr/2) cos 0] 
27rro sin 6 
r)Io sin [{mr/2) cos 6] 


e n is odd 


-jffro 


2rro 


sin $ 


n IS even 


let 

(4) 

(5) 





(c)n=4 



(cl)n=l6 


Fig. 6. — Field patterns in the vertical plane of antennas having various lengths. 


Evaluating the coefficients and remembering that e has a magnitude 
of unity, we obtain the intensity 

60/o cos [(n7r/2) cos 0] 


Ee = 
Ee = 


ro sin 6 

60/o sin [{mr/2) cos d] 


To 


sin 6 


71 is odd (6) 

n is even (7) 


For a half-wavelength dipole antenna, the electric intensity is 

60/o cos [{ir/2) cos 6] 

Eg = ( 8 ) 

ro sin d 

The radiation field patterns in the vertical plane for antennas of various 
lengths are shown in Fig. 5. As the antenna length increases, the number 
of lobes increases and the angle ^niax> corresponding to the major lobe, 
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decreases. The number of lobes is 2n. If the conductor were infinitely 
long and perfectly conducting, all of the energy would propagate in the 
direction of the wire. 

To obtain the time-average radiated power, insert Eq. (6) or (7) into 
(14.04-3) and integrate over the surface of a sphere, and we have 

I ^2 I 

p = ( 2irr2 sin d dd 

Jo 2v 


P 



cos^ [(n7r/2) cos 0] 
sin 6 

sin^ [(mr/2) cos 6] 

: dd 

sm d 


n is odd 

n is even 


(9) 

( 10 ) 


Integration of these equations yields ^ 

P = 15/o[ 2.415 -f In n — Ci2Tn] 

where 


Cix = — 



cos X 
dx 

X 


n odd or even (11) 
( 12 ) 


is the cosine integral. Values of Cix as a function of x may be obtained from 
tables.'-^ Figure 6 shows a plot of the cosine integral as a function of x. 
The sine integraly defined by 


Six 



(13) 


is also shown in Fig. 6. The sine integral will be used later in connection 
with the evaluation of antenna impedances. 

The radiation resistance for the linear antenna is 



= 72.45 + 30 In n — 30Ci27rii n is odd or even (14) 

For a half-wavelength antenna we have n = 1,P = 36.56/o, and Pq = 73.13 
ohms. Figure 7 shows how the radiation resistance of antennas varies with 
the length of the antenna. The radiation resistance is the resistive compo- 
nent of the input impedance if the antenna is fed at the current loop 
(maximum current point). 

^ Stratton, J. A., ^‘Electromagnetic Theory,^' pp. 438-444, McGraw-Hill Book 
Company, Inc., New York, 1941. These equations may also be integrated graphically 
for specific cases. 

2Jahnke, E., and F. Emde, “Tables of Functions,” pp. 6-9, Dover Publications, 
1943. 
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Fia. 7, — Radiation resistance of antennas of various lengths. 
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19.04. Antennas in the Vicinity of a Conducting Plane. — Thus far we 
have considered only the idealized case of an antenna which is isolated in 
space. If an antenna is in the vicinity of the earth or other reflection 
objects, the radiating characteristics of the antenna may be appreciably 
altered. For example, consider a vertical antenna above a perfectly con- 
ducting plane, as shown in Fig. 8a. Here we may use the principle of 
images and replace the antenna of Fig. 8a by the antenna and its image as 



I 

(c) (d) 


Fig. 8. — Antennas above a perfectly conducting plane. 

shown in Fig. 8b. But the antenna of Fig. 8b is merely the linear antenna 
for which we have already derived the expressions for the field intensities. 
Since there is no field below the conducting plane, the radiated power is 
integrated over the surface of a hemisphere instead of a sphere. Conse- 
quently the radiated power and radiation resistance are one-half of the 
values given by Eqs. (19.03-11 and 14). Thus, the radiation resistance of 
a quarter-wavelength vertical antenna above a perfectly conducting ground 
plane is 36.56 ohms. 

The horizontal antenna above a perfectly conducting ground plane, shown 
in Fig. 8c, may be replaced by the image equivalent of Fig. 8d. The antenna 
of Fig. 8d is essentially a two-element array which may be analyzed by the 
methods of the following section. 
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The electrical characteristics of the earth vary in different localities, de- 
pending upon the soil composition and moisture content. In many cases 
the error is not serious if perfect conductivity is assumed for the purpose 
of image calculations. 

19.06. Radiation Field of Arrays of Linear Antenna Elements. — By 

combining two or more linear antennas in an array, with proper spacing 

^ between antennas and proper phasing of 
antenna currents, directional radiation 
may be obtained. Consider the array 
shown in Fig. 9, composed of m parallel 
linear antennas, each a half wavelength 
long, with a separation distance d be- 
tween successive antennas. It is as- 
sumed that the current in each successive 
antenna lags the current in the preceding 
antenna by a phase angle of a radians. 

The electric intensity at a distant 
point P in a horizontal plane perpen- 
dicular to the antennas, due to antenna 
1, is obtained by setting 6 = 7r/2 in Eq. 
(19.03-6), which gives 

Eei = — ( 1 ) 




(b)-FRONT VIEW 

Fig. 9. — Array of linear antennas. 


^0 


Antenna 2 is closer to the point P than antenna 1 by an amount d cos </>. 
Consequently the intensity at P due to antenna 2 leads that of antenna 1 
by the angle (27rd/X) cos <t) — a, where a is the phase angle between the 
antenna currents. Similarly, the intensity due to antenna 3 leads that of 
antenna 1 by an angle 2[(27rd/X) cos <t> — a]. The intensities at P due to 
the various antennas are therefore 


Ee2 

Ees 

E$^ 


60/o 

^0 

60/o 

ro 

60/o 


^0 

To simplify the notation, let 


^y[(27rd/X) cos 0 — a] 


^j2[(2ird/X) cos «/) — a] 


^3[i2ird/\) cos 0-al 


( 2 ) 


27rd 

8 = cos <1) -- a 


( 3 ) 
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The resultant intensity is then 
60-/^ 

lie = [I + e’^ + H 

ro 

60/o sin (mb/2) 

= ^ 1 (4) 

ro sin {b/2) 

The series form of Eq. (4) shows that maximum intensity occurs when 
all of the intensities are in time phase at P, that is, when 6 = 0, 27r, etc. 
Let us assume that 5 = 0. Equation (3) then gives 

a\ 

cos <t>inax ~ ~ ~ (5) 

27ra 


where (t)max is the value of </> corresponding to maximum radiation. The 
intensity in this direction is Ee = 60/o^/^o> fhis being m times the intensity 
of a single antenna with the same current (but not necessarily the same 
power). By a proper choice of the antenna spacing d and phase angle a, 
any desired value of may be obtained. 

The summed form of Eq. (4) shows that if m is large, secondary lobe 
maxima occur approximately when mb/2 = A:7r/2, where k is an odd integer. 
Nodal values occur when k in this expression is an even integer, provided 
that sin (5/2) is not also zero. The latter case results in an indeterminant 
value of Eq. (4). The corresponding values of and cos <#>0 are 

found by substituting the values of 5 from this expression into Eq. (3), 
yielding 


cos </>max — 

//cx + ma\ 


k is odd 

\ 2xmd / 

COS <t>o = 

/A:x + ma^ 


k is even 

\ 2Trmd J 


Two particular cases of interest are the broadside array, with maximum 

radiation corresponding to <;)inax = 7r/2, and the endure array, with <#)niax = 0 

or TT radians. Let us first consider the broadside array. 

In the broadside array, we have cos = 0, and Eq. (5) gives 


a\ 

2xd 


( 8 ) 


This is satisfied by a = 0, requiring that all antennas be fed in the same 
phase regardless of the spacing between antennas. A single-row broadside 
antenna has two major lobes which are 180 degrees apart as shown in 
Fig. 10. The angle <t> corresponding to secondary maxima and nt)deS| for 
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arrays having a large number of elements, may be found by setting a = 0 
in Eqs. (6) and (7), giving 


kX 

cos </)max = ^ , 

2nid 

k is odd 

(9) 

kX 

cos (bn = 

2md 

k is even 

(10) 


The directivity of the broadside array increases as the over-all length of the 
array increases. The directivity improves somewhat as the spacing between 



(a)l=2X (b)l = 4X (c)l = 8X 



(d)l=2A (eH=4X 


(f) l = 8X 


Fig. 10. — Field patterns of arrays of various lengths. Upper row, broadside antennas; lower 

row, end-fire antennas. 


antenna elements is increased up to a critical value of approximately 
d = 3X/4, beyond which the directivity rapidly decreases. 

The end-fire array has a single major lobe with maximum radiation at 
<t^max = 0 or TT radians. Since cos (t>ta&x = ±1, Eq. (5) becomes 


a = zJb 


27rd 

X 


( 11 ) 


Inserting this value of a into Eqs. (6) and (7), we could obtain the values of 
</» corresponding to the secondary lobe maxima and the nodes. 

The end-fire array has a single major lobe with maximum radiation in the 
direction of the end of the array having the lagging phase. The major 
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lobe width, however, is wider than that of the broadside antenna for a given 
array. The directivity increases with the over-all length of the array and 
also increases as the spacing between conductors increases up to a critical 
value of approximately d = 3X/8. 



19.06. Other T 3 rpes of Arrays. — The colinear antenna array, shown in 
Fig. 11, may be treated by methods similar to those of the preceding article. 
The electric intensity at a distant point P is 

== ^-y[(27rd/X) CO8 0-al ^ ^-j2[i2Trd/\) conB-a] ^ ^ 

ro 


^^^0 _.^^„sin (m5/2) 

c 


^0 




sin (5/2) 


( 1 ) 


where m is the number of antenna elements and 5 is given by Eq. (19.05-3) 
with <t> replaced by 6. The function /(0) is given in Eqs. (19.03-6 and 7). 
This array radiates uniformly in the 0 direction but may be made to have 
any desired directivity in the 6 direction. 

Arrangements for feeding the antenna elements of colinear arrays are 
shown in Fig. 12. In Fig. 12a, the antenna sections are each approximately 
a half wavelength long. The transmission-line elements are inserted be- 
tween successive antenna sections to obtain proper phasing of the antenna 
currents. A common arrangement is to use transmission lines which are 
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(a) (b) 

Fia. 12. — Colinear arrays. 



Flo. 13. — Rectangular array. 
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each a quarter wavelength long, in which case the antenna currents are in 
time phase. This results in a field distribution similar to that of the broad- 


side array shown in Fig. 10a. 

The array of Fig. 12b is fed by a coaxial transmission 
line. The first antenna of the array consists of the ex- 
tended center conductor and the sleeve, forming a half- 
wavelength dipole antenna. Other antenna elements are 
formed by the sheath of the coaxial line and additional 
quarter-wavelength sleeves. The choke sleeve is a 
quarter wavelength long and serves to minimize induced 
currents in the coaxial-cable sheath below the array. 

A rectangular array is sometimes used to obtain in- 
creased directivity. Figure 13 shoAvs a rectangular array 
of half-wavelength dipole antennas. A metal screen be- 
hind the antennas serves as a reflector to give unidirec- 
tional radiation. The array shown is a broadside array, 
operating at a frequency of approximately 200 megacycles. 

The turnstile array of Fig. 14 is an arrangement in 
which the two antennas on any one level cross at right 



Fio. 14. — Turnstile 
antenna. 


angles and have a 90-degree phase displacement of antenna currents. This 
results in a circularly symmetrical field pattern with horizontal polarization. 



~45 - 22.5 0 ^ +22.5 +45 

Phase angle of parasitic antenna impedance 

Flo. 15. — Field patterns in the horizontal plane for a driven antenna and a parasitic antenna. 
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By proper spacing of antenna elements and phasing of the antenna cur- 
rents, the vertical radiation may be largely canceled. 

19.07. Parasitic Antennas. — If a conducting wire is placed in the 
vicinity of a transmitting antenna and is oriented so as to be parallel to 
the electric-field lines, it becomes a 'parasitic antenna. Induced currents 
flow in the conductor and it absorbs and reradiates power according to its 
own directional radiation characteristics. The driven and parasitic an- 
tennas then comprise a two-element array with a field distribution which 
may be computed by the methods of the preceding section if the currents 


in the driven and parasitic antennas are 
known. The length of the parasitic an- 
tenna as well as the spacing between 
driven and parasitic antennas may be 
varied to obtain a variety of directivity 
patterns as shown in Fig. 15. The phase 
angles are those of the self-impedance of 
the parasitic antenna, which depends upon 
its length. The self-impedance of an iso- 
lated antenna which is less than a half 
wavelength long is capacitive, while that 
of an antenna greater than a half wave- 
length but less than a full wavelength 
long is inductive. 

19.08. Loop Antennas. — Consider now 
the radiation from a circular loop antenna 
with dimensions which are small in com- 
parison with the wavelength. Uniform 
current distribution in the loop is assumed and the radius of the loop is 
taken as a. 

In the spherical coordinate system of Fig. 16, consider the vector poten- 
tial at point P, with coordinates (r, B, <^), resulting from a differential cur- 
rent element at Q, with coordinates (a, 0', <#>'). The differential current 
element is la d<t>\ The resultant vector potential at P is in the <!> direction 
and, because of symmetry, the vector potential is uniform in the <t> direc- 
tion. In order to simplify the following discussion, we shall let <^ = 0. 
The differential current element at Q makes an angle of <t)' with respect to 
the resultant vector potential at P, hence Eq. (15.02-14) may be written 



fxl 

= 7“ I ® cos </)' (1) 

AtJoV 


Referring to Fig. 16, we may let r = ro — a cos ^ in the exponential 
term of Eq. (1) and r == ro in the denominator. It may be shown that 
cos ^ = cos 0 cos 0' + sin 6 sin 6' cos (0 — <^'). For our problem, we have 
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6' = Tr/2 and <#> = 0; therefore, r = ro — a sin ^ cos Making this sub- 
stitution in Eq. (1), we obtain 




AirVi 


0 •'0 


^V^asin^cos^' COS (/>' d</>' 


( 2 ) 


Taking the first two terms of the series expansion for the exponential, 
we have 


A<a — 


AtTo 


I 


(1 + J/3a sin 0 cos (j>') cos <j>' d4>' 


2Xro 


sin de 


( 3 ) 


Inserting this value of into /7 = (l//i)V X A, we obtain the magnetic- 
intensity components, 

jrla^ ■ 

Hr = — ^ cos (4) 


Xrg 


He 


X^ro 


sin 


( 5 ) 


The electric intensity may be obtained by substituting H into V X H = 
jwtE. The scalar value of the radiation-field components are 


He = 




X^ro 
= rjHe = 


sin 0 


ir^IaS 

X^ro 


sin 0 


( 6 ) 

( 7 ) 


The radiation field of a loop antenna consists of a TEM spherical wave 
with intensities similar to those of the incremental antenna given in Eqs. 
(19.02-7 and 8), but with the electric and magnetic-intensity directions 
interchanged. The field pattern in the plane perpendicular to the loop is 
the same as that of the incremental antenna shown in Fig. 2. 

The total radiated power and radiation resistance are: 

P == ril^2Tr^osm0d0 

Jq 2 



( 9 ) 
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As an example, a loop antenna with a value of a/\ = 0.05 has a radiation 
resistance of Rq = 1.94 ohms, as compared with 73 ohms for the half- 
wavelength dipole antenna. The low radiation resistance of the loop an- 
tenna in comparison with its ohmic resistance results in relatively inefficient 
operation. Also, the low radiation resistance makes it difficult to obtain a 
proper impedance match to a transmission-line feeder. 

Several modifications of the loop antenna have been developed in order 
to overcome the difficulty of low radiation resistance. The Alford loop,^ 
shown in Fig. 17, has a current loop at the center of each side, with the 
currents in all folir sides in phase. The nodal current points are brought 




Fig. 18. — Shielded loop antenna. 


close together so that they do not radiate. This loop presents a relatively 
high reactive input impedance which is canceled by the reactance of the 
short-circuited stub. The radiation resistance of the Alford loop is Rq = 
320 sin^ ; where I is the length of one side. This may be made con- 
siderably greater than the radiation resistance of an ordinary loop antenna. 

Figure 18 shows a loop antenna with an electrostatic shield. Antennas 
of this type are often used as transmitting or receiving antennas on air- 
planes. The electrostatic shield serves to minimize the static interference 
but does not appreciably alter the radiation characteristics as a loop an- 
tenna. Antenna currents flow on both the inside and outside surface of 
the outer conductor, the currents flowing on the outside being responsible 
for the radiation of power from the antenna. 

19.09. Parabolic Reflectors. — The parabolic reflector is frequently used 
in microwave systems as a means of obtaining a high degree of directivity 
of transmitting and receiving antennas. Either a plane parabola or a 

^ Alford, A., and A. G. Kandoian, Ultra-high-frequency Loop Antennas, Trans. 
AJ.E.E,, vol. 69, p. 843; December, 1940. 
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Another factor tending to increase the beam width is the finite size of 
the antenna. Since the antenna is not a true point source, it produces focal 
defects, known as aberrations, which cause the rays to diverge from the ideal 
parallel beam. To minimize this difficulty, the parabola should have a focal 
distance of approximately one-quarter of its diameter. 

A half-wavelength dipole antenna radiates uniformly in the horizontal 
direction but has a field pattern as shown in Fig. 5a in the vertical plane. 
Consequently, the parabola is uniformly illuminated in a horizontal plane 
but has most of the radiation concentrated at the center in the vertical plane. 
This results in a narrower beam in the horizontal direction than in the verti- 
cal direction. The direct radiation from the antenna which is not reflected 
by the parabola tends to spread out in all directions and hence partially 
destroys the directivity. The spherical reflecting shell, shown in Fig. 19b, 
or a parasitic antenna, may be used to direct all of the radiated energy 
toward the parabolic reflecting surface, thereby avoiding direct radiation. 


PROBLEMS 

1 . An isolated linear antenna is 3X long. The antenna is fed at a loop current point 
and the current is 10 amps. 

{a) Determine the angular positions of the maxima and minima of the radiation 
field in the vertical plane and sketch the field pattern. 

(6) Compute the electric intensity, magnetic intensity, and time-average power 
density at a point 10 km from the antenna in the direction of the maximum 
intensity. 

(c) Compute the radiation resistance. 

2. Show that the time-average power radiated from an infinitesimal antenna, including 
the induction field terms, is the same as that of the radiation field alone. Obtain 
an expression for the peak value of reactive energy density stored in the field. 

3. An array of m half-wavelength dipole antennas, such as that shown in Fig. 9, is 
mounted vertically over a perfectly conducting ground plane. Derive an expression 
for the electric intensity of the radiation field. 

4 . An end-fire array consists of six quarter- wavelength antennas mounted vertically 
over a perfectly conducting ground plane. The electric intensity in a horizontal 
plane at a distance of 25 miles from the antenna is to be 20 microvolts per m and the 
frequency is 50 megacycles per sec. 

(o) Specify the spacing between antennas for a maximum directivity of the radiated 
signal. 

(5) Sketch the field pattern in the horizontal and vertical planes. 

(c) What should be the antenna currents and phasing of the antenna currents? 

(d) Show how the antennas can be fed in order to obtain the desired phase relation- 
ships. 

5. Derive an expression for the field pattern of the turnstile antenna of Fig. 14, assuming 
that all of the antennas in a vertical plane are fed in time phase and that the two 
antennas in any one horizontal plane have a phase displacement of 90°. Show that 
the resulting electric intensity is circularly polarized. 
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6. A loop antenna has a radius of 2 cm and a current of 100 ma. The frequency of the 
exciting source is 1,000 megacycles per sec. 

(а) Compute the radiation resistance and power input, assuming that the antenna 
losses are negligible. 

(б) Evaluate the electric intensity at a point in space 500 ft from the antenna and 
making an angle of 30° with respect to the plane of the antenna. 



CHAPTER 20 


IMPEDANCE OF ANTENNAS 

The antenna must be considered not only from the viewpoint of a 
radiator or receiver of electromagnetic energy, but also as a circuit ele- 
ment in transmitting and receiving systems. For example, if maximum 
power transfer is to be realized, the networks feeding the antenna must 
be designed so as to present a conjugate impedance match at the antenna 
terminals. In certain applications, sharply tuned antennas are required, 
whereas in other applications, such as in television and pulse-modulated 
systems, the antennas must have a relatively constant input impedance 
over a wide range of frequencies. These few examples indicate the need 
for further knowledge of the subject of antenna impedances. 

20.01. Input Impedance of Antennas. — The input impedance of an an- 
tenna is dependent upon its length, shape, the point where the antenna is 
fed, and the proximity of conductors or other objects which alter the field 
distribution in space. 

A linear center-fed antenna, which is isolated in space, has an impedance 
variation with length (or impressed frequency) somewhat similar to that 
of the open-circuited transmission line shown in Fig. 10, Chap. 8, and has 
reactance characteristics similar to those shown in Fig. 6, Chap. 8. The 
length of the equivalent line is slightly greater than one-half of the antenna 
length. Resonant and antiresonant input impedances occur when the an- 
tenna length is approximately 5 per cent shorter than an integral number 
of half wavelengths, the deficiency being due to what is sometimes referred 
to as ‘^end effects. The nature of these end effects will be discussed in 
connection with biconical antennas in the following chapter. The reac- 
tive component of input impedance alternates between capacitive and 
induetb^e reactance as the length of the antenna increases. The input 
impedance is a relatively low resistance at resonance and a high resistance 
at antiresonance. 

In an array of antennas, the input impedance of any one antenna is 
dependent not only upon its self-impedance, but also upon the mutual 
impedance between the given antenna and all other antennas in the array. 
The use of a parabolic reflector or other reflecting device likewise alters 
the input impedance of an antenna. 

424 
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A reciprocity theorem ^ of fundamental importance in the analysis of 
antennas states that if a voltage F, impressed at the terminals of one 
antenna, produces a current / in a second antenna, then the same voltage 
applied at the terminals of the second antenna will produce the same current 



Fig. 1. — End fire array of curved dipole antennas. Beam width between half-power points is 
28 degrees at X == 12 centimeters. {Courtesy of the MJ.T. Radiation Laboratory.) 

in the first antenna. Another way of stating this is that the transfer imped- 
ance of two antennas is the same with the generator connected to the 
terminals of either antenna, that is, Zt = Vi/h = F 2 // 1 , where I 2 is the 
current in antenna 2 due to the voltage Vi applied to antenna 1, and 
/i is the current in antenna 1 due to the voltage V 2 applied to antenna 2. 

^ Carson, J. R., Reciprocal Theorems in Radio Communication, Proc. I.R.E.y vol. 17, 
p. 962; June, 1929. • 
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As a result of the reciprocity theorem, the field pattern of an antenna or 
an array, as well as the self and mutual impedances of the various antenna 
elements, are the same when the antenna is used either as a transmitting 
or receiving antenna. The reciprocity theorem is restricted to isotropic 
mediums and does not apply if the field includes an ionized medium in the 
presence of a magnetic field, such as exists in the ionosphere region. 

20.02. Methods of Evaluating Antenna Impedances. — There are four 
general methods of evaluating the input impedance of antennas. These are 
as follows: 

1. If solutions of the wave equation are obtainable and the constants, 
representing the relative magnitudes of the various modes, can be evaluated, 
then the antenna current may be obtained for a given applied emf as a 
boundary-value problem. The input impedance is then computed as the 
ratio of voltage to current at the input terminals. Although this method 
represents a rigorous approach, the evaluation of the constants in the general 
solution of the wave equation involves considerable mathematical difficulty. 
For this reason, other simpler methods are used wherever possible. 

2. The radiation resistance of an antenna may be determined by the 
Poynting-vector method described in the preceding chapter. In this 
method the field distribution is obtained in terms of either a known or an 
assumed current distribution in the antenna. The total radiated power is 
then computed by integrating the normal component of Poynting’s vector 
over the surface of a large sphere having the antenna at its center. The 
radiation resistance is then obtained from Rq = 2Plllj where P is the total 
radiated power and Zq is the amplitude of the current at the position on 
the antenna where the current has its maximum value (the loop current 
point). For a perfectly conducting antenna, the radiation resistance would 
be the resistive component of input impedance, neglecting ohmic resistance, 
at the loop current point. This method does not give the reactive compo- 
nent of input impedance. When applied to arrays, this method may be 
used to obtain the total power radiated by the array, but it does not tell 
how much power is radiated by each individual antenna, nor does it enable 
us to evaluate the self and mutual impedances of the antenna elements in 
the array. 

3. A modification of the Poynting-vector method is obtained if the sur- 
face over which Poynting^s vector is integrated is chosen so as to coincide 
with the surface of the antenna conductor. This yields real and imaginary 
components of power, the real part representing power which is radiated 
from the antenna and the imaginary part representing energy which is 
stored in the induction field during one portion of the cycle and returned to 
the source during a later portion of the cycle. If ^ is the complex power, 
then the input impedance is Z = 2\[//I^, where / is the amplitude of the 
input current. 
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4. In the induced emf method, we again start with either a known or an 
assumed current distribution in the antenna and determine the resulting 
field distribution. The field induces a counter emf in the antenna which 
opposes the current in the antenna. Consequently the source must supply 
an equal and opposite emf to overcome the induced emf and thereby sustain 
the current flow in the antenna. The procedure, therefore, is to evaluate the 
induced emf by taking the line integral of electric intensity over the length 
of the antenna. The applied emf is equal and opposite to the induced emf 
and the ratio of applied emf to current, 
at the input terminals of the antenna, 
gives the input impedance. 

We shall see presently that the third and 
fourth methods are essentially the same. 

Since these methods yield the most useful 
information, we shall consider them in 
greater detail in this chapter. In the fore- 
going discussion, no mention was made of 
the losses in the antenna itself. The power 
input to the antenna must equal the sum 
of the radiated power and the power loss 
in the antenna. The efficiency is the ratio 
of the radiated power to the power input. 

Since the losses in most antenna systems 
are small, they have very little effect upon 
the input impedance. 

20 . 03 . Field of a Linear Antenna — ^Exact 
Method. — In Sec. 19.03, the field distribu- 
tion of a linear antenna was obtained by an approximate method in which 
only the radiation-field terms were included. Since the induced emf method 
requires a knowledge of the field distribution in the immediate vicinity of 
the antenna, we shall retrace our steps and derive more exact expressions 
for the field distribution. 

Consider the center-fed linear antenna of Fig. 2, which is assumed to be 
isolated in space and to have a sinusoidal current distribution up to the 
feed point of the antenna. The current is given by 



Fig. 2. — Center-fed antenna with a 
sinusoidal current distribution. 


/ = 7o sin /3 0 < Z < ^ 

I = lo sin 


( 1 ) 


- - < Z < 0 
2 


where the time function is assumed. 
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The charge distribution may be obtained by inserting the current from 
Eq. (1) into the equation of continuity, Eq. (3.02-7), which, for the one- 
dimensional case, may be written dlJdZ = —dqi/dt = —joiqi, where qi is 
the charge per unit length of conductor. The charge distribution then 
becomes 


.^0 /I \ I 

qi = —J — cos [ Z) 0 < Z < - 

Vc \2 / 2 


•^0 o 

qi = j — cos d 
Vc 


a-) 


( 2 ) 


-- <Z <0 
2 


The retarded scalar and vector potentials are obtained by inserting the 
current and charge from Eqs. (1) and (2) into (15.02-13 and 14), with the 
substitutions q^ dr = qi dZ and Jcdr = I dZ. The potentials at P in Fig. 2, 
resulting from the charge and current in the upper half of the antenna, then 
become 

V = 


rjlo ( 

1 \ 


-j — 1 cos /3 ( 

47rJz = o r \ 

--Z\dZ 

(3) 

pin /I \ 

r ""^V2 

Zj dZ 

(4) 


Similar expressions may be written for the potentials at P due to the current 
and charge in the lower half of the antenna. 

The field intensities may be evaluated in terms of the potentials by using 
Eqs. (15.02-1 and 3), ^ 

n = -V X A (15.02-1) 

_ dl 

S = _VF (15.02-3) 

dt 

When expressed in cylindrical coordinates for our particular problem, these 
become 

uv ov 

E^ = 0 (5) 


dV 

Ez — j<>}A j 

dz 


E,= 


dV 

dp 


Ha = 


1 dA, 


M dp 


( 6 ) 


The intensity component Ez at p resulting from the charge and current 
in the upper half of the antenna is obtained by inserting Eqs. (3) and (4) 
into the first of Eq. (5). Letting /(r) = we have 


Ez^j 


.hi 




47r I 


rj I 
Jz=^o 


df(r) 

dz 


COB 


(i-zy 
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Referring to Fig. 1, we obtain 

= p2 + (2 - Z)2 (8) 

from which we obtain df(r)/dz = —df(f)/dZ. This substitution may be 
made in the first integral of Eq. (7) and the integration may then be 
completed by parts. We let u = cos /3[(i/2) — Z] and dy = [df{r)/dZ] dZ, 
and the first integral of Eq. (8) becomes 


-rj I 
Jz^^o 


z^U2 sf{r) 
dZ 


cos /3 


= 0 


pZ^l /2 n \ 

~^mJ Six) sin dZ (9) 


When Eq. (9) is substituted into Eq. (8), the two integral terms cancel, 
leaving 


E, = 


, vio 

-j cos 

47r r 


/I \ z-;/2 

s/3 - -Z) 

\2 / z=o 


Returning to Fig. 2, we find that when Z = 0 and Z = 1/2 we have r — Tq 
and r = ra, respectively. The intensity Ez due to the current in the upper 
half of the antenna therefore becomes 


Ez = -j 


.vh /e 


47r \ r2 


cos 

ro 2 


D 


( 10 ) 


A similar derivation, with the current and charge in the lower half of 
the antenna substituted into Eqs. (3) and (4), would yield the contribution 
to Ez resulting from the current and charge in the lower half of the antenna. 
Adding these two terms yields the total intensity, 


Ez = jZOIo ( cos — 

\ To 2 ri 


-J/5r2\ 

r2 / 


(11) 


Expressions for Ep and may be obtained by inserting V and Az 
into Eqs. (7) and (8), yielding, after considerable manipulation, 


.307o 

Ep= J 

f(z + i/2) __,,,. 1 [z - (//2)] 

22 ■„ pi] 

e cos — 1 

(12) 

P 

1 ri r2 

ro 2 J 



g-iPr, cos 

S. 2 / 


(13) 


These equations may be used to evaluate the intensities for any value of 
p up to the surface of the antenna conductor. 
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20.04. Input Impedance of a Linear Antenna, — Having derived expres- 
sions for the intensities in the immediate vicinity of a linear antenna, we 
are now prepared to proceed with the impedance derivations. Assume that 
the linear antenna of Fig. 3 has a point source generator and a sinusoidal 
current distribution. The power density, flowing in a direction normal to 

the surface of the conductor, is given by 
Poynting^s vector. The time-average power 
density may be expressed as ^ == 
where Ez and are the complex values of 
the intensities at the surface of the conductor 
and i/* is the complex conjugate of H^. The 


a 


(61 


I 






A 


(P 


power density represented by this expression 
is complex, the real part representing power 
lost by the system and the imaginary part 
representing reactive energy stored in the 
field. Integration of the power density over 
the surface of the conductor gives the total 
complex power 


X +i/2 
• 1/2 


{Y2EJll)2i,adz ( 1 ) 


Fig. 3. — Illustration for induced 
emf analysis. 


where a is the radius of the conductor and 
the negative sign denotes energy loss by the 
system. 

The total power leaving the antenna may also be expressed in terms 

of the antenna current. Ampere's law ^n-dl= I, for our problem, 

becomes 2iraH^ == /, or H* == /*/27ra. Making this substitution in Eq. 
(1), we obtain an alternate expression for the complex power 


--Cl 

J-t/Z ' 


J* dz 


( 2 ) 


Equations (1) and (2) offer two different interpretations for one and the 
same phenomenon. In Eq. (1), the complex power is expressed as the 
surface integral of Poynting^s vector over a surface enclosing and coinciding 
with the antenna conductor surface. Our interpretation of Eq. (2) is that 
the intensity opposes the current flow in the antenna, compelling the 
source to supply an equal and opposite electric intensity to sustain the 
current. The emf induced by the field is obtained by integrating Ez over 
the length of the antenna. This is equal and opposite to the applied 
emf. 
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The complex impedance at the input terminals is 

2^ 

where Jo is the amplitude of the input current. 

The intensities in the power expressions, Eqs. (1) and (2), are those at 
the surface of the antenna. These may be obtained from Eq. (20.03-11) 
by setting 

ro = Vz^ + ri = ra = (4) 


where a is the radius of the conductor. The value of Eg obtained in this 
manner is then inserted into Eq. (2) together with the current from the 
first of Eq. (20.03-1). The integration may be performed over the upper 
half of the antenna and the resulting power multiplied by two to obtain 
the total complex power. This gives 

M/2 -f a2 

^ Jo L 2 ” V[{l/2) + zf + a" 


via/2) - zf +^. 



(5) 


This integral may be evaluated by straightforward methods, although the 
actual manipulation is quite involved. The integration could be simplified 
by assuming that the conductor has zero radius, that is, a = 0. This would 
yield approximately the correct value of the real power and hence the re- 
sistive component of input impedance, as computed by inserting Eq. (5) into 
Eq. (3), would be the correct value. However, the imaginary component 
would be infinite, indicating an infinite reactance. In order to evaluate the 
reactive component of input impedance, it is therefore necessary to use the 
more exact expression. Schelkunoff ^ has obtained the following expressions 
for the resistance and reactance of the linear antenna by a method similar 
to that outlined above 


R = 60(c + ln^l- cm) + 30{Si^2ffl - 2Sm) sin fil 

pi 


-}-30 c + In 


+ 

-30^] 


2Cm + Ci2pl ) cos 




( 6 ) 


X = GOSi^l + S0{2Sifl - Si2ffl) cos fil 
l\ 


In — - 2.414 - Ci2fil + 2Cifil] sin (7) 

2a^ / 

^ Schelkunoff, S. A., “Electromagnetic Waves,” pp. 369-374, D. Van Nostrand 
Company, Inc., New York, 1943. 
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where c = 0.5572 is Euler’s constant and the cosine and sine integrals are 
as defined in Sec. 19.03. These terms may be readily evaluated for an 
antenna of any desired length if tables of the cosine and sine integrals 
are available. For example, if the antenna length is an odd integral number 
of half wavelengths long, we then have 01 = rnr where n is an odd integer; 
then sin)3Z = 0 and cos 0l = —1. Equations (6) and (7) then reduce to 

R = 72.45 + 30 In n - 30«27rn (8) 

X = 30>S^27^n (9) 

The resistive component of input impedance agrees with that obtained 
by the Poynting-vector method in Eq. (19.03-14). For a half-wavelength 
dipole antenna, we have Cil'KU » 0 and Si^irn = 1.43. The input imped- 
ance then becomes Z — 72.45 + ^43 ohms. The reactive component of 
the input impedance may be made zero by using an antenna which is 
slightly less than a half wavelength long. 

20.05. Validity of the Induced-emf Method. — Although the induced- 
emf method of evaluating antenna impedances yields results which agree 
favorably with measured values, this method embodies certain inconsist- 
encies which lead us to question its validity. If we assume that the antenna 
is a perfect conductor, then the tangential intensity must be zero in order 
to satisfy the boundaiy conditions. This presents an embarrassing situa- 
tion, since if Ez is zero at the conductor surface, then the normal component 
of Poynting’s vector is likewise zero and there can be no power flow normal 
to the surface of the antenna. Does this mean that a perfectly conducting 
antenna could not radiate power? Experimental evidence indicates that 
the radiating properties of an antenna are actually improved as the con- 
ductivity of the antenna conductor increases. Intuitively we would expect 
that a perfectly conducting antenna would radiate just as effectively as an 
antenna with finite conductivity. If the radiated power does not leave the 
surface of the conductor, then where does it leave the antenna? 

Before attempting an explanation of this anomaly, let us straighten out 
the matter of current distribution in the antenna. It is evident that, for a 
perfectly conducting antenna, the assumption of a sinusoidal current dis- 
tribution is erroneous, since it yields a tangential intensity at the surface 
of the antenna which we know cannot exist. However, the value of Ez 
computed on the basis of an assumed sinusoidal current distribution is 
quite small and, for thin antennas, only a slight modification of the current 
distribution is necessary in order to cause Ez to vanish at the surface of the 
conductor, thereby satisfying the boundary conditions. Consequently, the 
current distribution along a thin, perfectly conducting antenna would differ 
slightly from a sinusoidal distribution, the discrepancy being most pro- 
nounced at the current nodes. As the conductor diameter approaches zero, 
the current distribution approaches a sinusoidal distribution. 
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In order to answer the question ‘‘where does the radiated power leave 
the antenna?'^ we must search for a surface over which the normal compo- 
nent of Poynting’s vector is not zero. Could this be the extreme end sur- 
faces of the antenna? In order to have a normal component of Poynting^s 
vector, it would be necessary to have a tangential component of electric 
intensity at the end surfaces, but this is again ruled out by our assumption 
of a perfectly conducting antenna. 

Let us now consider the antenna shown in Fig. 4, in which it is assumed 
that there is a finite separation distance between conductors at the feed 
point ab. An electric field exists in the region ab such that 
the line integral of electric intensity over this interval is 
equal to the impressed emf. A magnetic field also exists 
in this region owing to the current flow. Consequently we 
would expect to find a normal component of Poynting^s 
vector over any surface enclosing the region ab. This leads 
us to suspect that the radiated power might depart from 
the antenna in the region between a and b. As the dis- 
tance ab is decreased, the electric intensity increases in 
such a way that the line integral of electric intensity from 
a to b always equals the applied emf. In the foregoing 
derivations, a point generator was assumed, implying that 
the distance ab approaches zero. If this were true, how- 
ever, the electric intensity would approach infinite value 
over the infinitesimal distance ab. 

Since the induced-emf method apparently yields reason- 
ably correct results, we conclude that the complex power leaving a thin, per- 
fectly conducting antenna may be determined by either of two methods. 

1. Assume a sinusoidal current distribution and a point source feeding 
the antenna. Ignoring boundary conditions, evaluate Eg by the methods 
outlined above and insert this in either Eq. (20.04-1 or 2) to obtain the 
complex power flow. 

2. With the true current distribution, Ez is zero at the surface of the 
antenna, but it is not zero in the region ab. We may therefore obtain the 
complex power flow by integrating Poynting's vector over a surface enclos- 
ing the region ab. 

It is not clear why the two methods give essentially the same result. Ap- 
parently the slight modification in antenna current, which is necessary to 
satisfy the boundary conditions, causes a shift from a situation of distri- 
buted power flow from the conductor surface to one of concentrated power 
flow emanating from the region ab, without appreciably altering the value 
of the power or the complex impedance computed from it. Since all 
practical antennas have finite conductivity, the value of E^ is small but 
need not be zero. 



b 


Fio. 4. — Field 
in the vicinity of 
the feed point of 
a dipole antenna. 
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20.06. Mutual Impedance of Linear Antennas. — When two or more 
antennas are located in a mutual field, a coupling exists between the 
antennas which influences the input impedance of each. Designating 
the self-impedances of a group of antennas at the input terminals as 
Zx\i ^22) Zzz, etc., and the mutual impedances as Z12, Z23, etc., we may 

write the following familiar network 
equations 



V\ = IiZii + I2Z12 H InZ\n 

V2 = I\Z 2 l + I2Z22 ~\ InZ 2 n 

Fn = IlZnl + l2Zn2 + * * * InZnn 


( 1 ) 



Fig. 5. — Illustration for mutual im- 
pedance between antennas. 


flow in antenna 2. 
the induced emf is 


where Fi, F2, F3, etc., are the applied 
emfs. From the reciprocity theorem, we 
find that the mutual impedances bear 
the relationship Z12 = Z21, etc. 

Consider the mutual impedance of two 
thin, parallel antennas of equal length as 
shown in Fig. 5 . The current in antenna 
1 produces a tangential component of 
electric intensity at the surface of antenna 
2. This tangential electric intensity pro- 
duces an emf in antenna 2 which, we 
will assume, opposes the current flow in 
antenna 2 . It is then necessary for the 
source of antenna 2 to supply an equal 
and opposite emf to sustain the current 
The complex power required of source 2 to overcome 


^2 = — 


f^l/2 

, E 
J-l /2 


« 12^2 


it dz 


( 2 ) 


where £212 is the intensity at the surface of antenna 2 due to the current 
in antenna 1 , and 1 2 is the current in antenna 2. The mutual impedance 
is then 


Z12 = 


2^2 

TJ 2 


( 3 ) 


For linear antennas, Eq. (2) may be evaluated by assuming sinusoidally 
distributed currents in the two antennas. The electric intensity E212 
the surface of antenna 2 resulting from the current in antenna 1 is then 
obtained from Eq. ( 20 . 03 - 11 ). The values of and 1 2 are inserted into 

Eq. ( 2 ) and the integration is then performed to obtain ^2* Inserting this 
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(b) 


Fig. 6. — Magnitude and phase angle of the mutual impedance of two half-wavelength anten* 
nas; (a) parallel antennas, and (b) colinear antennas. 
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value of ^2 into Eq. (3) gives the mutual impedance. The integration is 
quite lengthy and will therefore be omitted. For two half-wavelength 
dipole antennas, the mutual impedance is 

Ru = 30[2Ct/3p - Cfj3(r' + 1) - Ct/3(r' - 1)] 

(4) 

Xi2 = 30[-2St/3p -f- Smr' + 1) + - 0] 

where p and r' are the distances shown in Fig. 5. 

As an example, consider the mutual impedance resulting from two half- 
wavelength dipole antennas which are spaced a quarter wavelength apart. 
We then have /3p = x/2. Referring to tables of Cix and Six in Jahnke and 
Emde, or Fig. 6, Chap. 19, we obtain 

l3p = - Cifip = 0.47 Sifip = 1.37 

2 

/3(r' + 0 = 6.65 Ct/3(r' + Z) = 0 + Z) = 1.43 

p{r' - Z) = 0.377 Cip(r' - Z) = -0.45 Si0{r' 0.37 

We substitute these values into Eq. (4) and the mutual impedance is 
found to be Z 12 = 41.7 — i28.2 ohms. 

Graphs of the magnitude and phase angle of the mutual impedances of 
two half-wavelength antennas, arranged either as a parallel or colinear 
array, are shown in Figs. 6a and 6b. 


PROBLEMS 

1. Derive the expressions for Ez, Epj and given by Eqs. (20.03-11, 12, and 13), for 
the linear antenna. 

2. Compute the input impedance of a center-fed, linear antenna which is 1 wavelength 
long. The frequency is 200 megacycles per sec. 
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OTHER RADIATING SYSTEMS 

A linear antenna, used either alone or in an array, constitutes a sharply 
tuned antenna, z.e., relatively large impedance variations occur for small 
variations in frequency either side of the resonant or antiresonant fre- 
quency. Many applications require wide-band antennas which have a rela- 
tively small impedance variation over a wide range of frequencies. Certain 
types of antennas, such as the biconical antenna, the ellipsoidal antenna, 
the electromagnetic horn, and others, 
are inherently wide-band radiating and 
receiving systems. We shall consider 
several types of wide-band antennas in 
this chapter. The diffraction of electro- 
magnetic waves passing through an 
aperture will also be treated. 

21.01. Field of the Biconical Antenna. 

— The field in the vicinity of an antenna 
may be regarded as consisting of a 
superposition of a principal-mode field 
and higher spherical-mode fields such as 
those described in Sec. 15.11. Schelkunoff 
has shown that the biconical antenna 
has the unique feature that, insofar as 
the principal mode is concerned, it appears as an open-ended transmission 
line with uniformly distributed circuit parameters. Consequently this an- 
tenna offers an excellent opportunity to study radiation phenomenon from 
the viewpoint of transmission-line theory on the one hand, and the solu- 
tions of Maxwelhs equations on the other. 

The biconical antenna of Fig. 1 is assumed to have two perfectly con- 
ducting cones, each of length I and cone angle 2Bi. The electric field lines 
for the principal mode are arcs of circles terminating on charges on the 
surface of the cones as shown in Fig. 2a. The magnetic lines for the princi- 
pal mode are circles concentric with the axis of the cone. If we assume a 
small cone angle, the principal-mode field may be assumed to be contained 
within the imaginary spherical surface s in Fig. 1. The electric" field lines 
for two of the higher spherical modes are shown in Figs. 2b and 2c. 
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For the present, let us consider only the principal mode. The intensity 
components are Es and H^. The field is circularly symmetrical, hence 
d/d<l> = 0. The curl equations (13.06-1 and 2), expressed in spherical coordi- 
nates, then become 


1 dirEe) 

^ 

r dr 

(1) 

1 d{rH^) . 

= JioelLe 

r dr 

(2) 

d 

— (sin OH^) = 0 
dd 

(3) 

d 

— rEe = 0 

(4) 


d<t> 


where the time function is implied. 



Fig. 2. — Field of the biconical antenna, (a) principal mode, (b) and (c) higher order modes. 


An explicit expression for Ee is obtained by multiplying Eq. (1) by r 
and then differentiating with respect to r. Substitution of [d(rH^)]/dr from 
Eq. (2) into this expression yields 


d^rEe) 

dr^ 


= —fi^rEe 


where jS = 

Similarly, for the magnetic intensity we have 


~d^ 




(5) 


( 6 ) 
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Solutions of Eqs. (5) and (6) which also satisfy Eqs. (3) and (4) are 


Ee = 

r sin^ 


( 8 ) 

rir sin 6 

where rj = 

Equations (7) and (8) contain outgoing and reflected wave terms corre- 
sponding to the principal mode. The intensities decrease as 1/r due to the 
spherical nature of the waves. The ratio of electric to magnetic intensity 
for either the outgoing or reflected wave is equal to the intrinsic impedance 
of free space. Boundary conditions are satisfied since the electric intensity 
is normal to and the magnetic intensity tangential to the conducting surface. 

The voltage between corresponding points on the two conductors is due 
to the field of the principal mode only.^ This voltage may be computed 
as the line integral of electric intensity over the circular electric-flux path 
of the principal mode, or 

I Eer dd (9) 

Upon inserting Ee from J']q. (7), we obtain 




f 

jgi 


= In cot - (10) 

2 

Ampere’s law ^H-dl = 1 may be used to evaluate the current. Inte- 

gi ating over a circular path concentric with the cone, we have 27rr sin 
= 7, and inserting from Eq. (8) gives 

I - B^^^) (11) 

From the viewpoint of a transmission line, the characteristic impedance 
Zo of the biconical antenna is the ratio of voltage to current for either the 
outgoing or reflected wave. Equations (10) and (11) give 

^ ^1 2 

Zo = - In cot — « 120 In — (12) 

TT 2 B\ 

The second form of Eq. (12) is valid for small cone angles only. 

^ ScHELKUNOFF, S. A., “Electromagnetic Waves,” p. 447, D. Van Nostrand Company, 
Inc., New York, 1943. 
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The characteristic impedance is independent of r; therefore, insofar as 
the principal mode is concerned, the biconical antenna has the properties 
of a uniform transmission line. The inductance and capacitance per unit 
length are also independent of r by virtue of the fact that the conductor 
diameter increases in direct proportion to r. 

Although the biconical antenna appears as an open-ended transmission 
line, the energy of the outgoing wave is only partially reflected at the sur- 
face s, in Fig. 1, the remaining portion being transformed into higher-mode 
energy. Schelkunoff has shown that, from the viewpoint of the principal 
mode, this transfer of energy into the higher modes may be treated as a 
lumped impedance terminating a uniform transmission line. 

21.02. Impedance of the Biconical Antenna. — The input impedance of 
the biconical antenna may be obtained from the transmission-line equa- 
tion (8.06-4) 


/Zr + jZo tan (3l\ 
\Zo + JZr tan (31/ 


(8.06-4) 


where Zr is the equivalent terminating impedance representing the effects 
of energy transfer from the principal mode to the higher modes. 

Let us now consider, in a general way, the method used by Schelkunoff 
in determining the terminating impedance Zr. The voltage difference 
between conductors (taken over a circular electric-flux path) is not affected 
by the presence of the higher-mode fields; hence we designate this voltage 
Voir)^ where the zero subscript represents the principal mode. The current, 
however, contains components due to the principal mode as well as all 
higher-order modes. The current expressed in Eq. (21.01-11) represents 
the principal-mode current only. The higher-mode currents are represented 
t>y I' if) = Ilf) -f l 2 f) 4- • • • /n(r), where the subscripts denote the 
various modes. The total current at any point distant r from the apex 
is therefore 

If) = /„(r) + I'f) (1) 

where I^f) is the principal mode current. 

At the ends of the antenna f = 1) the current must vanish; hence we 
have 

loH) = ~/'(0 (2) 

The equivalent terminating impedance is the ratio of voltage to current 
at the open end of the antenna, or 


VoiD ^ _ Vo(l) 

hd) ni) 


( 3 ) 



Sec. 21.02] IMPEDANCE OF THE EICON ICAL ANTENNA 


441 


The problem of evaluating the terminating impedance, therefore, is to 
evaluate the higher-mode currents /'(O at the end of the antenna for a 
given impressed voltage. Schelkunoff accomplished this by considering 
the biconical antenna as consisting of two regions, (1) the region inside 
of the spherical surface s and (2) the region exterior to s. The distant field 



Fia. 3. — Input impedance of hollow biconical antennas for various values of characteristic 
impedance. Solid lines represent resistance, and dotted lines, reactance. 

of the biconical antenna was then assumed to be the same as that of a 
linear antenna. This distant field was expressed in terms of spherical 
modes. The field inside of s was likewise expressed in terms of spherical 
modes, with the constants evaluated in such a manner as to satisfy the 
boundary conditions. The intensities corresponding to the field inside s 
and that outside s must have the same value at the boundary surface s. 
This requirement also makes it possible to evaluate constants in the 
spherical-mode solutions. Once the expressions for the field intensities have 
been obtained, the higher-mode currents can readily be evaluated as a 
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boundary-value problem; i.e., the tangential magnetic intensities at the 
conductor surface must equal the surface-current densities for the various 
modes. The terminating impedance is then computed from Eq. (3) and 
this, in turn, is inserted into Eq. (8.06-4) to obtain the input impedance. 

Figure 3 shows the variation of impedance with /3Z for biconical antennas 
having various values of characteristic impedance. The characteristic 
impedance for a given cone angle may be obtained from Eq. (21.01-12). 



Fig. 4. — Biconical antenna for use in the frequency range from 132 to 156 megacycles. {Cour- 
tesy of the Bell Telephone Laboratories.) 

The resonant length of the biconical antenna is somewhat shorter than a 
half wavelength. The resonant impedance is a pure resistance of approxi- 
mately 72 ohms and is reasonably constant for a wide range of cone angles. 
As the cone angle increases, the antiresonant impedance decreases and 
the impedance variation with frequency is reduced. Consequently the 
biconical antenna with a large cone angle is essentially a broad-band 
antenna. 

21.03, Higher-mode Fields of the Biconical Antenna. — The higher- 
mode fields of the biconical antenna are of the general form described in 
Sec, 17.14. The field is circularly symmetrical; hence we let m = 0 and use 
equations similar to Eqs. (17.14-14 or 15). 
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The radial component of electric (or magnetic) intensity may be repre- 
sented by 

A 

Er ^ — Zn{kr)[APrt{(^o^ 6) + BQnicos ^)] ( 1 ) 

r 

where Zn{kr) is a general representation for any combination of spherical 
Bessel functions. In the region exterior to s, we use the spherical Hankel 
function hn\kr) defined by Eq. (15.08-1) and discard the second-kind 
Legendre function Qn(cos d) because of its infinite value at ^ = 0 and 
d = TT. The intensity in the region outside s then becomes 

Ero = -hf\kr)Pnicose) (2) 

r 

Inside of the surface s the second-kind Bessel function is discarded 
because of its infinite value at r = 0, hence Zn(kr) = jn(kr). If we assumes 
an infinitely thin antenna (zero cone angle), then Qn(cos 0) is discarded. 
The radial intensity inside s then becomes 

A 

Eri = --jn{kr)Pn{cos 0) (3) 

r 

Expressions lorjnikr), hn\kr)^ and Ph(cos d) for the first few modes may 
be obtained from Eq. (15.08-1 and 2) and (15.11-15). The electric field 
lines for the first two higher-order modes are shown in Figs. 2b and 2c. 
The field in the region exterior to s is the same as that shown in Figs. 2b 
and 2c, except that the small loops terminating on the conductor in Fig. 2 
are not present. 

21.04. Other Wide-band Antennas.^*^ — general, the variation of 
impedance of an antenna vntli frequency decreases as the transverse dimen- 
sions of the antenna increase. Figure 4 shows a typical biconical antenna 
and Fig. 5 shows an antenna consisting of a cone and a disc. These are 
both wide-band antennas. 

Schelkunoff has extended the method previously described for biconical 
antennas so as to apply to antennas of arbitrary size and shape. In this 
analysis, an average characteristic impedance is obtained for the particular 
antenna considered. The terminal impedance which is the equivalent of 
the higher-mode field effects is then obtained by the method described for 
the biconical antenna. The average characteristic impedance and equiva^ 
lent terminal impedance are then substituted into an equation similar to 

^ Schelkunoff, S. A., Theory of Antennas of Arbitrary Size and Shape, Proc, LR.E,, 
vol. 29, pp. 493-621; September, 1941. 

* Moullin, E. B., The Radiation Resistance of Surfaces of Revolutiqp, Such as 
Cylinders, Spheres, and Cones, J.I.E,E.f vol. 88, p. 60; March, 1941; also discussions in 
JJ.E.E,, vol. 88, p. 171; June, 1941. 



= standing wave ratio 



pio^ 5. — Discone antenna and standing-wave ratio. {Courtesy of Federal Telecommunicor 

lions Laboratories,) 
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Eq. (8.06-4) (but derived for nonuniform lines) to obtain the input imped- 
ance of the antenna. 

The average characteristic impedance of a (; 3 dindrical antenna is 



where I is the total length of the antenna and a is the radius. Figures 6a 
and 6b show the resistive and reactive components of impedance as func- 
tions of l/\ for cylindrical antennas 
having various average character- 
istic impedances. 

21.06. The Sectoral Horn. — An 
open-ended wave guide, which is 
excited by a microwave source, will 
radiate energy from the open end 
of the guide into space. Since the 
characteristic wave impedance in 
the guide differs from the intrinsic 
impedance of free space, the out- 
going wave meets an abrupt dis- 
continuity at the open end of the 
guide. Consequently there is a re- 
flected wave in the guide which, in 
combination with the outgoing wave, 
produces a standing wave. The 
magnitude of the standing wave in 
the guide is a measure of the degree 
of impedance mismatch. At the 
opening of the guide, diffraction of the radiated field causes the radiated 
energy to scatter and results in poor directivity. 

However, if the wave guide is terminated by an electromagnetic horn, 
such as shown in Fig. 7, there is a smooth impedance transformation from 
the characteristic wave impedance of the guide to the intrinsic impedance 
of free space. Consequently, the electromagnetic horn serves as an imped- 
ance transfo mer, thereby increasing the radiated power and decreasing 
the reflection in the guide. The horn also improves the directivity of the 
field pattern. In many respects, the electromagnetic horn is similar to the 
acoustical horn. 

Consider the sectoral horn shown in Fig. 7, terminating a rectangular 
guide.^ The guide is assumed to be excited in the TEo,n mode. Cylindrical 
coordinates are used, with the origin at the apex of the extended horn. For 

^ The analysis presented here follows that given by W. L. Barrow and L. J. Chu. 
Theory of the Electromagnetic Horn, Proc. I,R.E., vol. 27, pp. 51-64; January, 1930. 





Sec. 21.05] 


THE SECTORAL HORN 


447 


the r^Jo.n mode, we have Ep = E^ = Hz = 0 and the curl equations 
(13.06-1 and 2) become 


1 d 
P dp 


{pH^) - 

TT = 

(1) 

IdE, 

P d(t> 

p 3<l> 

dEz 

= —jusiiHp 

(2) 

dp 


(3) 


The solution of the wave equation in cylindrical coordinates, Eq. 
(15.05-14), for our particular problem, may be written 


Ez = [CiJ,(kp) + C 2 N,{kp)] cos v<l> (4) 

The TEci^n modes have no intensity \'ariation in the z direction. Only 
the cos v<l> terms are present if the guide is excited by a transverse antenna 
which is centered in the guide. 

For convenience, the Bessel functions of the first and second kind may 
be replaced by Hankel functions of the second kind. Inserting Eg from 
Eq. (4) into (1) to (3), we obtain the magnetic intensities 


E, = A cos v<i>H^^\kp) 

(5) 

Hp = ~ - sin v4>Hf\kp) 

J<^PP 

(6) 

„ . ^ , dHfHkp) 

H^= j cos v<t> 

V d{kp) 

(7) 


where k = 27r/X. In general, the Bessel and Hankel functions in Eqs. (4) 
to (7) are of nonintegral order, hence v is usually not an integer. In the 
horn the wave spreads as it travels outward and the propagation of the 
outgoing wave in the radial direction is governed by the second-kind Hankel 
function. The fact that nonintegral-order Hankel functions have infinite 
value for zero argument need not concern us here, since our analysis ex- 
tends only to the junction of the guide and horn and therefore does not 
include the origin of the coordinate system. 

To satisfy the boundary conditions. Eg must bo zero at the side walls of 
the horn. This requires that cos v<t>i = 0 where 2</>i is the flare angle of the 
horn. We therefore have 


ut 



or 


nir 


V 


201 


( 8 ) 


where n is an odd integer denoting the half-wave periodicity in the 0 
direction. 
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In its impedance-transforming properties, the electromagnetic horn is 
similar to the tapered transmission line. In Sec. 10.12 the exponential line, 
terminated in its characteristic impedance, was shown to have an outgoing 
voltage wave given by F = where represents the voltage 

transformation resulting from the taper. A wave function of this type is a 
solution of the differential equation dV/dx = — (5 -f j/3)F. 

We now assume that the horn has an exponential taper and that Ez 
satisfies the same differential equation as the voltage on the exponential 
line, or 

dEz 

~ — —{i-\-jp)Ez (9) 


Inserting Ez from Eq. (5) into (9) gives 


where 


k Hf\kp) 


^ dHf\kp) 
d(kp) 


( 10 ) 


Replacing the Ilankel function by its value for small and large argu- 
merits, we obtain 


H?\kp) 


Hf\kp) 


1 {kp\\ .(p-i)!/^ 

iy 

i(v) +•? “(7 

kp«l 

v\\2 / TT \k 

p' 

1 r\ 

^ gj[-A:p-f (2^ + l)7r/4j 

kp» 1 

^ Trkp 


( 11 ) 

( 12 ) 


Inserting these into Eq. (10), with the substitution k = 27r/X, we obtain 
the transformation constant 5 and phase constant jS, 


b 

3 

b 


mr 

2p0i 


27r TT 

T |[(n7r/20i) - l]!p 
1 



[(Trn/^i)-!] 


2p 


27r 

X 


kp « 1 (13) 


kp » 1 (14) 


Small values of {kp) correspond to the throat region of the horn, whereas 
large values correspond to the mouth region. Equation (14) assumes that 
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the hom is many wavelengths long. The phase and group velocities in the 
throat region of the horn are practically the same as those in the guide. At 
the mouth of the hom the transformation constant approaches zero, and 
the phase and group velocities approach the velocity of propagation in free 
space. 




Fig. 8. — Field of the TE q,i mode in a sectoral horn. 


The characteristic wave impedance is the ratio of the transverse com- 
ponents of electric and magnetic intensity, Zq = Inserting Eqs. 

(5) and (7) into this expression, we obtain 


7 . Hf\kp) 

^0 = jv 


and substituting Eq. (10) gives 





/ P jb \ 

X \d^ + f 


( 15 ) 


( 16 ) 


At the throat, the characteristic wave impedance is approximately equal 
to that in the guide, whereas at the mouth, the characteristic wave imped- 
ance is practically equal to the intrinsic impedance of free space. 

The electromagnetic field in the horn is gradually transformed from the 
TE wave of the wave guide to a TEM wave in free space, i.e., the radial 
component of electric intensity Ep decreases as the wave progresses through 
the horn. Figure 8 shows the electric and magnetic field lines for a TEo,n 
wave in a sectoral horn. 
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21.06. Radiation Field of Electromagnetic Homs. — The radiation field 
of the electromagnetic horn may be obtained by applying either Huygens’ 
principle or the equivalence principle. Later, we shall see how the equiva- 
lence principle may be applied to a somewhat simpler problem — the diffrac- 
tion of a uniform plane wave in passing through a rectangular aperture. 
The analysis of the radiation field of the electromagnetic horn involves 
lengthy integrations and hence will not be considered here.* 





Flare angle 2 cj),, degrees 

Fig. 9. Beam angle between half-power points for sectoral horns having various lengths and 

flare angles. 

Figure 9 shows the beam angle of sectoral horns as a function of flare 
angle and length. The optimum flare angle 2<i>i is seen to vary between 
40 degrees for a short horn to 15 degrees for a long horn. 

The directional radiating properties of the electromagnetic horn result 
in a very appreciable power gain in the direction of maximum radiation. 
Figure 10 shows the power gain as compared with the radiation from a 
dipole antenna. The power is proportional to the square of the electric 
intensity. 

The radiation field pattern of the sectoral horn in the plane perpendicular 
to the plane of the flare is less directional than in the plane of the flare 

* Barrow, W. L., and L. J. Chu, loc. cit. 
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Fig. 10. — Power gain of a sectoral horn compared with a one-half wavelength antenna. 


The over-all directivity may be improved by the use of the pyramid horn, 
shown in Fig. 11a, which is flared in both directions. The conical horn of 
Fig. lib may be used with circular guides. 

Maximum directivity of long conical horns 
is obtained with a flare angle of approxi- 
mately 40 degrees. 

21.07. The Equivalence Principle, — 

Huygens showed that if the field distribu- 
tion is known over any surface enclosing 
the source, such as surface s in Fig. 12, this 
may be used as the basis for determining 
the field distribution in space outside of s. 

According to this point of view, each point 
on the surface 5 is considered to be a 
secondary source of radiation, emitting 
spherical wavelets, the summation of which 
determines the field in space. Kirchhoff 
formulated this principle in terms of a 
scalar wave function, and presented a 



method of analysis which is commonly used 


Fig. 11. — Pyramid and conical horna 
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in the solution of optical and acoustical diffraction problems. This method 
is also applicable to microwave diffraction problems, provided that the 
wavelength is small in comparison with the dimensions of the aperture. 

The equivalence principle is a modification of the Huygens-Kirchhoff 
principle and is valid even though the aperture dimensions are comparable 
to the wavelength.^ In the equivalence method, we again start with a known 
field distribution over the closed surface s. However, in this method we 
remove the source and replace it by an imaginary current sheet coinciding 
with surface s, the magnitude and phase of the currents being such as to 
produce the identical field distribution on s as existed with the original 

source. The field distribution in space exterior 
to s will then be the same either for the origi- 
nal source or for the imaginary current sheet 
and may be evaluated in terms of the currents 
in the equivalent current sheet. 

In order to determine the value of the cur- 
rents in the equivalent current sheet, we restore 
the original source and reverse the direction of 
the currents in the current sheet. With the 
proper value of currents (but reversed in di- 
rection) the fields exterior to s due to the origi- 
nal source and the current sheet are equal and 
opposite and hence cancel each other. Inside of the surface s the field is 
identical to that of the source alone, since the current sheet merely serves 
to terminate the field at s. The field intensities are then discontinuous 
across the boundary and the current density on s may be evaluated in 
terms of this discontinuity. 

Our boundary conditions require that the discontinuity in the tangential 
component of magnetic intensity must equal the surface electric-current 
density on the equivalent current sheet. The tangential magnetic intensity 
Hi is perpendicular to the electric current density 1 and may be expressed 
oy J = — n X Hi, where n is a unit vector in the direction of the outward 
drawn normal. 

There is also a discontinuity in the tangential component of electric 
intensity at s. This is a violation of the boundary conditions of Sec. 13.08 
and consequently it cannot exist physically. However, we may handle this 
case theoretically by inventing a fictitious magnetic current of density M 
on the surface s. The magnetic-current density serves to terminate the 
tangential electric intensity. Since the magnetic-current density is per- 
pendicular to the tangential electric intensity Et, we write M = n X Et. 

The currents which we are seeking are those which produce the same field 

^ ScHELKUNOPF, S. A., Some Equivalence Theorems and Their Application to Radia- 
tion Problems, Bell Syetem Tech, vol. 16, pp. 92-112; January, 1936. 
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outside of s as the original source. These are erjual and opposite to those 
given above, or 

J =- nXUt ( 1 ) 

M -nX Et ( 2 ) 

The current densities in the equivalent current sheet may therefore be 
evaluated in terms of the known values of electric and magnetic intensity 
on s and we may then proceed to evaluate the field outside of s in terms of 
these currents. 

The curl equations may be written so as to include the hypothetical 
magnetic currents in a nondissipative medium as follows: 


_ dJ7 

V XE = - M- fi — 
dt 

(3) 

+ 

II 

X 

> 

(4) 


Two vector potentials are required, one in terms of the electric current 
and the other in terms of the magnetic current, 


A = 

F = 


Itt 


47r 


X 

X 


ds 

r 


ds 

r 


(5) 

( 6 ) 


In terms of the vector potentials, the intensities become 

- 1 - 

E = -j(^A - - V X F - j - V(V- J) 

€ O) 


(7) 


H = -joiF + - V X ^ 

M 


w 


( 8 ) 


The procedure, therefore, is to evaluate the electric and magnetic cur- 
rents in terms of the known intensities on s. The vector potentials are 
obtained by inserting the currents into Eqs. (5) and (6). Equations (7) and 
(8) are then used to evaluate the field intensities in space. The equivalence 
principle is particularly useful in finding the field distribution in various 
types of diffraction problems, or the radiation fields of Open-ended coaxial 
lines and electromagnetic horns. 

21.08. Diffraction of Uniform Plane Waves. — As an application of the 
equivalence principle, let us consider the diffraction of a uniform plane 
wave in passing through a rectangular aperture in a perfectly absorbing 
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screen as shown in Fig. 13. A perfectly absorbing screen would have an 
intrinsic impedance equal to that of free space and a very high attenuation 
constant, and would therefore absorb all of the incident energy except for 
that which passes through the aperture. The relationships derived here 
may be used as a first approximation for the diffraction of a uniform plane 
wave by an aperture in a conducting screen. 

In optics, if the aperture plane A of Fig. 13 is uniformly illuminated and 
the viewing screen is placed close to the aperture, the image of the aperture 



tion. uniform plane wave. 


appears on the viewing screen. As the spacing between the two planes is 
increased, the image begins to show fuzzy variations in intensity at the 
edges. Upon further increasing the spacing, the image gradually loses its 
original shape and the intensity variations at the edges become more pro- 
nounced, with definitely distinguishable light and dark bands parallel to 
the edges of the image. The light bands result from reinforcement and the 
dark bands from cancellation of the waves. Fresnel’s diffraction occurs for 
small spacings, while Fraunhofer diffraction corresponds to large spacings 
between the object and image planes, the mathematical solutions differing 
for the two cases. 

Radio waves experience a similar diffraction phenomenon. Let us redraw 
Fig. 13 as shown in Fig. 14, with the plane of the aperture coinciding with 
the xy plane. Point Q{xo, yo, 0) is in the plane of the aperture, whereas 
P{Xj y, z) is assumed to be in the viewing screen. The plane-wave source 
is assumed to be below the xy plane and the intensities Exo and Hyo in 
the plane of the aperture are assumed to be uniform. 
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Since the intensities are uniform over the aperture surface, the currents 
in the equivalent current sheet are likewise uniform, and Eq. (21.07-1 and 

Jxo = -Hyo = -E,o (1) 

Also, we have 

Exo MyO 

»= = « (2) 

HyO J xO 

Inserting Eq. (1) into (21.07-5 and C), we ob- 
tain the vector potentials 


■U = 


iir 


T 


- ds 


4t J 

We also note that 

Ax 

V 


n 

-jfiri 


- ds 


Fy 


(3) 

(4) 

(5) 


Assume that the distance r is large in compari- 
son with the aperture dimensions and that it is 
also large in comparison with the wavelength. 
We also assume that the wave at point P is a 
transverse electromagnetic wave and hence has 
no z component of electric or magnetic intensity. 
With these assumptions, the last term in Eq. 
(21.07-7) varies as 1/r^ and hence is negligible 
for large distances r. Discarding this term, Eq. 
(21.07-7) becomes 

E = -jo: A - - V X F 


( 6 ) 


The last term in Ecp (6) may be written 

1 _ 1 VdFy . dFy-] 

-VXF = - — A -\t 

6 € L dx dz J 



Fig. 15. — Slot antenna 
for \ == 3 centimeters. 
Beam width to half-power 
points is 10 degrees. 


Ihe teim (dFy/dx)k represents a z component of electric intensity at P 
which we have assumed to be negligible; hence 


lvxE= 

« e dz ~ 


Equation (6) may therefore be e.xpreased as 


E, 


-joiAx -f- 


IdFy 


dz 


(7) 
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and with the substitution of Eq. (5) 

Ex = — jo>vE V (8) 

€ dz 

The problem now is to evaluate Fy and dFyIdz in terms of the intensity 
Exo at the aperture. To evaluate Fy, we return to Eq. (4) and make the 
substitution 

n = [(a; - aro)® + (y - 2/o)^ + 

= [(a:^ + 2 /^ + 2^) - 2(j;.Co + yyo) + Xq + (9) 



Fig. 16 . — Diffraction of uniform plane waves by a grid. 


Since Xq and are small in comparison with x and y, the last two terms 
in Eq. (9) may be discarded. Expanding the remaining terms in a binomial 
series and retaining the first two terms of the series and letting 


we obtain 

^^0 + 2 / 2/0 

ri = r 

r 


( 10 ) 


For conciseness, let x/r == I and y/r = m, giving ri = r 
is substituted into Eq. (4), yielding 




Airr J—a/2 J —h/2 


Ixo — mi/o, which 

d2/o (11) 


where we have treated r\ « r as a constant in the denominator of PCq. ( 1). 
Equation (11) integrates to 




which we write 


eExoahe [sin (wla/X) sin {irmh/xy 
47rr L {ida/X) {irmb/X) _ 





where 


eExoob [sin {wla/X) sin (irmb/X) 
47r L {wla/X) (irmb/X) 


( 12 ) 

( 13 ) 
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We then have 



Fig. 17. — Metal lens antenna fed by a horn. Power gain over isotropic radiator is 12,000. 
Power gain is 1 per cent of maximum value at 1.8 degree off the axis of the beam. Wave- 
length, 7.5 centimeters. 


Inserting Eqs. (13) and (14) into (8), together Avith the value of fc, gives 
the desired expression for the electric intensity as 


E. 


— — 

Lr^ \r / r J 47r J 


sin (irla/X) sin (wmb/X) 
(wla/X) {wmb/X) 


sin u sin v 
= A 


u V 


( 15 ) 


where A is the bracketed term in Eq. (15), u = wla/X and v = wmb/X. 

The values of sin u/u and sin v/v determine, to a large extent, the varia- 
tion of intensity in the viewing plane, since u and v vary with x and 
respectively, where x and y are the coordinates of the point P. This is 
apparent if we write u == irax/Xr and v = irby/Xr, The function mi u/u is 
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plotted in Fig. 2, Chap. 12. From this graph, it is clear that nodal values of 
electric and magnetic intensity occur for values of u (or v) equal to tt, 
27r, etc. Maximum intensities occur approximately when u = 37r/2, 57r/2, 
etc. This accounts for the light and dark bands found in the Fraunhofer 
diffraction pattern. 

21.09. Optics and Microwaves. — ^We have found that microwaves be- 
have, in many respects, like light waves, obeying the same laws of wave 
propagation, reflection, refraction, and diffraction. Intuitively, we would 
expect this, since fundamentally they are one and the same physical 
phenomenon. However, the electrical properties of materials, i.e., the 
€, /X, and (T parameters, may differ greatly in passing from microwaves to 
light waves. These parameters are inextricably dependent upon the be- 
havior of atoms and electrons in high-frequency electromagnetic fields. 
Such phenomena as electron resonance within the atom or energy-level 
transitions seriously affect the values of these parameters. If we were to 
pursue the subject further it would be necessary to make a fundamental 
analysis of the electrical properties of matter in high-frequency fields. 

It is interesting to speculate on the possibilities of using various types of 
optical systems for microwaves. Thus, if low-loss refractive materials are 
available, it may be possible to construct lenses, prisms, diffraction gratings, 
and other optical systems for operation at microwave frequencies. In 
theory, at least, all of these are possible, although the physical size would 
probably be larger than the corresponding optical counterpart. 
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SYSTEMS OF UNITS 

In the formulation of an absolute system of units, each quantity must be 
expressed in terms of a minimum number of basic, independent units. The 
choice of the basic units is somewhat arbitrary although they are usually 
chosen in such a manner that permanent, reproducible standards can be 
constructed. The units of mass, length, and time have been generally ac- 
cepted as three of the basic units. In order to define electromagnetic 
quantities, one additional basic unit is required. 

The cgs electrostatic and electromagnetic systems of units use the centimeter, 
gram, and second as the units of mass, length, and time, respectively. In 
the electrostatic system of units, the permittivity of free space eo is taken 
as unity and the units and dimensions of all other quantities are dimen- 
sioned in terms of mass, length, time, and cq. In the electromagnetic sys- 
tem, the permeability of free space yo is taken as unity, and mass, length, 
time, and /xq become the basic units. The quantities cq and /xo, however, 
are not independent, since Maxwell's equations show that the quantity 

1 

V 

is equal to the velocity of light, which is a measurable physical quantity 
{vc = 2.9979G X 10^® centimeters per second). This establishes a relation- 
ship between the electrostatic and electromagnetic systems of units and 
accounts for the fact that the velocity of light appears in the conversion of 
quantities from either system of units to the other system. 

Many of the electromagnetic equations contain both electric and mag- 
netic quantities in a single mathematical expression. The question then 
arises as to whether the quantities in these equations should be expressed 
in (1) the electrostatic system of units, (2) the electromagnetic system of 
units, or (3) a mixed system of units in Avhich the electrical quantities are 
expressed in electrostatic units while the magnetic quantities are in electro- 
magnetic units. The latter system is commonly used and is known as the 
Gaussian system of units. This is a hybrid system of units, since both 
electrostatic and electromagnetic units may appear in the same equation; 
hence the velocity of light often appears in these equations as a propor- 
tionality constant. 
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From a practical viewpoint, the units of the electrostatic and electro- 
magnetic systems proved to be of inconvenient size. Consequently, a 
practical system evolved in which the units are related to those in 
the electromagnetic system by powers of ten. The electrical quantities in 
the practical system of units are the familiar volt, ampere, coulomb, ohm, 
watt, joule, henry, farad, etc. 

Giorgi showed that this practical system of units could be made into a 
self-consistent, absolute system of units by a suitable choice of the basic 
units. In this system of units, the meter, kilogram, and second are chosen 
as the units of mass, length, and time, respectively. This is known as the 
absolute mks system of units. The choice of the fourth basic unit is arbitrary. 
In recent years the unit of charge, the coulomb, has become generally 
accepted as the fourth basic unit. This choice is due largely to the fact 
that dimensional formulas of electric and magnetic quantities do not con- 
tain fractional powers when expressed in terms of mass, length, time, and 
charge. For example, if resistance were taken as the fourth basic unit, the 
dimensional formula for electric potential would be [V] = 
whereas, in terms of charge, the dimensions of potential become 

[V] = 

Any system of units may be either rationalized or unrationalized. In 
unrationalized units, the unit of electric flux is chosen in such a manner that 
47r lines of electric flux emanate from each unit of charge. This choice 
results in a factor of 47r appearing in the principal electromagnetic field 
equations; thus, in unrationalized units, Eqs. (13.01-1 to 4) become 



In the rationalized system of units, the units are defined in such a manner 
that each unit of charge has one unit of electric flux emanating from it. 
This choice of units eliminates the 47r factor in the above equations, as well 
as in many other important electromagnetic field equations, thereby simpli- 
fying the writing of these equations. In the rationalized system of units, 
the Air factor is incorporated into the permittivity and permeability, giving 



SYSTEMS OF UNITS 


461 


€0 = 1/ (36Tr X 10®) and /xq ~ ^tt X 10 The more common quantities, 
such as potential, charge, current, resistance, power, energy, capacitance, 
inductance, electric intensity, magnetic flux density, etc., are the same in 
rationalized and unrationalized units. However, the units of electric flux 
and electric flux density, as well as those of magnetic intensity and magneto- 
motive force, differ by a factor of 47 r in rationalized and unrationalized units. 
It should be noted that, although rationalization removes the 47r factor 
from many equations, this factor reappears in other equations, such as 
Coulomb's law, Eq. (2.02-2), and the potential equations expressed in terms 
of charge and current (15.02-11 and 12). The rationalized mks system of 
units is used throughout this text. 


CoNVKiisiON Table 

Conversion Table for Rationalized mks, esu, and emu Systems of Units. 
Equality Signs are Implied Between the Elements of a Row, i.e., 

1 Kilogram = 1,000 Grams 


Quantity 

Sym- 

bol 

Rationalized mks 

Electrostatic 

Electromagnetic 

Length 

1 

1 meter 

100 centimeters 

100 centimeters 

J ass 

m 

1 kilogram 

1,000 grams 

1,000 grams 

Lime 

t 

1 second 

1 second 

1 second 

Force 

/ 

1 newton 

10® dynes 

10® dynes 

Work or energy 

v\ W 

1 joule 

10* ergs 

10* ergs 

Power 

P, P 

1 watt 

10* ergs per second 

10* ergs per second 

Charge 

Q 

1 coulomb 

3 X 10® 

10“* 

Charge density (surface) ... 

Qs 

1 coulomb per meter^ 

3 X 10® 

10“® 

Charge density (volume) . . . 

Qt 

1 coulomb per meter^ 

3 X 103 

10“* 

Current 

t. I 

1 ampere 

3 X 10® 

10"* 

Current density 

J 

1 ampere per meter^ 

3 X 10® 

10“® 

Electric potential 

V, E 

1 volt 

•4 X 10~* 

10® 

Electric intensity 

E 

1 volt per meter i 

H X 10-* 

10® 

Electric flux 


1 coulomb 

127r X 10® 

4ir X 10“* 

Electric flux density 

D 

1 coulomb per meter” 

127r X 10® 

4ir X 10"® 

Conductivity 

<r 

1 mho per meter 

9 X 10® 

10“** 

Resistance 

R 

1 ohm 

H X 10~” 

10® 

Capacitance 

C 

1 farad 

9 X 10** 

10“® 

Magnetomotive force 


1 ampere turn 

12r X 10® 

4ir X 10“* gilbert 

Magnetic intensity 

H 

1 ampere turn per meter 

12ir X 10* 

4ir X 10"* oersted 

Magnetic flux 

0 

1 weber 

H X 10“* 

10® maxwells 

Magnetic flux density 

B 

1 weber per meter* 

H X 10~« 

10^ gausses 

Magnetic potential (vector) 

A 

1 weber per meter 

H X 10“*^ 

10* 

Inductance 

L 

1 henry 

H X 10“** 

10® 

Permittivity of free space . . 

«o 

X 10~® - 8.85 X 

36ir 

10“^* farad per meter 

1 

H X 10“*® 

Permeability of free space. . 

MO 

j 

4ir X 10”^ henry per meter 

H X 10“*® 

1 


APPIONDIX TI 


ELECTRICAL PROPERTIES OF MATERIALS 

Conductivity of MKTAiiS 


Material 

Conductivity o-, mhos 
per meter at 20 °C 

Aluminum, commercial hard drawn 

3.54 X 10^ 

Brass (30% zinc) 

1.2-1.5X10’ 

Constantin (60% cu, 40% ni) 

0.2 X 10’ 

Copper, annealed 

5.80 X 10’ 

Copper, hard drawn 

5.65 X 10’ 

Iron (pure) 

1 .00 X 10’ 

ManRanin (84% cu, 12% mn, 4% ni) 

0.23 X 10’ 

Nichrome 

0.10 X 10’ 

Nickel 

1.28 X 10’ 

Silver (pure) 

6.14 X 10’ 

Tin 

0.860 X 10’ 

Tungsten 

1.81 X 10’ 


PROPERTIUS OF SEMICONDUCTORS 


Material 

Conductivity a, 
mhos per meter 

Uelativo permittivity er 
(dielectric constant) 

Sea water 

3-5 

80 

Lake water 

« 

1 

0 

1 

c 

80 

Distilled water 

2 X 10-* 

81 

Wet earth 

lO-MO-* 

5-15 

Dry earth 

lO-^-lO-® 

2-5 
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Pkopbrtiks of Dielectrics at Low Frequencies 


Material 

Conductivity (t, 
mhos per meter 

Rolaiive permittivity 
(dielectric constant) 

Bakelite 


5.5 

Glass 

10-12 

5. 4-9. 9 

Mica 1 

10 -»-10~>^ 

5. 6-6.0 

Petroleum 

10-'< 

2.13 

Porcelain 

3 X 10-12 

5.7 

Quartz (fused) 

<2 X 10-12 

4.5-5 


Properties of Dielectrics at Microwave Frequencies ^ ^ 


Material 

Loss tangent 
( « power factor) 

Relative permittivity 
(dielectric* constant) 

Wavelength, 

cemtimeters 

Bakelite 

0.012-0.093 

3.98-4.58 

10 

Glass 

0.0016-0.0089 

3.84-6.70 

10 

Lucite 

0.0068-0.0084 

2.53-2.60 

10 

Mycalex 

0.0030-6.0033 

5.74-5.91 

22.5 

Nujol 

0.0008 

2.14 

10 

Polyethylene 

0.0002-0.0012 

2.25 

6 

Polystyrene 

0.0005-0.002 

2.53 

6 

Paraffin 

0.0002 

2.25 

6 

Quartz (fused) 

0.0001 

3.80 

6 

Rubber 

0.0041 6.0059 

2.69-2.77 

10 

Styralloy 

0.00105 

2.50 

10 

Water (distilled) 

0.15 

4 

10 

Wood 

0.060-0.075 

1.75-2.05 

6 


^ The electrical properties of most materials at microwave frequencies vary appnv 
ciably, depending upon the composition of the maUTial, humidity, temperature, etc. 

2 Enqlund, C. R., Dielectric Constants and Power Factors at Centimeter Wave- 
lengths, Bell System Tech. 7., vol. 23, pp. 114-129; January, 1944. 

3 Roberts, S., and A. von Hippel, A New Method for Measuring Dielectric Constant 
and Loss in the Range of Centimeter Waves, J. Applied Phys.f vol. 17, pp. 610-616; 
July, 1946. 

* “Microwave Transmission Data,’’ Sperry Gyroscope Co., New York, May, 1944. 
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Index 


A B 


Admittance, input of triodes, 61 
Ampere’s law, circuital, 248 
Antenna arrays, 412-417 
broadside, 413-414 
colinear, 415-416 
end-fire, 413-414 
Antennas, 400-446 
above a conducting plane, 411 
biconical, 437-443 
field of, 438-439, 442-443 
impedance of, 440-441 
dipole, 406 
incremental, 402-407 
induced emf method, 426-427, 430-434 
induction field of, 404 
immt impedance of, 424-436 
linear, 430-432 
linear, 407-410, 427-429 
loop, 418-420 
metal lens, 457 

methods of determining field of, 401-402 
mutual impedance of, 434—436 
parabolic reflectors for, 420-421 
parasitic, 418 
radiation field of, 404 
radiation resistance of, 405, 409, 419 
Schwarzschild, 421 
slot, 455 
turnstile, 417 
wide-band, 443-446 
Aperture, in wave guides, 363 
Aperture diffraction of plane waves, 453- 
457 

Applegate diagram, 83, 101 
Associated Legendre equation, 312-313 
Attenuation, decibel, 157 
in wave guides, 347-355 
Attenuation constant, of plane waves, 270 
of transmission lines, 149, 153-156 
Automatic frequency control, 226-228 

466 


Bessel functions, 302-310 
curves of, 305 

for large arguments, 306-307 
modified, 308 
relationships, 309-310 
for small arguments, 306 
spherical, 307-308, 314 
Boundary conditions, 259-261 
Brewster^s angle, 286 

C 

Capacitance, transmission-line, 155 
Cavity resonators, 84-85, 363-383 
Child’s law, 54 
Communication systems, 4 
Conductance, transmission-line, 155 
Conductivity, 28, 462-463 
Conservation of electricity, 29 
Continuity, equation of, 30 
Converters, 229-233 
Coordinate systems, 8-9 
Cosine intc^gral, 409-410 
Coulomb’s law, 9 
Cross product, 7 
Curl, 249-252 
Current, capacitive, 31 
conduction, 28 
continuity of, 28-30 
convection, 28, 31 
displacement, 29-31 
induced, 31 

resulting from motion of charges, 30- 
32 

Cylindrical coordinates, 8-9 
D 

Decibel attenuation, 157 
Del operator, 12 
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INDEX 


Depth of penetration, 276-277 
Dielectrics, waves in, 265-267, 284-287 
Diffraction of plane waves, 453-457 
Diode, equivalent circuit, 48-50 
space-charge-limited, 51-56 
admittance of, 56 
impedance of, 54-56 
temperature-limited, 46-50 
transit time for, 21, 53 
Divergence, 13-16, 255 
Divergence theorem, 252-253 
Dot product, 7 

E 

Efficiency, conversion, 37-40 
Electron, charge of, 19 
e/m ratio, 19 
mass of, 19 

motion of, in cylindrical magnetron, 
120-124 

in d-c electric fields, 16-19 
in magnetic fields, 116-117 
in parallel-plane magnetron, 117- 
120 

in superimposed fields, 35-38 
in time- varying fields, 19 
power and energy transfer, 32-35 
relativistic mass of, 19 
transit angle of, 21-24, 53, 61 
transit time of, 20-24, 53, 61 
Energy, in electric field, 257, 372-373 
kinetic, 32 

in magnetic field, 257, 372-373 
in resonators, 372-373 
transfer of, from electron, 32-35 
in superposed fields, 35-38 
Equivalence principle, 451-453 
Equivalent circuits, conventional, 43-46 
at microwave frequencies, 55-58 

F 

Faraday’s law, of induced emf, 247-248 
Filters, transmission lincj, 204-210 
wave guide, 399 
Flux density, electric, 12-13 
magnetic, 116, 248 

Fourier series analysis of pulsed wave, 
237-239 

Fresnel’s equations, 285-286 


G 

Gauss’s law, 12, 248 

Group velocity, 289-290, 325, 328 

H 

Half-wave line, 192-193 
Hankel functions, 307 
Horns, design curves of, 450-451 
sectoral, 446-451 
Huygens’ principle, 450-452 
Hyperbolic fun(4ious, 150 

I 

Image, of antennas, 411 
Impedance, of antenna, 424-436 
characteristic, 149, 153-156 
in wave guides, 323, 325, 327, 331 
effect of mismatch, 189-190 
measurement of, 184-187 
of transmission lines, 151, 157-163, 17 
177 

Impedance diagram, polar, 167-175 
rectangular, 165-167 
Impedance matching, 193-199 
Induced emf method, 426-427, 430-43^ 
Inductance, transmission line, 155 
Induction field of antenna, 404 
Infrared waves, 2 
Intensity, electric, 10, 248 
magnetic, 248 

Intrinsic impedance, 267, 269-271 
Ionosphere, 3, 215 
Irrotational field, 254 

K 

Klystron, cascade, 99 
double resonator, 81-98 
analysis of, 84-90 
current and space-charge dci 
95-97 

efficiency of, 89-91 
operation of, 98 
phase relationships in, 92-94 
power output of, 88-93 
electron transit time in, 85-87 
reflex, 100-108 
analysis of, 102-105 
efficiency of, 101, 105-106 
power output of, 105-106 
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klystron, resonator, 84-85 

L 

Legendre equation, 312-313 
Light waves, generation of, 2 
Line integral, 11 

M 

McNally tube, 107-108 
Magnetron, 112-145 
angular velocity of electron in, 121, 
131 

cathode emission, 115-116 
cutoff flux density, 119, 122 
cyclotron-frequency oscillation, 124- 
126 

cylindrical-anode, 120-145 
description of, 112-116 
d-c operation, 120 
equivalent circuit of, 142-144 
field distributions in, 135 
Fourier series analysis of potential <lis- 
tribution in, 132-133 
Hartree harmonics in, 133 
mode jumping in, 136 
mode separation in, 136-139 
negative-resistance oscillation of, 123- 
124 

parallel-plane, 117-120 

performance characteristics of, 13^)-141 

pulse circuit for, 244 

as pulsed oscillator, 114-116 

resonant frequencies in, 130, 136 

Rieckc diagram, 141 

rising-sun, 137-139 

strapped, 137 

traveling-wave modes in, 126-136 
tunable, 144-145 
types of oscillation in, 113-114 
Materials, properties of, 462-463 
Maxweirs equations, 247-249, 254r-257 
summary, 262-263 
MKS units, 9, 459-461 
Microwave frequencies, 3 
4odes, in resonators, 364 
in wave guides, 318-319 
lodulation, amplitude, 217-218, 222 
phase and frequency, 218-226 
pulse-time, 245-246 


N 

Noise, in receivers, 228 

O 

Operator, del, 12 
Laplacian, 15 

Orthogonality of modes, 382-383 
Oscillation, criterion of, 67, 142 
Oscillator, Brakhausen-Kurz, 80 
class C, 41, 70-72 
Gill-Morrell, 80 

klystron, double resonator, 81-99 
magnetron, 112-145 
positive-grid, 74^80 
reflex klystron, 100-108 
triode, 64-66 
frequency stability, 72 

P 

Permeability, 249, 461 
Permittivity, 10, 249, 461 
Phase constant, for plane waves, 270 
of transmission lines, 149, 153-156 
Phase velocity, in guides, 321, 325, 328 
Plane waves, 265-290 
angle of total internal reflection, 285 
attenuation constant of, 270 
Brewster’s angle for, 286 
in conductors, 270-271 
depth of penetration of, 276-27'^ 
diffra(!tion of, 453-457 
Fresnel’s equations for, 285-286 
impedance matching in, 280 
intrinsic impedance of, 267, 269-271 
in lossless dielectric, 265-267, 269-271 
multiple reflection in, 278-279 
oblique incidence in, 280-287 
phase constant for, 270 
power relationships in, 271-272 
propagation constant for, 268-271 
reflection at normal incidence, 272-28 
reflection coefficient for, 275, 279, 285 
286 

Snell’s law, 285 

transmission coefficient for, 275, 27f 
285-286 

TEM wave, 268 
wave impedance in, 274 
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Plane waves, \ ngth, 270, 287-288 
Poisson’s equation, 15-16, 293, 296 
Polarization, 266, 280 
Polarizing angle, 286 
Positive-grid oscillatoi, 74-80 
analysis, 76-79 
cylindrical anode, 79 
frequency of oscillation, 78-79 
Potential, electric, 10-11 
retarded, 297-298 
scalar, 293-298 
vector, 295-298, 402-403 
Potential difference, 10 
Potential gradient, 11-12 
Power flow, in plane waves, 271-272, 277 
in wave guide, 345-346, 354 
Power loss, in resonators, 372, 374, 377 
in wave guides, 348-350 
Power radiation, 405, 409, 419 
transfer, due to space charge flow, 38- 
39 

from electron, 32-35 
in superposed fields, 35-38 
Poynting’s vector, 257-259, 271-272, 277 
Product, cross, 7-8 
dot, 7 

Propagation characteristics, 215-217 
Propagation constant, in guides, 324, 328, 
330, 335, 340, 342 
intrinsic, 268-271 
of transmission lines, 149, 153-156 
Pulse circuit, for magnetron, 244 
Put^it^i^rave, analysis of, 237-238 

Q 

Q, of resonators, 371-375, 377, 382 
of transmission lines, 178-180 
Quarter-wave line, 191-192 
Quasi-stationary analysis, 404 

R 

Radar, 239-245 
oscilloscopes, 240-241 
specifications of, 241-243 
Radiation, from antennas, 400-422 
from aperture, 453-457 
Radiation field of antenna. 404 
Radiation resistance (see Resistance, radia- 
tion) 


Receiving systems, 213-215, 228-236 
converters, 229-233 
detectors, 233-234 
discriminators, 235-236 
I-F amplifiers, 233 
limiters, 234 
noise in, 228 
wave-guide, 392-394 

Reflection coefficient, 164, 275, 278, 279 
283, 285-287, 360 
of p^'r- "nves, 272-287 
transmission-lino, 150, 164-165 
in wave guides, 319-320, 358-362 
Reflectors, parabolic, 420-421 
Resistance, radiation, 405, 409-410 
of antenna, 405, 409, 419 
skin-effect, 155, 276-278 
transmission-line, 155 
Resnatron, 108-109 
Resonators, 84-85, 363-383 
cylindrical, modes of oscillation of, 375- 
376 

Q of, 376-377 

practical aspects of, 363-364 
rectangular, modes of oscillation in, 367- 
371 

Q of, 371-374 
reentrant, 366 

resonant frequencies of, 364-367, 3^'D- 
371 

spherical, 377-382 

S 

Scalar, definition of, 6 
Shepherd-Pierce oscillator, 106-107 
Sine integral, 409-410 
Snell’s law, 285 
Solenoidal field, 254 
Spectrum analyzer, 390-392 
Sphere, in electrostatic field, 314-317 
Spherical coordinates, 8-9 
Space charge, oscillating, 42 

power and energy transfer, 38-40 
Standing-wave ratio, on transmission lines 
170-173 

Standing waves, plane waves, 276 
on transmission lines, 157 
in wave guides, 361 
Stokes’s theorem, 253 









